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Preface 


This volume is a textbook on Integration Theory, supplemented by 160 exercises 
provided with detailed answers. There are already many excellent texts on this 
topic and it is legitimate to ask whether it is worth while to add a new entry in 
an already long list of books on Measure Theory. 

Nevertheless, the author’s teaching experience has shown that many of these 
books were too difficult for a student exposed for the first time to integration 
theory. We have tried here to keep a rather elementary level, at least in the way 
of exposing our arguments and proofs, which are hopefully complete, detailed, 
sometimes at the cost of a lack of concision. Moreover, we hope that the many 
exercises (with answers) included at the end of each chapter will represent an asset 
for the present book. 

A trend present in the contemporary textbook literature on integration the- 
ory is simply to omit the not-so-easy construction of Lebesgue measure. We are 
strongly opposed to this tendency, and we have made all efforts in our redaction to 
provide a complete construction of the mathematical objects used in the book, first 
and foremost for the construction of Lebesgue measure. Our point of view here is 
not exclusive of some compromises in the reading order which can be used by the 
reader trying to learn this material: the chapters of this book are of course ordered 
logically (chapter n+1 is using chapters 1 , ,n and never chapter n + 2, . . . ), but 
some “construction” chapters, such as Chapter 2, parts of Chapters 4, 5, could be 
bypassed at first reading. We expect that a mathematically curious reader will feel 
the need of a construction after experiencing some of the most efficient (or more 
computational) parts of the theory and then will go back to these construction 
chapters. 

Last but not least, we hope that this book could serve as a reasonable “en- 
trance gate” to Integration Theory for scientists and mathematicians who are 
non-experts in measure theory. Another fact of mathematical life, say in the last 
thirty years, is that it is more and more difficult to learn some mathematics not 
directly connected with your professional area. Where is it possible for an Ana- 
lyst to learn the algebraic properties of Theta functions? Where to find a text on 
Fourier Analysis accessible to an Algebraic Geometer? Although both questions 
above have (many) answers, it remains difficult to find a way to enter a domain 
with which you are not a priori conversant. It is the author’s opinion that accessi- 
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bility is now a rare commodity in the mathematical literature, and we hope that 
the present book will provide its share of that good. 

Integration Theories 

The initial goal of integration theory, founded more than two millennia ago 1 is 
to compute areas and volumes of various objects. A somewhat simplified mathe- 
matical version of this question is to consider a function / : [0,1] — > R+ and try 
to evaluate the area A between the rr-axis and the curve y = f(x). The standard 
notation is 

A = f f(x)dx. 

Jo 

Of course some assumptions should be made on the function / for this area to 
make sense. 

Riemann’s integral 

Greek mathematicians of the third century B.C. were aware of volumes of spheres, 
cones, polyhedra, and of many classical geometric objects. Later, in the early 
eighteenth century, Gottfried Wilhelm Leibniz (1646-1716) introduced the In- 
finitesimal Calculus , whereas Isaac Newton (1642-1727) defined the Calculus of 
Fluxions , both inventions (close to each other) closely linked with a notion of in- 
tegral calculus. However the first systematic attempt to define the integral of a 
function is due to the German mathematician Bernhard Riemann (1826-1866): 
cutting the source space (here [0, 1]) into tiny pieces, 

[0 = Xq,Xi], . . . [x k ,X k + 1 ], ■ • • , [X N -1,X N = 1], Xj t, 

you expect A to be close to 

S N = ^ (*fc+i “ x k )f(m k ), where m k £ [x k ,x k+1 ], 

0<k<N 

since the area A should resemble the sum of the areas of the vertical rectangles 
with base (. x k ,x k +i ) and height f{m k ). In fact, assuming for instance / to be a 
uniform limit of step functions (a step function is a finite linear combination of 
characteristic functions of intervals), you obtain that Sn has a limit when 

sup (xk+i — x k ) goes to zero, 

0<fe<IV 

and you define that limit as f* f(x)dx. It is indeed a simple matter to show directly 
that this procedure works for a continuous function on [0, 1]. That theory is quite 
elementary but has several downsides. The very first one is a terrible instability 


1 Tlie Greek scientist Archimedes of Syracuse, who lived in the third century B.C., was able to 
provide a quadrature of the parabola. 
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with respect to small perturbations: in particular, if you modify the function / (say 
/ continuous) on a rather small set such as the rational numbers Q, you may ruin 
the integrability in the above sense. The rational numbers should be considered 
as “small” since it is a countable set {^ n }neN and thus, for any e > 0, 

Q C U n6N ( X n - ^2 ’ Xn + 2^+2 ) 

and thus the “length” £ of Q is such that for any e > 0, 

£ < e 2 _n_1 = e => £ = 0. 

In particular, it is easy to show that the integral of lQn[o,i] ( a small perturbation 
of 0) cannot be defined by the procedure sketched above. Although the latter 
function may appear to be quite pathological, the effects of this instability are 
disturbing. Other difficulties occur with the Riemann integral, with complications 
in integrating unbounded functions and also in developing a comprehensive theory 
of multidimensional integrals. 

The Lebesgue perspective 

A key point in Lebesgue theory of integration (see, e.g., [8]) is that to calculate 
the integral of f : X — > R, one should not cut into small pieces the source space 
X (for instance in small subintervals if X is an interval of R) but the target space 
should be cut into pieces depending on the function / itself. It is easy to illustrate 
this in the (very) simple case where 

f ■ X = {aq, . . .,x m } — » {yi, ...,y n } = Y cR. 

We can evaluate J2 x . eX f(xj) by sorting out the values taken by /: 

Yl /fe) = Y ykcard({x £ X,f(x) = y k })- 

xj&X Vk&Y 

Also, playing around freely with the notation, say for / non-negative on R, 
H = 1 r + , 

J f(x)dx = JJ H(f(x) - y)H(y)dydx = J H(f{x)-y)dx s jH{y)dy 
= J H(y) measure({a: £ R, f(x) > y})dy. 

If we can “measure” the sets {x £ R, f(x) > y}, it is thus quite natural to take as 
a definition for the integral of / the last expression. Note that this expression is 
very simple if / is taking a finite number of values J/i, • • • ,yN- we have in that case 

[f(x)dx= Y J/fc measure({a: £ R, f(x) = yk}). 

J l<k<N 
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The set {x £ R, f(x) = yk} could be quite complicated and we shall see that 
many functions could be well approximated by simple functions, i.e. , finite lin- 
ear combinations of characteristic functions. To overcome the difficulties linked to 
the integration of unbounded functions, we may consider fix) = ^ x ' 1/2 l(o,i)(aO 
(integral 1); we get according to the previous computation, 


r+oo 


2\/x 


dx = 


measure 


x £ (0, 1) 


1 




1 2y/x 
1/2 


> y j- j dy 

•+oo 

r i /2 4 y 2 


d V+ I Z^=2 + 4X = 1, 


and many other examples involving unbounded functions can be dealt with. If we 
go back to our stability problem, we may consider the function q = 1q, / : R — ► R + , 
then the integral of / is equal to the integral of / + q: 

r /*+oo 

/ (/ + q)(x)dx = / measure({x G R, f(x) + q(x) > y})dy 

Jr Jo 

+oo I- 

measure ({a: G K, f(x) > y})dy = / f(x)dx, 

since the function q vanishes except on a set with measure 0. Since the reader 
may feel skeptical about the perturbation by this function q, let us give a finite 
version of it, illustrating the instability occurring with the Riemann approach, an 
instability which is not present with Lebesgue’s simple method outlined above. 
We consider the interval [0, 1] and for some large integer N the function 



fix) 


E 

0 <k<N 



k + 2-U i 

N J 


Or)- 


Applying Riemann’s method, using the sequence Xk 
with 


E 

0<k<N 



k \ 

-jy)f( m k), "ifc 


G 


k/N,0 < k < N, we deal 

k k + 1 
N’ N ' 


We may for instance choose m,k = Xk = k/N , so that /(m^) = 1 and 5=1. On 
the other hand, Lebesgue’s method uses the fact that the function / is taking two 
values 0, 1, and the evaluation of the integral by this method gives 


/ = measureja: £ [0, 1], /(x) = 1} = 2 n /N = 2 N . 

0<k<N 


Nonetheless this value turns out to be the exact value of the integral, but also it 
goes to 0 when N goes to infinity whereas S is stuck at 1, very far from the true 
value I. It is of course a scaling problem, since choosing the sequence (xk) such 
that sup fc \xk+i — Xk\ < 2~ N will provide a more accurate value for S. Nevertheless 
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this scaling phenomenon is a good illustration of the fact that a perturbation / 
with a small integral but with a large sup norm could trigger huge variations of 
S, although the Lebesgue calculation remains stable. 

There is much more to say in favour of Lebesgue’s point of view and in partic- 
ular the fact that we can define a Banach space (complete normed vector space) of 
integrable functions, the space and also spaces L P (R"), 1 < p < +oo, other 

Banach spaces ( L 2 is a Hilbert space) , is of considerable interest and well tuned to 
the developments of functional analysis. Moreover, Lebesgue’s theory provides its 
user with a remarkably simple convergence theorem, the so-called Lebesgue’s dom- 
inated convergence theorem. The problem at hand is to decide whether f f n {x)dx 
is converging with limit f f{x)dx when we have already a (weak) pointwise in- 
formation, i.e. , lim n / n (a;) = f(x) for all x. A precise statement can be found in 
Chapter 1 (Theorem 1.6.8), but let just say here that a domination condition 

sup |/„(a;)| = g(x) is such that / \g(x)\dx < +oo, 

n J 

will ensure nonetheless the sought convergence of integrals but also convergence 
of the sequence of functions (/ n ) ra eN hr the functional space L 1 . 

Is there a downside to Lebesgue’s integration theory 2 ? Mathematically speak- 
ing, the answer is no, and that theory has been widely used, polished and some- 
times generalized to many different situations. However, it is true that Lebesgue’s 
theory of integration is not elementary and that its actual construction requires 
a significant effort. On the other hand the Instruction Manual for Lebesgue In- 
tegration is indeed quite simple and one should encourage the reader to enjoy 
the simplicity and efficiency of that theory before going back to the more austere 
construction aspects. 

We may draw a comparison with the construction and use of the real num- 
bers: the real line R is widely used in Calculus and elsewhere as a basic mathemat- 
ical object, but few students actually go through a construction of R. In fact, R 
is also a very complicated object, as could be seen through the many examples of 
the present book (cardinality questions, non-measurable subsets, Cantor ternary 
set, Cantor sets with positive measure, category and measure,. . . ), but nobody (?) 
is suggesting that getting some familiarity with the real line should not be a part 
of a standard mathematical curriculum. 


2 An utterly pragmatic point of view was defended by Richard W. Hamming (1915—1998), a 
computer scientist and mathematician: “ Does anyone believe that the difference between the 
Lebesgue and Riemann integrals can have physical significance, and that whether say, an airplane 
would or would not fly could depend on this difference ? If such were claimed, I should not care 
to fly in that plane. ” In N. Rose Mathematical Maxims and Minims, Raleigh NC: Rome Press 
Inc., 1988. That criticism is surprising, since the norms of the functional spaces provided by 
Lebesgue theory are actually used in numerical approximations and their stability is expressed 
by inequalities involving those norms. 
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Description of the contents of the book 

Chapter 1, entitled General Theory of Integration, presents the basic framework for 
integration theory, with the notion of measure space. We obtain rather easily the 
three classical convergence theorems (Beppo Levi, Fatou, Lebesgue’s dominated 
convergence) and we can define the space of integrable functions L 1 (/r). This ab- 
stract presentation of integration is not difficult to follow, but there is obviously a 
shortage of significant examples of measure spaces at this stage of the exposition. 

The main examples are constructed in Chapter 2, Actual Construction of 
Measure Spaces ; a first route is following the Riesz-Markov representation theorem 
via linear forms on continuous compactly supported functions. We present as well 
the more set-theoretic Caratheodory approach. At the end of this chapter, we 
introduce the notion of Hausdorff measure. Among the statements in the exercises, 
one may single out the construction of a non- measurable set, using the Axiom of 
Choice. The parts dealing with the construction of the Lebesgue measure are 
quite technical, and while using some earlier version of these notes for teaching 
a one-semester course, we always postponed the exposition of the details of the 
construction of Lebesgue measure to the very last week of class, after the students 
had acquired some familiarity with the scope and means of that integration theory. 

Chapter 3 deals with Spaces of Integrable Functions. The important convexity 
inequalities (Jensen, Holder, Minkowski) are studied and the definition of L p {p) 
spaces (1 < p < oo) are given along with their main properties, most notably 
the fact that they are Banach spaces. We study as well integrals depending on a 
parameter, with continuity and differentiability properties; this part is of course 
related to many practical examples such as the Gamma function, Zeta function 
and many integrals or series depending on a parameter. The Riemann-Lebesgue 
Lemma, EgorofFs and Lusin’s theorems are proven. The last section provides a 
survey of various notions of convergence encountered in the text. Some exercises 
are related to various explicit computations, others to more abstract questions, 
such as examples of non-separable spaces. 

The fourth chapter, Integration on a Product Space, constructs integrals on 
product spaces, and contains statements and proofs of Tonelli’s and Fubini’s theo- 
rems. Some exercises are purely computational (e.g., computation of the volumes 
of the Euclidean balls in IR"), others are more abstract, for instance with the study 
of the notion of monotone class. 

Chapter 5 is entitled Diffeomorphisms of Open Subsets o/K” and Integration. 
We deal there with the clrange-of- variable formula and give some classical exam- 
ples, such as polar coordinates. We also define integration on a smooth hypersur- 
face of the Euclidean R", using implicitly a distribution approach to construction 
of the simple layer. The last part of this chapter goes back to the notion of Haus- 
dorff measures introduced in Chapter 2 and to the construction of Cantor sets. We 
give many details on construction of the classical Cantor ternary set, along with 
computation of its Hausdorff dimension and with study of the Cantor function 
(a.k.a. as “devil’s staircase”). We study also Cantor sets with positive measure 
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and compare the (unrelated) notions of category and measure. We calculate the 
cardinalities of the Borel and Lebesgue a - algebras on R": this requires some ef- 
fort related to the introduction of cardinals and ordinals and we have devoted a 
lengthy appendix to these topics. 

Convolution is the topic of Chapter 6, in which the Banach algebra L 1 (R") is 
studied, as well as the classical Young’s inequality. Weak L p spaces are introduced 
and we give a proof of the Hardy-Littlewood-Sobolev inequality, following an 
explicit argument due to E. Lieb and M. Loss [43]. In the exercises, the reader 
will find various computations related to the heat equation and to the Laplace 
operator. We give also a study of Lorentz spaces and of the notion of decreasing 
rearrangement . 

Chapter 7 is entitled Complex Measures and is essentially devoted to the proof 
of the classical Radon -Nikodym theorem, as well as to the expression of the dual 
of L p (fj,) for 1 < p < oo. We give several examples with the spaces Co, (? , and study 
various possible behaviors of weakly convergent sequences. The decomposition in 
absolutely continuous, pure point, singular continuous parts for a Borel measure 
on the real line is studied as well as the notion of polar decomposition of a vector- 
valued measure. 

Basic Harmonic Analysis on R" is the topic of Chapter 8. Here we have cho- 
sen to follow Laurent Schwartz’ presentation of Fourier transformation, first via 
the space ^(R") of rapidly decreasing functions, for which it is truly easy to prove 
the Fourier inversion formula. Introducing the space J^'(R n ) of tempered distri- 
butions as the topological dual space of the Frecliet space ^(R™) was impossible 
to resist, since the Fourier inversion formula follows almost immediately on the 
huge space J^'(R ra ), by a trivial abstract nonsense argument. We took advantage 
of the fact that tempered distributions are much easier to understand than gen- 
eral distributions, essentially because the space S*’(M n ) is simply a Frecliet space, 
whose topology is defined by a countable family of semi-norms. Understanding 
general distributions is complicated by the fact that the space of test functions is 
not metrizable. Anyhow, we recover easily the standard properties of the Fourier 
transformation as well as basic properties of periodic distributions. Along the 
way, we provide a proof of the Poisson summation formula using Gabor’s wavelet 
method (Coherent States Method). 

The last chapter is the ninth, Classical Inequalities , which begins with Hada- 
mard’s three-lines theorem and the Riesz-Thorin interpolation. Although this 
technique is useful to provide natural generalizations of Young’s inequality, it falls 
short of dealing with natural operators such as the Hilbert transform: for that 
purpose, we give a proof of the Marcinkiewicz Theorem. We introduce the notion 
of maximal function, and prove the Lebesgue differentiation theorem. In order to 
study Sobolev spaces, we start with a classical inequality due to Gagliardo and 
Nirenberg. It turns out that this inequality is a perfect tool to handle Sobolev em- 
bedding theorems. We would have liked to expand that chapter to study Fourier 
multipliers and Hormander-Mikhlin theorems as well as more general Sobolev 
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spaces, including the homogeneous ones. The best way to do this would have been 
to introduce various tools of harmonic analysis, such as Calderon-Zygmund oper- 
ators and pseudodifferential techniques: this would have been obviously too much 
and we refer the reader to [5] for these developments. 

Let us go through our Appendix, essentially intended to reach a reasonable 
self-containedness for the present book. The first section is concerned with set 
theory, cardinals, ordinals: these notions are important for the understanding of 
many problems related to measure theory, and we have chosen a rather lengthy 
and elementary presentation of this topic. Section 2 deals with various topologi- 
cal questions, including the notion of filter, useful for the Tyclionoff theorem. A 
proof of the Baire theorem is given and some classical consequences are recalled 
(Banach-Steinhaus, Open Mapping Theorem): these questions are important for 
the understanding of duality, which is also related to measure theory and L p 
spaces. The last three sections of the appendix are concerned with basic formulas 
and classical computations related to integration. Although it might seem prepos- 
terous to provide again this widely available material in such a book, the author 
would like to point out in the first place that some of these formulas are not so 
easy to derive. But above all, it seems that the true absurdity would be to teach 
Lebesgue measure to people while ignoring basic formulas of integral calculus. 
These elementary computational aspects are here as a gentle reminder that Math- 
ematics is also about computation, and that refined concepts and tools often find 
their motivations in intricate calculations. 



Chapter 1 

General Theory of Integration 


1.1 Measurable spaces, cr-algebras 

Definition 1.1.1. Let X be a set and Xi C V(X) be a family of subsets of X. Xi 
is called a u-algebra on X whenever 

(1) A € Xi => A c £ Xi, 

(2) (A„ £ Xi) n £iq => £ Xi 

(3) X£Xi. 

We shall say that (X, Xi ) is a measurable space. 

Definition 1.1.2. Let (X\,Xi\), (X 2 ,Xi 2 ) be two measurable spaces and / : Xi — > 
X 2 . The mapping / is said to be measurable if for all A 2 £ Xi 2 , f~ 1 (A 2 ) £ Xl\. 
That property will be symbolically denoted by f~ 1 {Xl 2 ) C XI i. 

Properties (1), (2) in Definition 1.1.1 imply readily that a cr-algebra is stable 
by countable intersection. Moreover (3) follows from (1), (2) provided Xi ^ 0. 

We call countable any set equipotent to a subset of N, i.e. , such that there 
exists an injection from D into N. If I? is a non-empty finite set, there exists 
a bijective mapping from D onto {1, . . . ,n} where n is the cardinal of D. If D 
is infinite (i.e., not finite) countable, then it is equipotent to N: we may in fact 
consider D as a subset of N. We define 

d± = nrinD, d 2 = minD\{(ii}, . . . ,dk+ i = minl?\{di, . . . ,dk}- 

Since D is infinite and N is well ordered (i.e., every non-empty subset of N has 
a smallest element) this definition makes sense for all k > 1. If d £ D, we may 
find k £ N such that dk < d < dk+i since the sequence dk is strictly increasing 
and we cannot have dk < d < dk+i (that would contradict the very definition of 
dk- t-i), so that we get d = dk and D is {dk}ke Nj equipotent to N. It is easy to show 
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Chapter 1. General Theory of Integration 


that N* = N\{0}, 2N, 2N + l,Z,NxN are equipotent to N. To get the latter, it is 
enough to note that 


(p,q)£ Nxl4 2 p {2q + 1) G N* 

is bijective 1 . Since the set Q of rational numbers can be injected in Z x Z, we get 
from the preceding remark that Q is equipotent to N as well as Q d ( d integer >1). 
We shall see that the set R of real numbers is not countable since it is equipotent 
to A(N) (see Exercise 1.9.5). It is easy to show that for any set X, there is no 
surjection from X onto V{X) (see Exercise 1.9.2). 

Let us give a couple of examples of cr-algebras. Let X be a set; {0, XI} is a 
er-algebra on X as well as V(X). Moreover, if {Ak}i<k<n is a partition of X (each 
Ak is a non-empty subset of X, A& (T A\ = 0 for k l, X = Ui <k< n Ak), the set 

M = {UfcejAfc}j C {i,...,n} 

is a cr-algebra on X. In fact, defining B(J ) = UkejAk, we get B{J) C = B(J C ), so 
that the stability by complement is fulfilled (stability by reunion is obvious). Let 
us note also that card A! is 2" since there is a bijection from A4 onto the subsets 
of {!, . . . , n}. Exercise 1.9.3 deals with a countable partition. 

We can also note that for (A !,:)*£/ a family of cr-algebras on X, Xi = fljg/AI j 
is also a cr-algebra on X: let (A„) rag N be a sequence of Xi, thus of AT,; for each 
i € I, then U„gR4„ belongs to A for each i € I, thus to Xi. Property (1) about 
the complement can be checked similarly (and X £ Xi since X £ X it for all i £ I). 
Since a cr-algebra on X is included in V(X), we can give the following definition. 

Definition 1 . 1 . 3 . Let X be a set and A C 'P(X). We define 

.£(T) = p] M. 

M. cr-algebra on X 
MDJF 

We shall say that ^ (A) is the cr-algebra generated by A (or the smallest cr-algebra 
on X containing A). 

Lemma 1 . 1 . 4 . Let {X\, A4i), (X 2 , .M 2 ) be measurable spaces with Xi -2 = ~#(A) 
and f : X\ X 2 be a mapping. For f to be measurable, it is sufficient ( and also 
necessary) that / -1 ( A) C A4i, i.e., VA G A, / _1 ( F) £ A4i. 

Proof. We set A f = {B £ XI 2 ,f~ 1 (B) £ Xii}. This is a cr-algebra on X 2 : if 
B £ M, f~ 1 (B c ) = (/ _1 (A)) C £ A4i. Moreover for a sequence (A„) ne N of A f, 
we have / _1 (U neN A n ) = U„ eN / _1 (A„) £ M\. Finally, X 2 £ U, since f~ 1 {X 2 ) = 
Xi £ Afi. As a result, M is a cr-algebra containing A if / -1 ( A) C All . This 
implies 

A4 2 = Jf[F) C Af C M 2 => M 2 = Af. □ 


1 see Exercise 1.9.1. 
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Lemma 1.1.5. Let (X,AA) be a measurable space and f : X — 1 Y be a mapping. 
Then the set A f = {B C Y,f~ 1 (B ) £ A4} is a a-algebra on Y . It is the largest 
a-algebra on Y making f measurable. 

Proof. For B , B n £ A f, we have f~ 1 (B c ) = (f~ 1 (B)) c £ A4 and 
f-\u n B n ) =U n r\B n ) £ M. 

Since Y G Af, we get the first result. Af is the largest a-algebra on Y such that 
/ is measurable: if (Y. Af ) is a measurable space such that / is measurable, then 
for B G Af, the measurability of / implies f~ 1 (B) G AA, so that B G Af and thus 
Af C Af. □ 

Lemma 1.1.6. Let (X,A4), (Y,Af), (Z,T) be measurable spaces and 



be measurable mappings. Then g o / is measurable. 

Proof. For CgT, we have (go /) -1 (C) = f~ 1 (g~ 1 (C)) G A4 since g _1 (C) G Af 
(g is measurable) and / measurable. □ 

We have used above a simple property of the inverse image: 

(gof)- 1 (C) = {xeX, g (f(x))eC} 

= {xG X,f(x) G g~ l (C)} = f-^g-^C)). 

Lemma 1.1.7. Let (X, AA) be a measurable space and let A C X. The set 

AAa = {M n A}m<=m 

is a a-algebra on A, the so-called a-algebra trace on A of Ad. It is the smallest 
a-algebra on A such that the canonical injection la of A into X is measurable. 
Moreover, if A £ AA, AAa = { M 6 AA , M cd}. 

Proof. The properties in Definition 1.1.1 are obviously verified in both cases (A 
in or not in AA). We note also that a a- algebra on A such that la is measurable 
must contain Lf^(M) = M (~l A, for any M G AA, proving the second statement. 
The last statement is obvious. □ 


( 1 . 1 . 1 ) 

( 1 . 1 . 2 ) 


1.2 Measurable spaces and topological spaces 

Definition 1.2.1. Let X be a set. A family O of subsets of X is a topology on X 
whenever the following conditions are satisfied, 

(1) O, G O for i £ I 

(2) 0 u 0 2 £0 

(3) 0, X £0. 


Ujg/Oi G O , 

o x n o 2 £ o, 
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In other words, O is stable by union and by finite intersection 2 . We shall say that 
(X, O) is a topological space. 

Let (X, O) be a topological space. A set F C X is said to be closed whenever 
F c is open. Of course, the intersection of a family of closed sets is closed as well as 
a finite union of closed sets. The interior of a set A C X is defined as the union of 
the open sets included in A: the interior of A is open. The closure of a set A C X 
is defined as the intersection of the closed sets containing A: the closure of A is 
closed. Denoting by A the closure of A and by A its interior, we have 

1 C 

(A) c = |J fi = p| Ll c = f| F = A°, (1.2.1) 

-Q open CA ^ O open C.A F closed DA C 

so that, defining the boundary of A as dA = A\A, we have 

dA = ifl ( A) c = inl c (in particular, a closed set). (1.2.2) 

It is also easy to verify from the very definitions that 

interior(A (T B) = A (T B, closure(A U B) = A U B. (1.2.3) 

In fact A fl B is open included in A (T B, thus included in the interior of Ad B. 
Conversely the interior of A fl B is open included both in A and B so both in A 
and B and we get the first equality. To obtain the second one, we use the first and 
(1.2.1) with 

(closure(A U B))° = interior ( A c fl B c ) = interior(A c ) fl interior(.B c ) = (A) c n(B) c . 

The following inclusions are satisfied whereas the equalities are not fulfilled in 
general 3 , 

interior(A U B) D A U B, closure(A (T B) C A fl B. 

Let V be a subset of a topological space X and x G X. We shall say that Id is a 
neighborhood of x if x G V, i.e. , if V contains an open set containing x. The set 
of neighborhoods of a given point x will be denoted by V x . We can note that for 
x G X, 

v c w, v e r x => w e r x , 

Vj g y x ,j = i, 2 =► n n v 2 g r x , 

HY X , XGK. 

2 We may note that stability by union implies for 1 = 0 that 0 £ O. Moreover stability by 
finite intersection implies for a set of empty indices that X E O. Condition (3) is somehow a 
consequence of (1) and (2). 

3 Taking in C the intersection of half-spaces ± Re £ > 0, we find a counterexample to the second 
equality with AD B = 0 , An B = iK. To violate the first it is enough to use =t Rez > 0 with 
A U 5 = C, A\J B = {z, Re z / 0}. 


(1.2.4) 

(1.2.5) 

( 1 . 2 . 6 ) 
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These properties define filters , a notion studied more extensively in Section 10.2 of 
our Appendix. Metric spaces are very important examples of topological spaces: a 


metric space is a set X equipped with a distance function d, i.e., d : 
such that 

IxI->R + 

d{x,y) = 0 x = y 

(separation), 

(1.2.7) 

d(x, y) = d(y,x) 

(symmetry) , 

( 1 . 2 . 8 ) 

d{x,z ) < d(x,y) +d(y,z) 

(triangle inequality). 

(1.2.9) 


We define the topology Od associated to the metric d as the family of sets which 
are unions of “open balls” 

B(x , r) = {y € X, d(y, x) < r} (x € X, r > 0 given). (1.2.10) 


Stability by union follows from the definition and to show the stability by fi- 
nite intersection, it is enough to note that for x 6 B(x\,r\) fl - 6 ( 2 : 2 , ^ 2 ) we have 
B(x, r) C B(xi,r±) fl B(x 2 ,r 2 ) with r = min(ri — d( x, Xi), ?’2 — d( x, X 2 )) since 


d{y, x) < r 


d(y, x\) < d(y, x) + d( x, x\) < r + d(x, xq) < r 1 , 
d(y, X 2 ) < d{y, x) + d(x, X 2 ) < r + d(x, X 2 ) < r 2 - 


As a result, a finite intersection of open balls is a union of open balls, implying 
that Od is a topology. For x € X, r > 0, the “closed ball” B c (x,r) is defined as 


B c (x, r) ={y G X, d{y, x) < r}, (1.2.11) 

and we note that B(x, r) C B{x, r) C B c (x, r) since B c (x, r) is closed 4 and contains 
B(x, r). 

is a metric space for the topology defined by the Euclidean distance. More 
generally, a vector space E on C or R equipped with a norm, i.e. , a mapping 

{ N(x) = 0 x = 0, 

N(ax) = |a|lV(x), for a £ C,x e E, (1.2.12) 
N(x + y) < N(x) +N(y), 


is a metric space for the distance N(x — y ). ( E,N ) is called a normed vector 
space. For instance, we may consider the space C'°([0, 1], R) of real-valued functions 
defined on [0, 1] eciuipped with the norm 

ll/lloo = sup |/(x)|. 

xG[0,l] 

4 (5 c (x,r)) c = ,d(x,y)>rB(yi y) — r ) since if d(z,y) < d(x,y) — r and d(x,y) > r, we get 
d(z, y) + r < d(x, y) < d(x, z) + d(z , y) r < d(x, z). 

This implies that ( B c (x,r)) c contains the above union and the inclusion is obvious. 
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Figure 1.1: Sequences /„ and g n . 

Let us recall that on all the norms are equivalent (see Exercise 1.9.8). The 
normed vector space C°([0, 1],R) equipped with the norm || • Hoc defined above is 
complete 5 . A complete normed vector space is called a Banach space. 

We may notice that all the norms on C°([0, 1],M) are not equivalent (see Ex. 
1.9.8). We may consider the norm (Axioms (1.2.12) are easy to check) 

11/11!= f\}(t)\dt. 

Jo 

The sequence f n is bounded for the norm || • ||i and unbounded for || • Hoc. On the 
other hand the sequence of continuous functions g n is a Cauchy sequence for || • ||i 
and converges for || • ||i towards the discontinuous function l[i/ 2 ,i] (see Ex. 1.9.8). 
Of course, a topology fails in general to be stable by complement: on the Euclidean 
R, the complement of the open set ] 0, +oo[ is ] — oo, 0] which is not open since it 
does not contain an open ball containing 0. In fact a topological space is said to 
be connected (intuitively made of a single piece) whenever the only sets which are 
both open and closed are the whole space and the empty set (see Appendix 10.2 
on connectedness of topological spaces). 

Lemma 1.2.2. Let (X,0) be a topological space and let A be a subset of X . The 
set 

OA = {Und}n et ) (1-2.13) 

is a topology on A, the so-called induced topology on A by the topology of X , or 
the subspace topology. It is the smallest ( coarsest , weakest) topology on A such that 


5 A normed vector space is said to be complete whenever all Cauchy sequences are convergent. 
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the canonical injection la '■ A — i X is continuous. The closed sets of A for that 
topology are Ca = {Fn A}F C iosed in x, be., the “traces” of closed sets of X on A. 

Proof. The properties of Definition 1.2.1 are obviously verified. The canonical 
injection is indeed continuous since l~^{0) = Oa and if O is a topology on A 
making la continuous, this implies (O) C O. Let $ be a closed set of A for this 
topology: we have, with complements in X, <f> c fl A = fi (~l A for some fl € O: as a 
consequence, since $ C A, we get $ = An(<l>UA c ) = An(fl c UA c ) = AnfF. □ 


In a topological space, it is interesting to examine the cr-algebra generated 
by the topology. 

Definition 1.2.3. Let (X,0) be a topological space. The Borel cr-algebra on X is 
the a - algebra generated by O (according to Definition 1.1.3). 

Although the definition above is clear-cut, it does not give a very precise 
indication of what a Borel set is (an element of the Borel cr-algebra). For instance, 
a countable union of closed sets, called an F a , is a Borel set (the set Q of rational 
numbers, as a countable union of singletons is an F a ). Its complement is a count- 
able intersection of open sets (called a Gs set): the set of irrational numbers on 
the real line is a Gs set. Some subsets of R can be at the same time F a and Gs 
such as [0,1], a closed set (thus F„) and Gs since 


[0, 1] = fl n >i 


--,1 + - 

n n 


However Q c (a Gs set, according to the above argument) is not an F a . Otherwise, 
we could find a sequence of closed sets F n such that R\Q = U„F„; since R\Q does 
not contain any interval (Q is dense in R) the interior of each F n is empty. Finally, 
it would be possible to write R as a countable union of closed sets with empty 
interiors. The Baire theorem (see Section 10.2 in the Appendix) ensures that, in a 
complete metric space, a countable union of closed sets with empty interiors has 
also an empty interior. The previous equality describing Q c as an F„ set is thus 
absurd. 

Lemma 1.2.4. Let (Xi,Oi), (X 2 ,0 2 ) be topological spaces and let f : X\ — > X 2 be 
a mapping. The following properties are equivalent. 

(i) The mapping f is continuous on X\. 

(ii) f~ x {0 2 ) C 0i, i.e., V0 2 € 0 2 , f~\0 2 ) e 0i. 

Proof. Note that the continuity of / at a given point X\ means that for all V 2 
neighborhood of f(x 1 ), there exists a neighborhood Vi of x\ such that /(V 1 ) C V 2 . 
Using the notation introduced in Section 10.2, it means 


nr xi ) D r /(xi) . 
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Since a neighborhood of a point contains an open set containing that point, we 
may replace in the previous definition the word neighborhood by open neighborhood. 
Continuity on the whole X\ means continuity at each point of X\ . If / is continuous 
on X\ and V 2 is an open subset of X 2 , for x\ £ there exists V\ 9 x\ such 

that /(Vi) C V 2 , implying Vi C / _1 (/(V i)) C / _1 (V 2 ). As a result, f~ 1 {V 2 ) is 
open since it is a neighborhood of all its points. Conversely, assuming / _1 ((H 2 ) C 
0 1 , for x\ £ Xi, x 2 = f(x 1 ) and V 2 an open neighborhood of x 2 , the set Vi = 
/ _1 (V 2 ), is an open subset of X\ containing x\. We get /(Vi) = /(/ _1 (V 2 )) C V 2 , 
providing the continuity of /. □ 

Proposition 1.2.5. Let {X\,Oi), ( X 2 ,0 2 ) be topological spaces and Bj,j = 1,2, 
their Borel a-algebras. If f : X 1 — > X 2 is continuous, then it is measurable. 

Proof. Continuity means / _1 ((H 2 ) C 0\. Since B 2 is generated by 0 2 and 0\ cBi, 
Lemma 1.1.4 proves that / is measurable. □ 

Note that there exist functions which are continuous at only one point, such as 

| x for x £ Q, 

/ : R — 1 1 R, f(x) = < continuous only at 0. 

I— a: for x f Q, 

One can show (Exercise 1.9.9) that the discontinuity set of a function / from 
R to itself is an F a , and that for any F a set A, there exists a function whose 
discontinuity set is A. In particular, there is no function from R into itself whose 
discontinuity set is Q c . On the contrary, the following function is continuous at 
Q c , discontinuous at Q: 

! 1 for x = 0, 

l/q for x = p/q,p £ Z*,q £ N*, irreducible fraction, (1.2.14) 
0 for x £ <Q>. 

On the other hand, an open subset of R is an F a set, as a countable union of closed 
intervals: let U be a non-empty open subset of R and let x £ U; there exists p > 0 
so that }x — p, x + p[c U and since Q is dense in R, this implies the existence of 
p, q £ Q so that x — p<p<x<q<x + p, and thus \p, q] C U. The open set U 
is thus a union of compact intervals with rational endpoints. Now the mapping 

[p, q] (jp, q) 

is one-to-one from the set Q of compact intervals with rational endpoints into 
Q x Q which is equipotent to N. As a result Q is (infinite) and equipotent to a 
subset of N, thus equipotent to N, proving the sought result. More generally, we 
have in any dimension the following result. We shall say that a compact rectangle of 
R d is a set Yh<j<dl a F ^i\ anc ^ an °P en rectangle of R d is a set ni<j<d] a ii bj[. 
Of course, compact rectangles are compact (even if for one j, aj > bj, since the 
empty set is compact) and open rectangles are open (even if for one j, aj > bj, 
since the empty set is open). 
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Lemma 1.2.6. Let d > 1 be an integer. We define 


Q 


U [ a :i i b.i\ 

1 <j<d 


( a j ,bj )eQ 2 
a i < b j 


Q is a countable family of compact rectangles of such that any open set is a 
union ( necessarily countable ) of a subfamily of these compact rectangles. 

Proof. First of all Q is infinite and can be injected into Q 2d , and is thus equipotent 
to N. As any neighborhood of x = (xi, . . . , x<*) £ contains a cube 

y £ R d , max \yj — Xj\ < p 
i <j<d 

with p > 0, we may find pj, qj £ Q such that Xj — p < pj < Xj < qj < Xj + p. As 
a result, for any neighborhood U of x, there exists P Xt u £ Q with x £ P Xy u C U. 
Let f 1 be an open subset of for each x £ Cl, there exists a neighborhood U x of 
x, included in fl. We have thus 


U — hl X £QU x G) — U • ^ U — 

so that fl is a union of a subfamily of elements of Q and since Q is countable, that 
union is necessarily countable. □ 

Let B be the Borel cr-algebra of and TZ C ,TZ 0 be the families of compact 
rectangles, open rectangles of R d . We have, following Definition 1.1.3 and the 
previous discussion 


O C .M(H C ) C B => B = JZ{1l c ). 

Moreover, since [p, q] = fl n >i]p— 1/n, q+l/n[, any compact rectangle is a countable 
intersection of open rectangles and thus 

n c c Jt{ n 0 ) =^B = Jt(p) = j?( n c ) c J({n 0 ) c b , 


so that eventually 


B = J?{K C ) = JZ{H 0 ). 


We note that, for p,g€R, 


(1.2.15) 


\p,q\ = [p, +oo[n] -oo,g] = [p, +oo[n]< 7 , +oo[ c = n n >i]p- 1/n, +oo[n]g, +oo[ c , 

so that the Borel cr-algebra on R. is generated by the intervals (]a, +oo[) agR and 
thus also by the intervals (] — oo,a]) a£ R or (since ]a, +oo[= U„>i[a + 1/n, +oo[) 
by the intervals ([a, +oo[) o£ r and thus also by the intervals (] — oo, a[) a£ R. Using 
Lemma 1.1.4 to check the measurability of / : X — > R, it suffices to verify the 
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measurability of /“ 1 (] 6, +oo[). For instance if X is a Borel subset of R and / is 
nronotonic on X, then / is Borel-measurable. In fact if / is increasing, b £ R with 
A = f~ 1 (]b , +oo[) ^ 0, we have 

A = U aS A([a, +oo[nA), (1.2.16) 

since if X B x > a € A, we obtain f(x ) > /(a) > b and thus x £ A (the other 
inclusion is trivial). As a result, we get 

] inf A , +oo[flX C A C [inf A , +oo[(~lX, (1.2.17) 

since the second inclusion follows from (1.2.16) and the first is true if inf A = — oo, 
also from (1.2.16); if inf A > — oo, inf A £ R since A ^ 0 and for all e > 0, we can 
find a e £ A so that, 

inf A < a e < inf A + e => ] inf A, +oo[(~lX C U e >o[a e , +oo[nX C A , 

where the last inclusion follows from (1.2.16). Whatever happens with inf A, be- 
longing or not to A, we find from (1.2.17) that 

A = [inf A, +oo[nA or A =] inf A, +oo[(~lA, 

Borel-measurable in both cases. 

Theorem 1.2.7. Let (X,M), (Y,Af) be measurable spaces and R d equipped with 
its Borel cr-algebra. Let ui,...,Ud be measurable mappings from X in R and let 
$ : R d — > Y be measurable. Then the mapping 

X Y 

X $(ui(x),...,U d (x)) 

is measurable. In particular, f : X — > C is measurable if ( and only if) Re/, Inr/ 
are measurable and then \ f\ is also measurable. If f, g : X — > C are measurable, 
then f + g,fg are also measurable. Moreover, if A £ M., the indicator function of 
A is measurable. 

Proof. From the composition Lemma 1.1.6, it is enough to check the measurability 
oi x *-^V{x) = (u±(x), . . . ,Ud( x)') from X to R d . From Lemma 1.2.6 and Lemma 
1.1.4, it suffices to verify that the inverse image by V of a compact rectangle of 
R d belongs to M. For that purpose, we note that 

v ~ x f n [ a M\ = n s m, 

\ 1 <j<d I 1 <j<d 


since the Uj are measurable. The other statements in the theorem follow immedi- 
ately (the very last assertion is obvious since 1( 4 1 (J) £ {0, A, A c , X}). □ 
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The following generalization of the previous theorem can be useful. 

Theorem 1.2.8. Let (X,M), (Y,Af) be measurable spaces and let T be a separable 
metric space equipped with its Borel a-algebra. Let u±, . . . ,Ud be measurable map- 
pings from X into T and let $ : T d — »• Y be a measurable mapping. Then the 
mapping 

X Y 

x $(ui(a:), . . . ,u d (x)) 

is measurable. 

Proof. According to Lemma 1.1.6, it is enough to check the measurability of x <— > 
V{x) = (ui(x), . . . ,Ud(x )) from X in T d . From Lemma 1.1.4 it suffices to check 
that the inverse image by V of an open set of T d belongs to JA. Moreover for 
an open subset of T d and x = (xi, . . . ,Xd) G f 2, there exist ri, . . . ,rd positive 
numbers (that we may suppose rational numbers) so that the product of open 
balls 

B(x 1 ,r 1 ) x ••• x B(x d ,r d ) 3 x 

is included in O. With D a countable dense subset of T, we may find yi, . . . , yd G D 
so that dist(xj, yj) < rj/2. Then the ball B(yj,rj/ 2) is such that 

X J e B{y j ,r j /2) c B(xj,rj), 

since dist(z,2/j) < rj/2 implies dist(z,;rj) < dist(2;, yj) + dist (t/j , Xj) < rj/2 + rj/2 
so that z G B(xj,rj). As a result, the open set LI is a union of products 

B{yi,pi) x • • • x B{y d ,p d ), yj G D ,pj G Q. 

There is a surjection from D d x Q d (which is countable) onto the set V of these 
subsets and thus V is countable. We have 

v ~ x ( n B (ypPj) )= Pi u j 1 ( B (.yj’Pj )) e M * 

\1 <j<d J 1 <3<d 

since the Uj are measurable. □ 

Lemma 1.2.9. Let (X,0) be a topological space and A G Bx, the Borel a-algebra 
on X. The Borel a-algebra Ba on A is 

B a = {M €B x ,M c4}=1(Oi), (1.2.18) 

where Oa is the topology on A, given in Lemma 1.2.2. 

Proof. From (1.2.13) and Definition 1.2.3, we have Ba = Since 


B = {M G B X ,M c A} 
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is (obviously) a cr-algebra on A containing Oa, it contains ./# (Oa)- Moreover B 
makes the canonical injection la measurable since l~^(Bx) = B. Also B is the 
smallest cr-algebra on A making la measurable since any cr-algebra making la 
measurable must contain l^(Bx)- We note now from Lemma 1.1.4 that the cr- 
algebra M((D a) on A is such that la is measurable since l^(0) = Oa'- as a result, 
we get that Jt( O a ) contains B , proving the lemma. □ 

Definition 1.2.10. The extended real line R is the set obtained by adjoining two 
non-real distinct elements to the real line; it is the topological space RU{— oo, +oo}, 
where the topology contains the open subsets of R and the sets 

]a, +oo[U{-|-oo}, {— oo}U] — oo, a[ 

(denoted respectively by ]a, + 00 ] and [— 00 , a[). The order relation on R makes 
—00 the smallest element and +00 the largest. This order relation is compatible 
with the topology since the open sets are unions of intervals. 

R is easily shown to be homeomorphic to [—1,1] (i.e. , there exists a bi- 
continuous bijective mapping ipo from R onto [—1, 1]), for instance by extending 
continuously 


R 9 X 1 = 1 po(x) £ (-1, 1), 

VI + £ 

( _ i> 1) 3 y ^ 7 = 2 = V’o 1 (y) £ 
v 1 ~y 

That homeomorphism is compatible with the order relation, i.e., is increasing. 
We note also that any monotone sequence (x n ) in R converges since tJjo(Xn) is 
monotone in [—1,1] thus converging (since it is either increasing bounded from 
above or decreasing bounded from below) and since ip^ 1 is continuous, we get the 
result. Since R is compact, for any A C R, there exists a 

least upper bound , or supremum, sup A = infjil/ £ R,Va ti,o< A/}, (1.2.20) 

greatest lower bound , or infimum, inf A = sup{?n £ R,Va £ A, a > ?n}. (1.2.21) 

If A = 0, following the definition, we get sup A = — 00 , inf A = + 00 , the only case 
where the infimum is strictly larger than the supremum. 

Definition 1.2.11. Let (a; n ) nS N be a sequence in R. The sequences (inffc>„ Xk) n efh 
(sup k>n Xk)neNi are monotone (the first is increasing, the next one decreasing). 
We define 


4>o{±oo) = ±1, 

V’o" 1 (± 1 ) = ±00- 


(1.2.19) 


liminfay, = lim (inf Xk) = sup (inf Xk), 

n— >-+oo v /c>n n 

= lim (supx’fc) = inf(supa’fc). 

ra— >+00 k>n neN k>n 


lim sup x n 



1.2. Measurable spaces and topological spaces 


13 


Proposition 1.2.12. Let (x n ) n ^ be a sequence in R. Then liminf x n is the smallest 
accumulation point of the sequence and lim sup x n the largest. We have 

lim inf x n < lim sup x n 

and equality holds if and only if the sequence is converging to this value. 

Proof. Using the homeomorphism ipo defined above (cf. (1.2.19)) we can assume 
that (a: n )neN is a sequence in [—1, 1]. If y is an accumulation point of the sequence, 
i.e. , a limit point of subsequence, (x Uk )k^n, (n-o < ni < < ■ ■ ■ < nk < nk+i < 

■ ■ ■ ) , then 

y < — x nk < sup Xi — 1 lim sup x n , 

fc->+oo i> Uk fc->+ oo 

where the second limit comes from a subsequence of a converging sequence. We 
get thus y < limsup:r n and similarly y > lim inf x n . Moreover, limsupa; ra is an 
accumulation point of the sequence since for all e > 0, N > 1, we may find n e > N 
with 

lim sup x n = inf(supa’fe) < sup Xk < lim sup + e, 

n k>n k>n e 

so that, for y > 0,3 n(s,y) > n e with 

lim sup x n — rj = inf(sup:rfc) — y < sup Xk~y< x n (e,v) — SU P x k < limsupa; n + e. 

n k~>n k~>n e k~>n e 

As a result, for all e, y positive, for all N > 1, we can find n(e, rj) > n e > N with 
lim sup x n — y < x n / e ^ < lim sup x n + e, 
proving the result. If lim sup x n = liminf x n = l, then 

l i — inf Xk < x n < supxfe — > l, 

n— >+oo k>n k>n >+oo 

implying lima; n = l. On the contrary, if lim inf x n < lim sup x n , the sequence has 
at least two different accumulation points and cannot converge. □ 

Proposition 1.2.13. Addition and multiplication of real numbers can be extended 
continuously respectively to 6 

(R x R)\{(+oo, — oo), (— oo, +oo)} and to (R x R)\{(0, ±oo), (±oo, 0)}. 

6 In other words, x + y is meaningful for x C IP'.y e M. provided we avoid the “undetermined 
expression” +oo — oo. Same thing for the product and O.oo. The adjective “undetermined” is 
justified by the fact that there is no continuous extension of the addition in R to R: if such 
an extension were existing, for x n = —n + l,y n = n, we would have for all values of the real 
parameter l, l = lim(x n + y n ) = lint x n + lim y n = +oo — oo. Somehow worse than this, with 
x n = —n + (—1)", y n = n, +oo — oo would be the limit of the non- converging sequence (—1)”. 
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Let (a; n )neN) (Un)nG n be sequences o/R such that x„ + y n , \im.m{x n + liminfy n 
and lim sup x n + lim sup y n are meaningful. Then, the following inequalities hold: 7 

lim inf x n + lim inf y„ < lim inf (x n + y n ) 

< lim sup (x n + y n ) < lim sup + lim sup y n . 

Proof. Let us first assume that both sequences (x n ), (y n ) are bounded in R. For 
k > n, we have x k + y k < sup ; >„a: ; + sup ; >„y ; so that sup fe > n (a; fc + y k ) < 
sup i>n xi + sup; >n yi. As a result, taking limits for n -+ +oo, we get 

lim sup (x n + y n ) < lim sup 2 + + lim sup y n . 


Noticing that 

lim inf (— x n ) = sup( inf (—x n )) = sup(— sup x n ) = — inf (sup x n ) = — lim sup x n , 

n k>n n k >n n k>n 


we get the result. We leave for the reader to check the remaining cases when at 
least one sequence is not bounded in R. □ 

The following result will be useful in the sequel. 

Lemma 1.2.14. Let (afc,i)fc£N,;eN be a double sequence of] R + . Then 


E(E afe 0 = E(E afe 0- 

k l Ik 


We shall write a^z for that sum. 
k,l 


Proof. We have seen above that series of elements of M + converge towards their 
supremum 8 . Thus, for all K , L, we have 




= 2^{Z^ akl = 


L> 0 


) = E SU P' 

7 k L ^° 

( E ak l) 

0 <1<L 

1 1 

<3 

w! 
^ 

* E ' 

0 <k<K 1 


= sup 
K 


0 <KL 


£ [s>( T, • 

0 <fc<ff L - u 0<KL 


au 


0 <KL L 0 <k<K 


and for all L, a > Eo<ki [Et ^l] > which implies a > J2i[J2k a kiJ, and the 
result by exchanging k and l. □ 

Remark 1.2.15. Addition of real numbers can be extended continuously to R + x 
R + ; it is thus associative, commutative, with neutral element 0. Multiplication of 
real numbers cannot be extended continuously to R + x R+ but only to R , x R, . 

7 Equalities are not true in general: check for instance x n = (— l) n /2 ,y n = (— l) n+1 , for which 
lim inf x n + lim inf y n = —1/2 — 1 < liminf (x n + y n ) = —1/2 < limsup (x n + y n ) = 1/2 < 
lim 8U|) x n + lim sup y n = 1/2 + 1. 

8 In particular, the infinite sums in the statement are meaningful. 
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We could use the (discontinuous 9 ) convention 0 • oo = 0 and 10 it is easy to verify 
that this new multiplication is associative, commutative, with neutral element 1, 
distributive with respect to the addition. The reader may also check Remark 1.3.4 
below. 


1.3 Structure of measurable functions 

Proposition 1.3.1. Let (X,Ai) be a measurable space and let (f n )ne N be a se- 
quence of measurable functions from Xinto M. Then the functions sup f n , inf /„, 
lim sup f„ , lim inf f n are measurable. In particular, the pointwise limit of a se- 
quence of measurable functions is measurable. 

Proof. Let us set g = sup/„, i.e. , g{x) = sup neN f n {x)- For a £ R, we have 
9~ 1 (]a,+ oo]) = U rt£ N/“ 1 (]a, Too]), 

since sup ngN /„(:r) = g{x) > a •<=>■ 3no £ N,such that f no {x) > a - Consequently, 
we get g -1 (]a, +oo]) £ M. According to Lemma 1.1.4, this proves the measura- 
bility of g since the Borel er-algebra 1% of R. is equal to the er-algebra generated 
by the intervals ]a, Too] (see (1.2.15), the discussion on page 9 and the increas- 
ing homeomorphism of R with [—1, 1] displayed in (1.2.19)). Thus g = sup f n is 
measurable. Moreover the identities 

inf /„ = - sup(-/„), limsup f n = inf(sup f k ), lim inf f n = sup( inf f k ) 

n n k>n 

give the other results. □ 

Definition 1.3.2. Let (A, A4) be a measurable space. A measurable function s : 
X — > [0, Too) is said to be simple if it takes only a finite number of values. 

Let {«i, . . . ,a m } be the image of s. Defining A k = s^ 1 ({afe}), we get that 
{A k }i<k<m is a partition of X and 

s{x) = ^2 a k l Ak (x), 

l<k<m 

where 1 A k is the indicator function of Ak . 

9 Considering the sequences in (0, +oo), {x n,yn) G {(1/n, n 2 ), (1/n 2 , n), (Z/n, n), ? ^)} 5 

we see in each case lim:r n = 0,limy n = +oo and that the limit of x n yn could be anything in 
R_l_ or that the sequence x n yn is not converging. A somehow worse behaviour is given by the 
sequences 

x n = q n /(n(l + q n )), y n = n(l q n ) , where Q+ = {q n } n >i- 
We have limx n = 0, lim y n = +oo and the sequence (x n yn) is dense in R+. 

10 That commonly used convention refers to a “potential” vision of infinity: infinity is seen as 
something that can be reached by some limiting process. Looking at the product On = 0 for 
all n, that convention looks natural. That potential vision is opposed to an “actual” viewpoint 
where infinity is there from the beginning. In measure theory, that convention is justified by 
the fact that integrating the zero function on any set, even of infinite measure, will give 0. Also 
integrating a function which is identically +oo on a set of measure 0 will give 0. 
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Theorem 1.3.3. Let {X,M) be a measurable space and let f : X — > R+ = [0, +oo] 
be a measurable mapping. There exists a sequence (sk)k > l of simple functions such 
that 

(1) 0 < si < s 2 < • • • < s k < s k+ i <•••</, 

(2) Mx G X, lim fc s k {x ) = f(x), 

(3) For f bounded, the limit is uniform: limfc(sup xgX |/(x) — Sfc(a:)|) = 0. 

Proof. Let us first assume that 0 < / < 1. We define 11 

s k {x) = 2~ k E(2 k f(x)). (1.3.1) 

The function Sk takes finitely many values since 0 < 2 k f < 2 k . We have also 

2 fe Sfc < 2 k f < 2 k s k + 1 =► 0 < / - Sfc < 2~ k , (1.3.2) 

so that Sfc converges uniformly towards /. Moreover, multiplying (1.3.2) by 2 and 
writing (1.3.2) for k + 1, we find 

N 9 2 fe+1 S fc < 2 k+1 f, 2 fc+1 s fe+ i = E(2 k+1 f). 

Using the definition of the integer value, we obtain 

2 fe+1 Sfc < 2 fe+1 sfc+i, i.e., Sfc < Sfc+i, 

proving that (sfc) is an increasing sequence. Every function Sfc is measurable, as 
the composition of measurable functions 12 . If 0 < / < M, for some positive real 
number M, we can apply the previous result to f/M. Let us go back to the case 
0 < / < 1 and set 

Sfc = Sfc — 2~ k E(f). 

If /( x) < 1, we have Sk{x) = Sk{x). If f{x) = 1, we have 1 — 2~ k = §k(x). In both 
cases, the sequences (sfc(a;))fc e j ! j are increasing with limit f(x) and 0 < Sfc(a;) < 1. 
Using the homeomorphism ipo defined in (1.2.19), which identifies R+ to [0, 1], we 
may consider 

f _ i> o Vd 1 

X — R + — > [0,1] — > R+. 

Using the previous arguments, we find a sequence of simple functions tk valued 
in [0,1 [, increasing with limit ip o o /. As a result, ip^ 1 o t k is a simple function (in 
particular with finite values since tk has values < 1) with limit /. The sequence 
V’o" 1 ° increasing as tk is and ip^ 1 is increasing. The proof of the theorem is 
complete. □ 

u E(t) stands for the integer value o/t £ I, also called floor function or greatest integer function: 
Eft) is the unique integer such that Kit) <t< E(t) + 1. 

12 The integer value is measurable since E 1 f[e. +oo[) = [a, +oo[ if a G Z and if a </ Z, 
E~ 1 ([a, +oo[) = [E(a) + 1, +oo[. 
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Remark 1.3.4. Let f,g be measurable functions from X into R + ; then f + g is 
well defined and measurable. It follows from Theorem 1.2.8 and the measurability 
of the (continuous) mapping 


R^ x M_|_ — i R^ 

(a,/3) H> a + /3. 

Analogously, the symmetric (discontinuous) mapping M 

R_f_ x M_|_ — i R^ 

(a, 1 3) i ^ a ■ f3 


extending continuously to R + x R + the multiplication on R1 x R+ and defining 
O.oo = 0 is Borel-measurable: for a £ R+, the set 

E a = {{x,y) € R+ x R + ,M(x,y) > a} 

is included in R+ x R*_on which M is continuous. As a result, E a is an open subset 
of R)j_ x R*_, thus a Borel set of R + x R + . Using Theorem 1.2.8, we get that / • g 
is measurable. 


1.4 Positive measures 

Definition 1.4.1. Let (X, M.) be a measurable space. A positive measure on (X, A i) 
is a mapping y : M — > R+ satisfying /z(0) = 0, and such that, for any sequence 
(Afc)fcgN hr M of pairwise disjoint sets ( k ^ l ==>■ A k (~l Ai =0), 

y{UkenAk) = ^^y(Ak). (1-4.1) 

fee N 

That property is called cr-additivity 13 and the triple (X, A4,y) is called a measure 
space (where y is a positive measure). When y(X) = 1, we shall say that y is a 
probability measure and the triple (X, A i,y) is called a probability space. 

N.B. We shall define later in this text (Definition 7.1.1 in Chapter 7) the notion 
of complex measure. 

Let us give a few simple examples. 

(1) Let X be a finite set, equipped with the a - algebra 'P(X), and let us define the 
counting measure yo by yo{A) = card A. 

(2) Let X be a non-empty finite set, (cr-algebraT^X)), and let y\ be the probability 
measure y± defined by 

yi(A) = card A/ cardX. 

13 or countable additivity. 
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(3) Let X be a set, (er-algebra V(X)). We define the counting measure on X by 


H(A) 


card A, when A is finite, 
+oo, when A is infinite. 


To check that it is indeed a measure, we consider a sequence of pairwise disjoint 
subsets (Afcjfcgpj: if one of them is infinite, (1-4.1) is obvious as well as when they 
are all finite with a finite union. If they are all finite with an infinite union, (1.4.1) 
follows from the inequalities 


card(U 0 <fc<jvA fc ) = ^ card A k < y card A k 

o <k<N o <fc 


and limjv-H-oo card(U 0 <fc<jvA fe ) = +oo. 


(4) Let X be a set (er-algebra P(X)). For a £ X we define 6 a , the Dirac measure 
at a by 


Sa(A) 


1 if a € .A, 
0 if a £ A. 


(5) Series of positive measures on the same measurable space. 

Lemma 1.4.2. Let (X,Ai) be a measurable space and let (/ ij)j be a sequence of 
positive measures on (X,A4). For A G M, we define p{A) = Pj(A). Then 

p is a positive measure on ( X , A4 ) . 


Proof. Let (A k )ken be a pairwise disjoint sequence in M. We have 


MUfceN-Afc) = y^/Xj(UfeeN-Afc) 


j'GF 


52(52 ^^ Ak ) 


cr-additivity 3 ^^ fc(=N 
of each fj,j 

o 5252 ^ ' H{Ak)- 

Lemma 1.2.14 iGN fcGN 


□ 


(6) We want to construct a positive measure on (R,£?r), where £>r is the Borel 
cr-algebra on R, such that, for a < b real numbers, 


p([a,b}) = b — a = p{\a,b]). 


It is easy to construct p on finite unions of pairwise disjoint intervals. Although 
B j is generated by the intervals in the sense of Definition 1.1.3, extending p to 
B j is a difficult task which is one of the main goals of this book. 

(7) Measure with density v with respect to the Borel measure on R. Let v be a 
continuous non-negative function on R; we want to construct a positive measure 
defined on Br such that for a < b real numbers, we have 

p v ([a,b])= f v(t)dt, 
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where the integral of v is the Riemann integral. It is also easy to construct p u 
on finite unions of pairwise disjoint intervals (this is the density version of the 
previous example in which v = 1). Also a difficult construction to be performed in 
the sequel. 

(8) Borel measure on With B-^d standing for the Borel cr-algebra on R d , one 
of the goals of this book is to provide a construction of a positive measure defined 
on B S d 1 such that, for aj < bj real numbers, we have 



It is the d-dimensional version of the example (6) on page 18. 

(9) Cauchy probability on R. with parameter a > 0. It is the positive measure with 
density 

1 a 
7 r a 2 + t 2 


We note that f R 


-dt, = 


7 r a. 2 -ft 2 

function of the probability p on 


i arctan(f/a) 
as 


+oo 


1. We define the repartition 


F{t) = p((-oo,t[). 

The function F is increasing, tends to 0 (resp. 1) when t goes to — oo (resp. +oo), 
and is left-continuous (see Exercise 1.9.25). In the specific case of the Cauchy 
probability, the repartition function is 

Fit) = — arctan [ — ) + 

7T V a j 2 


(10) The Laplace-Gauss probability with mean (or expectation) m, variance a 2 
(a > 0 is the standard deviation), has density 

1 (x — to) 2 

)^ eXP 2a 2 ’ 

We note that f R exp dx = ct\/2tt and 


(x — to) 2 dx 

x exp — — == = m, 

i 2a 2 <jV2^ 


/ (x — to) 2 exp — 

Jr 


(x — in) 2 dx 
2 <t 2 ay/2n 


(11) Bernoulli probability with parameter p £ [0,1]: pSo + (1 — p)8± on the set 

■v -{o.i}. 

(12) Binomial probability with parameters n £ N* and p £ [0, 1], 

E C k n p k (l-p) n -H k , 

0 <k<n 
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where 


C t = 


n\ 


(1.4.2) 


(n — k)\k\ 

We can consider /i as a positive measure on {0, 1, . . . ,n — 1 ,n} so that p( A ) = 

E k&A CnP k (l-p) n ~ k - 

(13) The Poisson probability with parameter A > 0 is given by 

\ k 

e~ X J2— Sk ’ 


fee n 


k\ 


which is meaningful, e.g., from Lemma 1.4.2. We may consider /i as defined on the 
subsets of N by p{A) = e~ x J2keA TT 

Lemma 1.4.3. Let (X,A4,p) be a measure space where p is a positive measure 
and let f : X — > Y be a mapping. The set N = { B C Y, f~ 1 (B) € A4} is a a- 
algebra on Y: it is the largest a-algebra on Y making f measurable. The so-called 
pushforuiard measure f*{p) is a positive measure defined on N by 

f.(p)(B)=p(f~ 1 (B)). 

If g :Y — > Z is another mapping, we have (g o /)* = g* o /*. 


Proof. The first statements follow from Lemma 1.1.5. To check that f*(p) is a 
positive measure defined on A f, we consider a sequence (B k )k£N of pairwise disjoint 
elements of AT and we note that (/ -1 (-Bfc)) fc6N is a pairwise disjoint sequence of 
A4 and thus 


f*(p)(u k £NBk) = p(f 1 (U fc S N B k)) = p (UfcgN / 1 (B k )) 

Also we have trivially /*(^)(0) = At(/ _1 (0)) = m(0) — 0- The last “functorial” 
property 14 is obvious and follows from the other functorial property (see (1.1.1)) 
(ff°/) _1 (C) = / -1 (ff~ 1 (C)) : with V = {C C Z,g~ l {C) € A f}, we have for C G V, 

((9°f)*(T))(C) = p((gof)- 1 (C))=p(f- 1 (g- 1 (C)))=Mp)(g- 1 (C)) 

= (s*(/*(m)))(C) = {(g*of*)(p))(C). □ 

Proposition 1.4.4. Let (X,A4, p) be a measure space where p is a positive measure. 

(1) For A,B G M, Ac B => p(A) < p{B). 

(2) Let (Afc)fcgN be an increasing sequence of Xi and A = UfegwAfe; then p{A k ) t 
p(A) in K_|_. 

(3) Let (A fc ) feeN be a decreasing sequence in M, such that /a(Ao) < +oo and 
A = C\keN Ak; then ia(Ak) ^ n(A) in M+. 

14 This covariance property following from the contravariance property for inverse images explains 
also the notation with a * at the bottom for the covariant pushforward and a —1 at the top for 
the contravariant inverse images. 
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Moreover the properties of Definition 1.4.1 are equivalent to /r(0) = 0, (2) above 
and p(A U B) = p,(A) + for disjoint A,B £ M. 

Proof. The disjoint union of elements of A4, B = ( B\A ) U A, implies p{B) = 
p(B\A) + p(A) > p,{A) and thus (1). To get (2), we define A_i = 0, and prove 
inductively that 15 

Ak = Uo<J<fc(A; fl Ai_ ± ), 

so that A = Ufc>o4lfc = Ufc>o(^4fc D A k _ 1 ). For k ^ l (say k > l > 0), since (Aj) is 
increasing, we have 

{AknAl^niAinA^) = = A t n A? k _ x c A^nAk-i = 0. 

As a result, using (1.4.1), we obtain 

n{A) = E p(A k n A k _ x ) = lim E n(A k CA c k _ l ) = lim n(A n ), i.e., (2). 

z ' n — >oo z ' n — >oo 

fc>0 0</c<n 

We check now (3). We have 

Ao\A = A 0 fl (VJ k >oA k ) = Ufc>o (A 0 n Afc) . 

Si v ' > 

increasing of fc 

Applying the already proven property (2), we get p(A 0 fl A k ) f p{Ao\A). For each 
fc, we have 

+oo > /z(Ao) = p{Ak) + /t(A^ n A 0 ), 
so that p,(Ao) , p,(Ak) , n(A k fl A 0 ) are real numbers 16 , and thus 

p,(A k ) = n(A 0 ) - n(A% n A 0 ) 4, n(A 0 ) - n{A 0 \A) = p(A), 

proving (3). If p is a positive measure, the properties mentioned in the last state- 
ment of Proposition 1.4.4 are fulfilled, as proven above. Conversely, we need to 
prove (1.4.1). Let (A k )ken be a pairwise disjoint sequence in A4: from property 
(2) in Proposition 1.4.4, using finite additivity 17 , we get 

y ' p(Ak) — M(Co<fc<n Ak) j^ l^(Ufc>oA^), i.e., y ' j^A k ) — l^(U^>oA^). 

0 <k<n k> 0 

The proof of Proposition 1.4.4 is complete. □ 

=A k , since Aj'f 

15 True for k = 0; moreover A k+1 = ( A k+1 D A£) U ( A k+1 fl A k ) = ( A k+1 n A£) U A k . 

16 At this very point, we are using the assumption fi(Ao) < +oo, which is necessary as shown 
by the counting measure (Example (3) on page 18) on N with the decreasing sequence A k = 
[/c,+oo[nN: for each k , fi(A k ) = +oo and /j,(C\ k >oA k ) = ju(0) = 0. 

17 Trivial inductively from the additivity for two disjoint sets: 

M(Uo<fc<n+l^fc) = M( U 0 <k<nA k ) + fl(A n+ i) = £ n(A k ) + p,{A n+ 1). 

0 <k<n 
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Remark 1.4.5. Let (X,Xi,p) be a measure space where /i is a positive measure, 
let (yl n ) n6 N be a sequence in A4. Then 

M(UneN^-n) fr J2^ A n)- (1.4.3) 

n£N 

In fact, checking the increasing B. n = yJo< k <nA k , we may apply property (2) in 
Proposition 1.4.4 so that 

^(U neN A„) = ^(U„ eN -B„) = sup/i(.B„) < sup ^2 n{A k ) = ii{A n ), 

nGN 

0<fe<n nG N 

since the inequality p{B n ) < X) 0<fc<n M( A k ) holds trivially (inductively on ?r). See 
Exercise 1.9.19 for the Sieve Formula. 


1.5 Integrating non-negative functions 

We want now to define the “integral with respect to a measure p,” of simple 
functions as defined in Definition 1.3.2: let s = Yli<k<m a >A-A k , where the a k are 
positive, distinct and each A k belongs to M. The integral will be defined as 

/ sdp = ^2 a k p{A k ), 

1 <k<m 

which is a quite natural definition. We have to pay attention to the fact that 
since all a k > 0, although n(A k ) could be +oo, the product a k [i(A k ) is de- 
fined without ambiguity in R + . We should also keep in mind that the elements of 
A4 could be awfully complicated: think for instance of the Borelian sets of type 
E ct ,G 5 ,G 5(T ,F ct5 ,... 18 . 

Lemma 1.5.1. Let (X,A4, /i) be a measure space where p is a positive measure and 
let s be a simple function, that is a measurable function s : X — > [0, +oo[ taking a 
finite number of real non-negative distinct values aq, . . . ,a m , in such a way that 
s = T,i<j<m a o 1 A j , Aj = s _1 ({aj}). We define 19 

J ( s ) = a jd(Aj), (1.5.1) 

a j >o 

18 An F a is a countable union of closed sets, a G$ is a countable intersection of open sets, a 
Gsa is a countable union of G$ sets, a F a s a countable intersection of F a sets, and so on. That 
terminology was introduced by the German mathematician Felix Hausdorff (1868-1942). The 
letter a is a symbol for countable union ( Summe in German) and 5 is a symbol for countable 
intersection ( Durchschnitt ). 

19 We have only to handle products of positive real numbers aj with elements of R_|_. Moreover 
the consistency of our definition relies on the fact that the decomposition of s as such a sum is 
canonical since the aj and thus the Aj are functions of s. The condition 1(0) = 0 follows in fact 
from (1.5.1) since for s = 0, the summation takes place on an empty set of indices. We could 
have written I(s) = Si <j<m a j A j ) using the convention 0.oo=0. We have preferred to avoid 
that discontinuous convention, at a price of heavier notation. 



1.5. Integrating non-negative functions 


23 


and 1(0) = 0. For s,t simple functions and X > 0, we have 


I(s) = sup 1(a), I(s + t) = I(s) + I(t), I(Xs) = XI(s). (1.5.2) 

a simple 
0<cr<s 


Proof. 20 Let a, s be simple functions such that a < s (i.e., Vcc € X, a(x) < s(a;)). 
We have the canonical decomposition 

a — 'y ' s — y ' , 

1 <k<n l<j<m 


where {B k }i<k<n and {Aj}i<j<m are partitions of X. The definition gives 


1(a) = ^2 /3kti(B k ) = ^2 MB k nAj). 

1 <k<n l<k<n,l<j<m 

0k>o /3 fc >o,B fc nA,-/0 

Noticing that B k D Aj ^ 0 implies /3k < otj (since for x € B k D Aj,(3 k = a(x) < 
s(a;) = aj), and thus aj > 0 when f} k > 0, we get 

1(a) < ajp,(B k nAj) = a^(Aj) = I(s), 

l<k<n,l<j<m l<j'<m 

aj >0 aj>0 


proving the first result. To prove the next one, we note first that for s,t simple 
functions, the function s + t is measurable as a sum of measurable functions and 
also simple since it takes only a finite number of non-negative real values. Using 
the canonical decomposition of s and t, we have 


s= ^2 a J 1 A j , t = ^2 PiA-B k , so that s + t = ^2 (&j + /3k)lAjnB k - 

1<j <m l<fc<n l<j<m 

1 <k<n 

The sets Aj fl B k are measurable and pairwise disjoint (Aj fl B k (~l Aj> fl B k > = 0 
when j ^ f or k k'), and since 


we get that 
obtain 


X — — [3i<j<m (Aj n B k ), 

1 <k<n 

{Aj fl Bk}i<j< m ,i<k<n makes a partition of X. Since lg = 0, we 


s + t— ^2 ( a j + Pk)^-AjnB k - (1.5.3) 

l<_ 7 <m,l</c<n 

AjDBk^t 


20 This proof is simple, but quite tedious, and could probably be omitted at first reading. 
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Whenever the ctj + f3 k are distinct, Formula (1.5.3) provides the canonical decom- 
position of s T t and we find 

I(s + t) = ^2 (ctj + /3k)n(Aj n B k ). (1.5.4) 

l<j<m,l</c<n 
AjC\B k ^<b,ctj+l3 k > 0 

When the a 3 + (3 k are not distinct and take the distinct positive values 71 , . . . , 7 P , 
we need to rewrite (1.5.3) as 


s + t= ^2 -yi 1 A j nn k - 

l<l<p l<j<m,l<k<n 

AjC\Bk^®,otj+(3k=li 


We get 

I{s + 1) = E 7i/r(u l<j<m,l<k<n (Aj n B k )j 

l<l<p Ajr\B k ^Q),aj-\-(3 k ='Yi 

= ^ ' 7 1 ^ ' /r(^4j n B k ) = ^ ' (<7 j + /3 k )[i(Aj n B k ) 1 

1<1<P l<j<m,l<k<n l<j<m,l<k<n 

AjCiB k ^$,oij+f} k ='yi AjC\B k jt(b,aj+0 k >O 

so that (1.5.4) always hold. On the other hand, we have 


/(») + /«)= £ ajji(Aj) + ^2 f3 k ^(B k ) 

1< j<m l<fc<n 

cx.j >0 /3fc>0 

= ^2 cxj^(Aj n B k ) + ^2 /3 k v(Aj n B k ), 

l<j<m,l<k<n l<j<m,l<fc<n 

<Xj> 0 @ k >0 


and using the notation /. ij k = fi(Aj IT B k ), we have 
y ' (Aj[jj k y ' jij k 

aj>0 0 k >O 

= y ( (Aj fi/ k t y ' 3 k jij k t y ' /ij k ■ y ( 3 k nj k 

otj>O,0 k >Q otj> 0,/3 fe >0 a 3 >0,/3fc=0 a 3 =0,/3fe>0 

^ (Q!j + (3 k )Hjk + ^ (ay + 3k)Hjk + ^ (QJj + /3 k )Hjk 

oij> O,0 k >Q aj>0,/3fe=0 ctj—O,0 k >O 

= ^ 1 ( a i “k ftk/^jk, 

implying indeed 

/(s) +/(£)= (aj + /3k)n(Aj IT B fc ) = 7(s + t). 

l<j<m,l</c<n 
aj+fik> 0, AjflBfc/0 
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Finally, with A > 0 and s a simple function, we have 


I(As)=I(A Y a' j l Aj )= Y Xa jV(Aj) = A/(s), 

1<j <m 1< j<m 

a j >o 


completing the proof of the lemma. □ 

Thanks to this lemma, we can now define the integral of a measurable func- 
tion / : X — > [0, + 00 ] = K+. 

Definition 1.5.2. Let (X,A4,/x) be a measure space where /x is a positive measure 
and let / : X — > [0, + 00 ] be a measurable function. We define 21 

/ fdn= sup 1(a) 

J X s simple 

0<s</ 


Note that from Lemma 1.5.1, for / simple, we have f x fd^i = /(/). Also J x 0 d[x = 
0 since 1(0) = 0. 

Remark 1.5.3. Going back to the list of examples starting on page 17, we can 
check how the integral of a non-negative measurable function is obtained from the 
measure of sets. 

• Let X = {cci, . . . , x n } (er-algebra V(X)) with fi 0 (A) = card A. We have 
fdfx 0=/ Y = \- f(x n )- 

^ X 1 <j<n 



• Let X = {cci, . . . , x n } with the probability measure Hi(A) = card A/ cardX. We 
have 

f(x 1 ) H V f(x n ) 

n 



• Let X = {x \, . . . , x n } and /r be the measure with density v with respect to [Xq: 
we have 



In particular, if the non- negative real numbers Vj are such that ^ Vj = 1, the 
measure /i is a probability measure on X. 

• Let (X = {xi}i£i,V(X)) be equipped with the counting measure. We have 


/ fdfX = Y f( X i) = SU P Y /(**)• 

lx ,-^j J finite Cl , lV - T 


CJ 


1 The notation / f(x)d^i(x), / f(x)/j,(dx) is also commonly used in the literature. 

Jx Jx 
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• Let X be a non-empty set and a G X. With g the Dirac mass at a , we have 

f fdn = f{a). 

J x 

• For the Borel measure m on (yet to be constructed), we shall use the same 
notation as for the Riemann integral f Rd f{x)dx and we shall see that this integral 
coincides with the Riemann integral for / G C°(R d ). We shall have also 

/ = m(Q) = 0. 

Jr 

• Let g be a measure with density v with respect to the Borel measure: we have 

[ fdg = [ f{x)v(x)dx 
jR d Js. d 

so that dg(x) = v(x)dx and we may consider symbolically that g'{x) = v(x), 
explaining the notation f f{x)dg{x) = f f{x)v{x)dx. It is also tempting to use 
that notation, say for the Dirac mass at 0 £ R: awfully abusing the notation, 
making also a formal integration by parts, with H = 1r . (Heaviside function) we 
have, say for / £ C^M), 

/( 0) = — f f' (x)H(x)dx = f f(x)H r (x)dx = f f(x)6(x)dx. 

Jr Jr Jr 

Distribution theory is necessary to handle properly these calculations, but the 
intuition given by the previous formula is not so bad: the Dirac mass at 0 appears 
as the “derivative” of the Heaviside function, is supported at 0, somehow +oo at 
0 and 0 elsewhere. 

• Let (X, M,fi) be a measure space where [i is a positive measure and $ : X — > 
Y be a mapping. We have seen in Lemma 1.4.3 the construction of a measure 
space (Y,A/\ v) where v = 4>*(/z) is the pushforward of /i. Let g : Y R + be a 
measurable function: then g o $ is also measurable and 

/ gdv= / ( go $)dg 
Jy J x 

since for g = /31#, 

f gdv = &v{B) = Pn{^ 1 {B)) = f /3l (4 ,-i (B)) d/r 
Jy J x 

= [ f}(l B o $)d/x = [ (go$>)dfj,, 

J x J x 


and is the result by linearity for simple functions (see Exercise 1.9.23 for the 
general case). 
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Proposition 1.5.4. Let (X,AA,p) be a measure space where /i is a positive measure, 
let f,g : X — > R + be measurable functions, A, B G M. and a > 0 a real number. 
We define 



f ■ 14 dp., 


Sa 


with f a(x) 


f(x) when x & A, 
0 when x (f A. 


(1.5.5) 


The following properties hold. 

(1) 0 < / < g => f x fdp < f x gdp, A c B => f A fdp < J B fdp. 

(2) J x afdp = af x fdp. 

(3) p(A) = 0 => f A fdp = 0, even for f = + 00 . 

(4) Let s be a simple function, Eg A4, we define A S (E) = f E sdp. Then A s is a 
positive measure defined on Ai . 


Proof. Property (1) follows from Definition 1.5.2 (the second part from fA < /s) 
and (2) follows from Definition 1.5.2 and the last property in (1.5.2): 

f CX.S S f 

/ afdp= sup I(s) = sup /( — ) = a sup /( — ) = a / fdp. 

J X s simple<o:/ s simple<o:/ & ^ simple</ ^ J X 

To get (3), we consider s simple < fA- We have A c C {s = 0}, so that with 

s = X a i lA i 

l<j<m 
a o >0 


as the canonical decomposition of s and a, ^ 0, we have A., C A and thus p(Ai) = 
0, implying /(s ) = 0 and j A .fdp = 0. Let us check (4): we note that A(0) = 
/ 0 sdp = 0 from the already proven (3) and /i(0) = 0. Let (Ej)j > 0 a sequence of 
pairwise disjoint sets in A4 and let s = Yli<k<m a k^-A k be a simple function. With 
E = from Lemma 1.5.1, Definition 1.5.2 and Lemma 1.2.14, we get 

A S {E) = / s E dp= X a k p(A k <l E) = X a k (£ p{A k n Ej)^ 

1 <k<m 1 <k<m j> 0 

~ XI X! a kP(A k H Ej) = XI A s(Ej). 

j> 0 1 <k<m j> 0 


The proof of the proposition is complete. 


□ 
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1.6 Three basic convergence theorems 


In the previous section, we were able to define j x fdp,, the integral with respect 
to a positive measure p, on X for a measurable function / : X — > R + . We shall 
soon see that for / : X C measurable such that J x \f\dp < oo, it is easy to 
define f x fdp. 

We are now reaching the most interesting part of Integration Theory (es- 
sentially elaborated by Henri Lebesgue in his 1902 Ph.D. thesis defended at the 
University of Nancy, under the directorship of Emile Borel, see, e.g., [8] for more 
references and a historical perspective) and in particular, we shall state and prove 
a couple of convergence theorems. Typically, it is our goal to prove that, under a 
rather mild convergence assumption of a sequence f n towards /, we obtain as well 
the convergence of the sequence J x f n dp towards f x fdp (at any rate, our con- 
vergence assumption on the f n will be much weaker than uniform convergence) . It 
is also certainly a great achievement of Lebesgue theory of integration to provide 
a vector space of integrable functions which is actually a Banach space. Our first 
convergence theorem is due to Beppo Levi. 

Theorem 1.6.1 (Monotone Convergence Theorem, a.k.a. Beppo Levi Theorem). 
Let (X,ftA,n) be a measure space where p is a positive measure. Let [f n )n> o be a 
sequence of measurable functions X — > R + . Let us assume that 

\/x € X , f n (x) t fix), i.e., f n converges pointwise increasingly towards f. 


Then the function f is measurable and 


lim 

n— >oo 


/ f n dfl = SUp 
lx n> 0 . 


fndp 


X 



We can note that the convergence assumption is reduced to pointwise con- 
vergence. Of course, without the additional hypothesis of monotonicity, the result 
is not true in general 22 . 


Proof. From Proposition 1.3.1 we get that sup f n is measurable and (1) in Proposi- 
tion 1.5.4 implies that the sequence (f x f n dp>)neN is increasing and bounded from 
above by J x fdp. As a result, we have 

lim f f n dp. = sup [ f n dfi < f fdfi. (1.6.1) 

n->°o J x ngN J x J x 

We are left with the proof of the reverse inequality. Let 1 > e > 0 and let s be a 
simple function such that 0 < s < /. We check the set 


E n = {x £ X, (1 - e)s(x) < fn (x ) } , 

( , xn 3 , for 0 < x < 1/n, 

2 n 2 — rrn 3 , for 1/n < x < 2/n, The sequence of con- 
0 elsewhere. 

tinuous functions (fn) converges pointwise towards 0, nevertheless fg f n (x)dx = n — > +oo. 
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which is measurable since s and f n are both measurable and thus 

/ — (1 — e)s (meaningful since s takes finite values) 

is also measurable. We have E n = (/„ — (1 — e)s) -1 (R + ). Moreover, since the 
sequence (/„) is increasing, we get E n C E n+ \. Also we have X = U ne ^E n since 
if we could find x$ € E° for all n G N, we would have 

Too > (1 - e)s(x 0 ) > f n {x 0 )(> 0) 


so that s{xq) g]0,Too[ and 

f(x 0 ) = swpf n (x 0 ) < (1 - e)s{x 0 ) < s(x 0 ) < f{x 0 ) 

n 


which is impossible. As a result, from (4) in Proposition 1.5.4 (A s is a measure), 
Proposition 1.4.4 (increasing convergence for the measure of sets) and (2) in Propo- 
sition 1.5.4 (homogeneity), we obtain 


[ (1 - e)sdn = A (1 _ e)s (£’ n ) f A ( i_ e)s (A) = f (1 - e)sdfx = (1 - e)I(s). (1.6.2) 

JE„ JX 


But we have (1 — e)s- 1_e„ < f n • 1 e„ < fn, so that (1) in Proposition 1.5.4 implies 


f (1 - e)sdn < [ f n dn < [ fnd/1. 

JE„ J E n JX 


(1.6.3) 


We have thus (1 — e)/(s) lim„ f E (1 — e)sd ji < sup„ f x f n d n, so that 

( 1 - 6 . 2 ) ( 1 . 6 . 3 ) 


(1 — e) [ fdn = { 1-e) sup I(s) < lim [ f n d[i < [ fd/x, (1.6.4) 

J X s simple </ n J X J X 

for all e G (0, 1). Taking the supremum on e > 0, yields the result 23 . □ 

Corollary 1.6.2. Let (X,Xi,/f) be a measure space where fi is a positive measure. 
Let (fn)n>o t> e a sequence of measurable functions from X — > R + . We set S(x) = 
f n (x) . Then S is non-negative measurable and 

n> o 


Sdf.1 = 


ix 


n> 0 ' 


fndp. 


X 


Proof. The measurability of S follows from Proposition 1.3.1 since in the first 
place 

S n {x) = fk{x) t S(x), 

0 <k<n 


23 It is true even if f x fd/j, = +oo since, in that case, all the terms in inequality (1.6.4) are +oo. 
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and the measurability of a finite sum of measurable functions valued in R + follows 
from the measurability (due to the continuity) of 

IR_|_ x R + — t R + 

(cq /3) i — y oc T /3 


We can then apply Theorem 1.6.1 to get 



= sup 

n> 0 



S n dp. 


(1.6.5) 


But we have 



ix 


^ fkdp = ^2 I f kd d> 


0 <k<n 


0 <k<n 


IX 


( 1 . 6 . 6 ) 


where the second equality follows from Lemma 1.6.3 below. Assuming provision- 
nally the results of this lemma, we see that (1.6.5)-(1.6.6) imply our corollary. □ 


Lemma 1.6.3. Let (X,A4,p) be a measure space where p is a positive measure. 
Let fi , . . . , /n be measurable functions from X — > R + . Then /i + • • • + /at is 
measurable and f x (fi + • • • + fN)dp = f x fidp + • • • + J x fxdpL. 


Proof. Using induction on N , it is enough to prove the lemma for N = 2. Let 
/i ,/2 as in the lennna and, using Theorem 1.3.3, let s^\ s^ be simple functions 
0 < s[[’ f fj , j = 1, 2. From Theorem 1.6.1, we get 


[ s k )d d t [ fjdp. 

Jx Jx 

As a result, from Lemma 1.5.1, Theorem 1.6.1 we obtain 


(1.6.7) 


[ s[ 1] dp.+ f dp = [ (s^+s^dpf [ {fi + f 2 )dp 1 
Jx Jx Jx Jx 

providing along with (1.6.7) the result of the lemma. □ 

Lemma 1.6.4 (Fatou’s Lemma). Let (X,JVi,p) be a measure space where p is a 
positive measure. Let {f n )n> o be a sequence of measurable functions from X — > R + . 
The following inequality holds: 



(lirninf f n )dp < lirninf 

n n 



Proof. We note first that the statement is meaningful since Proposition 1.3.1 im- 
plies the measurability of liminf/„ (valued in R+). Recalling that liminf/„ = 
sup neN (inf fc >„ f k ), we set g n = inf k>nfk, and find that g n is measurable and 
such that 0 < g n f lirninf f n . Applying then Beppo Levi’s theorem 1.6.1, we get 


g n dp t / (liminf f n )dp. 


ix 


lx 


( 1 . 6 . 8 ) 
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From Property (1) in Proposition 1.5.4, we obtain 




( inf fk)d/i < 

k>n 


IX 


fn d/l , 


implying 24 liminf J x g n d/i < liminf j x f n dg and from (1.6.8) the result of the 
lemma. □ 


Proposition 1.6.5. Let (X, A 4,/x) be a measure space where g is a positive mea- 
sure. Let v : X — > K + be a measurable mapping. For E € A4, we define 
X V (E) = f E vdg. Then A„ is a positive measure defined on A4. For f : X — > R + 
measurable, we have 

( fd\= f f-v d/i. 

Jx Jx 

where f -v is the measurable function 25 defined by the convention O.oo = 0. We 
shall write dX = udp. and say that X is the measure with density v with respect 
to jJt. 


Proof. We have trivially A„(0) = J^ndg = 0 from Property (3) in Proposition 
1.5.4. Moreover, for (Aj)j e N a pairwise disjoint sequence of M, Corollary 1.6.2 
implies 

A„(U j> 0 Aj) = / vdp. = / v • 1 Ajdpi = / v ■ 1 Ajdg = y^ A v (Aj), 

Jl>j>oAj JX j>Q X j > 0 


proving the first statement in the proposition. For a simple function /, we have 
/ = fZi<j< rn Qyl-T an d we ma y assume that the ay are positive real numbers. 
We get then 



— ajXv(Aj) 

l<j<m 


y] a.j I V- 1 A} dn, 

l<j<rn X 


and using Lemma 1.6.3, we obtain 





/ • udg, 


which is the sought result when / is a simple function. In the general case, we use 
the approximation Theorem 1.3.3 and Beppo Levi’s theorem 1.6.1, providing with 
simple functions (sk) converging pointwise increasingly to /, 


fdX„ = sup / SkdX„ = 


sup 


Sk ■ vdp, = 


/ • vdg. 


ix 


B. Levi 


IX 


Sk simple 


B. Levi 


IX 


24 We are using here that for sequences (x n ),{yn) in R, the inequalities Vn, x n < y n imply 
liminf in < liminf y n . This is obvious since for l > n, inik> n Xk < .r; < yi so that inf;.-,,, x\, < 
inf k>nVk and lim n (inf fc > n x k ) < lim„(inf fc > n y k ). 

25 See Remark 1.3.4. 
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The reader may have noticed that we have used sup k (sk • v) = (sup fc Sk) ■ v, indeed 
obvious except if v{x) = Too, sup fc Sk(x) = 0 or v(x) = 0, sup fc Sfc(;r) = +oo. In 
the latter case, we obtain 0 as well as in the first case since all the Sk(x) are 
necessarily 0. □ 

Definition 1.6.6. Let (X,J\4,p) be a measure space where // is a positive measure. 
Let / : X — > C be a measurable mapping. We shall say that / belongs to £ 1 (^) if 
f x \f\dp < Too. We set then 26 

[ fdn= [ (R ef) + dp~ [ (Ref)-dg T i f (Im f) + dp-i f (Im f)-dp, 

Jx Jx Jx Jx Jx 

which is meaningful since the integrals f x (Re f)±dp , / Y (Im f)±d/i are bounded 
above (Proposition 1.5.4 (1)) by f x \f\dp, a finite quantity. 

Proposition 1 . 6 . 7 . Let (X, A4, y) be a measure space where p is a positive measure. 
Then C x (p) is a vector space on C and f i-»- f x fdp is a linear form on that space. 

Proof. Let /, g be in C 1 (p) and a, /? be complex numbers. Then af T /3g is a mea- 
surable function (Theorem 1.2.7) and since \af + (3g\ < |a| |/| T |/3| l^l, Proposition 
1.5.4 (1)(2) and Lemma 1.6.3 imply af + fig & C 1 ^)- If / = /i T if 2 , g = ffi T ig 2 
is the decomposition in real and imaginary part, we have from Definition 1.6.6, 

Re f {f + g)dp = f (/1 T gi)+dp - [ (fi + gi)-dg. (1.6.9) 

Jx Jx Jx 


But we have 

Re (/ + <?) = (/1 + .9i)+ — (/1 + 9i)- = A + 9i = (/i)+ ~ (/ 1 )- + (9i)+ — ( 91 )-) 

so that (/1 T gi)+ T (/i)_ T ( 91 )- = (/i)+ T ( 91 )+ + (/1 + 9i)-- Applying now 
Lemma 1.6.3, we get 


/ (/1 + 9i)+dp + f (fi)-dp+ [ (gi)-dp 
Jx Jx Jx 

= / (fi)+dp+ / (. gi)+dp+ / (fi+gi)-dp, 

Jx Jx Jx 

and using (1.6.9) (we manipulate here only real numbers and not =boo), 

Re / (/ + g)dp = [ ( fi)+dp+ f (.9i)+c?9 — [ ( fi)-dp - [ (gi)-dp 
Jx Jx Jx Jx Jx 


= / Re fdfi + / Re gd/i. 


ix 


ix 


6 For xEl, x+ = max(rc, 0), x~ = max(— x, 0) so that x± > 0 and x = x+ — X — , \x\ = x+ -\-x~. 
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Since we obtain analogously 

Im [ (f + g)dg = [ {f 2 ) + dg + [ {g 2 )+dg- ( (. f 2 )-dg- [ { 92 ) -dn 
Jx Jx Jx Jx Jx 


= / Im fdfi+ / Im gdfi, 
Jx Jx 


we get 


/ (/ + d)dg = / R efdg + / R egdg + i / Im fd/i + i / Im gdg. (1.6.10) 
Jx Jx Jx Jx Jx 


I. X Jx Jx 

But from Definition 1.6.6, we have 


fdg = / Re fdg + i Im fdg, 


IX 


lx 


IX 


so that (1.6.10) implies J x (f + g)dfi = f x fdg + f x gd[i. On the other hand if 
a = op + ia 2 is a complex number, we get from our reasoning above 


afd/JL= / a±fidg— / a 2 f 2 dg+ / iaif 2 d^+ / ia 2 f\dg,. 


lx 


lx 


ix 


lx 


lx 


But for «i, /1 real- valued, Definition 1.6.6 and Proposition 1.5.4 (2) provide (with 
a discussion on the sign of a\) f x aifidg, = a± f fidg. We are left with the proof 
of f x ifidfi = i f /id/i, which follows immediately from Definition 1.6.6. The proof 
of the proposition is complete. □ 

Theorem 1.6.8 (Lebesgue dominated convergence theorem). 27 Let (. X,M.,n ) be a 
measure space where g is a positive measure. Let {f n )ne n be a sequence of mea- 
surable functions from X into C such that the following properties hold. 

(1) Pointwise convergence: \/x £ X , linin^oo f n (x) = f(x). 

(2) Domination: 3g : X — > R + measurable, with f x gdg < + 00 , so that 

\/n £N,\/x £ X, \f n (x)\ < g(x). 

Then f is measurable and f x \f\dg < + 00 ; moreover we have 

lirn / 1/ — f n \dg = 0, implying lim / f n dg= / fdg. 

n->oo J x n-y oo J x J x 

Proof. The measurability of / follows from Proposition 1.3.1. Moreover, Proposi- 
tion 1.5.4 (1) implies 


/ \fn\dg< / gdg < + 00 . 

Jx Jx 


7 We shall give later a slightly more general version taking into account negligible sets. 
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Fatou’s lemma 1.6.4 entails then 


/ \f\dg = / lim inf I /„ I dg < lim inf / \f n \dg < / gdg < +oo. 

Jx J X n n Jx Jx 

On the other hand, the inequality |/„ — f\ < 2g and the Fatou’s lemma imply 

f 2 gdg = I hminf(2p - \f n - f\)dn < lim inf / (2g - \f n - f\)dg 
J X J X J X 


IX 

< / 2 gdg, < +oo. 
Jx 


From Lemma 1.6.3, we obtain thus 

[ (2 g - | fn - f\)d(J, + [ \fn- f\dg = [ 2 gdg, < liminf [ (2 g - \f n - f\)d(i. 

Jx Jx Jx n Jx 

As a result, we get 

lim sup / \fn~f\dg 
n Jx 

< liminf [ (2 g - \f n - f\)dg + lirnsup - / (2 g- \ f n - f\)dg = 0, 

n Jx n IJx 

since the numerical sequence f x (2g — |/„ — f\)dg is bounded. □ 


1.7 Space L 1 (^t) and negligible sets 

The next proposition introduces the notion of a property true almost everywhere in 
a measure space We shall write for short g,-a.e. for /z-almost everywhere. 

Proposition 1.7.1. Let g) he a measure space where g is a positive measure 

and let f,g : X -+ K + be measurable mappings. 

(1) f x fdg = 0 is equivalent to f = 0, g-a.e., i.e., g({x £ X , f(x) ^ 0}) = 0. 

(2) If f <g, g-a.e., i.e., g({x G X, f(x) > g(x)}) = 0, then 

/ .fdg < / gdg. 

Jx Jx 

(3) If f = g, g-a.e., i.e., g({x G X, f(x) ^ g{x)}) =0, then f x fdg = f x gdg. 

(4) If f x fdg < +oo, then f < +oo, g-a.e., i.e., g({x G X, f(x) = +oo}) = 0. 

Proof. Let us prove (1): if f x fdg = 0, we define for any integer k > 1, 


F k = {f> l/k}. 
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The sequence Fk is increasing measurable and Ufc>i Fk = {/ > 0}. From Proposi- 
tion 1.4.4, we obtain g{Fk) t d{{f > 0}) when k —1 +00. But we have 


d(Fk) = / 1 (/ > 

Jx 


Proposition 1.5. 4(1) 


k ■ fdg 


IX 


k [ fdg = 0=> g({f > 0}) = 0. 
Jx 


Proposition 1.5. 4(2) 

Conversely, if g(E) = 0 with E = {/ > 0}, since f = f ■ 1 e, we obtain 

/ fdg = f ■ 1 Edn = / fdg = 0, from Proposition 1.5. 4(3). 
Jx Jx J E 

In particular, for / £ jC 1 (/x) , we have 


\f\dg = 0 => / = 0,/x-a.e. 


lx 


(1.7.1) 


Let us prove (2). We consider the set E with measure 0 defined by E = {x £ 
X, f{x) > g(x)}. We have 


/ = / • is + / • 1 e c , g = g ■ is + g ■ is<=, (1.7.2) 


and / • 1e c < g • 1 e c ■ 
enough to prove 


From Proposition 1.5.4 and Lemma 1.6.3, we see that it is 


/ / • l E dg = 0= g ■ 1 E dg, 

Jx Jx 

which is indeed fulfilled since f x f Edg = f E fdg = 0, from Proposition 1.5. 4(3). 
Using (1.7.2) for E = {x £ X, f(x) ^ g{x)}, Lemma 1.6.3 and Proposition 1.5.4, 
we obtain (3). To prove (4), we define E = {/ = +oo}, and we note that g(E) > 0 
implies for all integers n > 1, that 


j fdg > I fdg >n dg — ng(E), 
J x J e J E 


entailing J x fdg = +oo. □ 

Definition 1.7.2. Let (X,M,g) be a measure space where g is a positive measure. 
The space L 1 ( g ) is defined as the quotient of H 1 ) g ) (cf. Definition 1.6.6) by the 
equivalence relation of equality g-a.e. (f ~ g means g{{x £ X , f(x) ^ <7(0:)}) = 0). 

Remark 1.7.3. We note that Lf(g) is a complex vector space as the quotient of the 
vector space C x (g) by the subspace {/ £ £ : ( g ), / ~ 0}. 28 On the other hand, the 


28 For /i,/2 £ £ 1 ( //) vanishing respectively on Nf,N£ with //( Ac, ) = 0 , then for a 1 . 0:2 £ C, we 
have ai/i +0:2/2 = 0 on (JVi U Afc ) 0 thus fi- a.e. since /^(TVi U N2) = 0 . 
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linear mapping / i-g f x fdg defined on Cr{g) is compatible with the equivalence 
relation, i.e., depends only on the equivalence class of /: if / ~ 0, we have 

[ fdg = [ (Ref) + dg — f (Ref )-dg + i [ (Im f) + dg - i [ (haf) + dg = 0, 
Jx Jx Jx J X ■' X 

from Proposition 1.7. 1(1). Similarly, for f,g G CJ(g) real-valued and 

/ < g g-a.e. : then / fdg < / gdg. (1.7.3) 

Jx Jx 

This follows immediately from Proposition 1.6.7 and from 

g- f ~ {g- /)1jv<= > o, with fi(N) = 0, 
providing (1.7.3) using Proposition 1.7.1. 

Theorem 1.7.4. Let (X, A i,fi) be a measure space where g, is a positive measure. 

(1) The mapping from L 1 (g) into C defined by f ^ f x fdg is a linear form. 

(2) The mapping from T 1 (/r) into K+ defined by f ^ f x \f\dg = ||/||/,i( /i ) is a 
norm and for f € L 1 (g) 

f fdg < f \f\dg. (1.7.4) 

Jx Jx 

N.B. We postpone to Section 3.2 in Chapter 2 the introduction of spaces L p {g) 
along with the proof that these spaces are complete. 

Proof. Property (1) follows from Remark 1.7.3, and for the same reason, the map- 
ping defined in (2) makes sense on the quotient space L l (g). If / G ^(g) is such 
that ||/||li( m ) = 0, Proposition 1.7. 1(1) implies / ~ 0, i.e., / = 0 in L 1 (g). Propo- 
sition 1.5. 4(2) provides the homogeneity of this mapping, whereas the triangle 
inequality follows from 




1.7. Space L 1 (p) and negligible sets 


37 


Theorem 1.7.5 (Lebesgue dominated convergence theorem). Let (X,Xi,p) be a 
measure space where p is a positive measure. Let (/ n ) ra eN be a sequence of mea- 
surable functions from X into C such that the following properties hold. 

(1) Pointwise convergence: lim,,-^ f n (x) = f(x),p-a.e. 29 

(2) Domination: 3g : X — > R + with J x gdp < +oo, such that Vn G N, |/„| < g, 
p-a.e. 30 Then the function f is 31 measurable, f x \f\dp < +oo and 

lim / \f-f n \dp = 0, implying lirn / f n dp = / fdp. 

n^co J x IH OO J x J x 

Proof. Taking into account our footnotes, we set 

B = N U U ne ^M n , (we have Be M and p{B) = 0), /( x) = lim/„(a;)lBc(a;). 

n 

The sequence f n = 1 B c fn satisfies the assumptions of Theorem 1.6.8, so that 
/ G C 1 ^) and 

lim / | f n - f\dp = 0. 

71— >-+00 J yr 

Since \f - f„\ = \f - f n \ + \f - /„|1 B and / = / + fl B with p(B) = 0, we get 
from Proposition 1.5. 4(3) that / € ^(p) and the result 


lim [ | f n - f\dp = 0. □ 

n^+oo J x 

Remark 1.7.6. We may reformulate this theorem in a more concise and elegant 
way by saying that whenever {f n )ne n is a sequence of L l (p) converging pointwise 
to / with a domination condition |/„| < g G L 3 (p), then f n converges towards / 
in the space L 1 (p). To sum-up, for a sequence (/ n ) in L 3 (p), 


L 


pointwise 


/ 


convergence 
and 

I f n | < g G L 1 {p) i 


L\n) 


(1.7.5) 


The following lemma is taken from [16] (and has also an L p version). 

Lemma 1.7.7. Let (X,A4,p) be a measure space where p is a positive measure. 
Let (f n )n£ n be a sequence of measurable functions from X into C such that the 
following properties hold. 

(1) Pointwise convergence: linin^oo f n (x) = f{x), p-a.e., 

(2) sup n / x \fn\dp < +oo. 

Then f G L 1 (p) and \\f n - /||li ( m) + \\f\\m^) - \\fn\\m^) — » 0. 

29 3N G M, such that p(N) = 0 and \/x G N c , [fn(x)) n£ ti is convergent with limit f(x). 

30 Vn G N, 3M„ G M with p,{M n ) = 0 such that \/x G M^, |/„(a;)| < g(x). 

31 We define /( x) = ljvc(a:) lim n f n (x). 
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Proof. Fatou’s lemma implies 

/ \f\dp = / lim inf \f n \dp < lim inf / \f n \dp < sup / \f n \dn < +oo. 

Jx Jx Jx n Jx 

On the other hand, we have \f n \ < |/„ — / 1 + |/| < \f n \ + 2|/|, so that 

0 <|/„-/| + |/|-|/„|< 2 |/|. 

The Lebesgue dominated convergence theorem yields the result. □ 

An important consequence is the following result. 

Proposition 1.7.8. Let (A, A i,p) be a measure space where p is a positive measure. 
Let f be in L 1 {p) and let (/ n ) ra eN be a sequence of functions in L 1 (p) such that 
the following properties hold. 

(1) Pointwise convergence: linin^oo f n (x) = f(x),p-a.e., 

(2) lim„ ||/„|Ui W = \\f\\m»)- 
Then lim n \\f n - f || L i( M ) = 0. 

Remark 1.7.9. To sum-up, for a sequence (f n ) in L l (p), / £ L l {p), 


pointwise 
J n convergence ^ 


lim n ||/„|| L 1( M ) = ||/||li( m ) 


fn f ■ 


(1.7.6) 


The following proposition is an important consequence of the Lebesgue dom- 
inated convergence theorem. 

Proposition 1.7.10. Let (X,M,p) be a measure space where p is a positive mea- 
sure. Let f : X — > R + be a measurable mapping such that f x fdp < oo. 

(1) The set N = {x £ X, f(x) = +oo} £ Ai and p(N) = 0. 

(2) For any e > 0, there exists a > 0 such that for all E £ A4 satisfying p(E) < 

a, we have f E fdp < e. In other words. lim AI (s)->.o Se = 0- 

EeM 

In particular, for u £ L 1 (p), we have 


lim [ \u\dp = 0. (1-7.7) 

h(e)^oJ e ' 
egm 

Proof. (1) The set N = {x £ X, f(x) = +oo} belongs to M as the inverse image 
of the closed set {+oo} by the measurable /. For all integers k, ftljv < /, so that 
kp(N) < f x fdp < + 00 . The non-negative sequence (kp(N))k^n is bounded so 
that p(N) = 0. 
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(2) Let E G M and n G N: since g{N) = 0, we have 


fdg = 


fdg = 


/ EnN a 


lEnNcn{f<n} 


fdg + 


I EnN c r\{f>n} 


fdg 


< ng(E) + J fl E r\N c n{f>n}dn < ng{E) + J fl n<f<+00 dg. 


The sequence g n = fl{ n <f<+oo} is such that g n [x) = 0 for n > f(x), which is 
verified for x G N c if n is large enough. Since g n (x) = 0 for x € N, we find 

(b) \/x G X , g n {x) — > 0. 


Moreover 


(tt) 0<g n < fl N * and /1 jv c G L l (g). 

The Lebesgue dominated convergence Theorem 1.7.5 shows that (b) and (ft) imply 
the convergence of g n towards 0 in T 1 (/r). From (t]),we get 

0< / fdfj,<n/j,(E)+9 n , with 9 n — >■ 0+. 

JE n->+oo 

Let e > 0 be given: 3N G N such that 9n < e/2. Defining a = 2 n+i ( we h &ve 
indeed a > 0), we get for g,(E) < a, 

/' Ne 

0 < J fdg < 2N + 1 + d N < e/2 + e/2 = e, qed. 

A slightly shorter reasoning from (t|) would be 

Vn G N, 0 < limsup / fdg < 9 n =>■ 0 < lirnsup / fdg < lim0 n = 0. □ 

/i(E)-v 0 JE v(E)-t 0 Je n 


1.8 Notes 

Let us follow alphabetically the names of mathematicians encountered in our text 
above. Much more details can be obtained on the web and in particular at the 
very complete http : //www-groups . dcs . st-andrews . ac .uk/history/Bioglndex .html 

Rene Baire (1874-1932) was a French mathematician; the Baire category theorem 
is certainly the most basic and important theorem in Functional Analysis. 
Stefan Banach (1892- 1945), a Polish mathematician who set the basis of Func- 
tional Analysis. 

Bernoulli (The reader will have certainly noted the spelling of the name with 
only a single “i”.) The brothers Jacques (1654-1705) and Jean (1667 1748) 
Bernoulli as well as Daniel (1700-1782), son of Jean, lived in Basel and 
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contributed to the development of Integral Calculus (Jacques), Mechanics 
(Jean), Kinetic Theory of Gas (Daniel). Jacques Bernoulli (quoted in the 
example page 19) contributed also to the calculus of probabilities with the 
Law of large numbers (see a simple version in Exercise 1.9.21(3)). 

Emile Borel (1871 1956), a French mathematician and politician, one of the 
creators of measure theory. 

Augustin Cauchy (1789-1857), a French mathematician, is one of the founders 
of Analysis. 

Paul Dirac (1902-1984) was a British physicist, one of the creators of Quantum 
Mechanics. 

Pierre Fatou (1878-1929) was a French mathematician, author of the lemma 
bearing his name, a cornerstone of measure theory. 

Carl-Friedrich Gauss (1777 1855) was the most important German mathemati- 
cian of his times. 

Felix Hausdorff (1869-1942) was a German mathematician, founder of General 
Topology. 

Pierre-Simon Laplace (1749-1827) was a French astronomer and mathematician. 

Henri Lebesgue (1875-1941) created modern measure theory in 1901, generalizing 
Riemann theory of integration. 

Beppo Levi (1875-1961) was an Italian mathematician, professor at the university 
of Genova, also an expert in algebraic geometry; he was forced into exile in 
1938 by the antisemitic persecutions of the Mussolinian regime. There is now 
a Mathematics Research Institute named after Beppo Levi in the Argentinian 
town of Rosario, where he found refuge. 

Denis POISSON (1781-1840) was a French mathematician. 

Bernhard Riemann (1826-1866) was a German mathematician who contributed 
to many different areas of mathematics, ranging from Number Theory to 
Mathematical Analysis. 

Lebesgue’s dominated convergence theorem was first proven by Lebesgue 

on probability spaces, before B. Levi proved his monotone convergence theorem 

for non-negative functions. The latter result implies Fatou’s lemma, from which 

follows easily the more general version of Lebesgue’s dominated convergence. 
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1.9 Exercises 

Elementary set theory 

Exercise 1.9.1. Show that the mapping (p, q) £ N x N H > 2 p (2q+l) £ N* is bijective. 

Answer. Let m £ N*. Then m can be written as 2 P x an odd integer with p £ N, 
proving surjectivity. Moreover, if pj . q 3 are natural integers and 2 Pl (2qi + 1) = 
2 P2 (2q 2 + 1), assuming as we may p± < p 2 , we get that the odd number 

2 qi + l=2 P2 - p i{2q 2 + l), 

implying that p 2 = Pi and thus q 2 = q ± , proving injectivity. 

Exercise 1.9.2. Let X be a set and V{X) the set of its subsets. Let f : X — > V{X) 
be a mapping. Show that f cannot be onto. 

Answer. Let us consider A = {x £ X, x ^ /(#)}. Let us assume that there exists 
a £ X such that A = /(a). If a £ /(a) = A, then a ^ A, which is impossible. If 
a /(a) = A, then a £ A, which is also impossible. As a result there does not 
exist a £ X such that A = f (a) and / is not onto. 

Comment. We have proven more than what was actually required, since we pro- 
duced an explicit construction. Let / be a mapping from X into V(X), then the 
set A is not in the image of /. This example is a version of the liar’s paradox, 
already known in the ancient Greek civilization. Does somebody claiming “I lie” 
speak the truth? If yes, then he is indeed lying and thus does not speak the truth. 
If not, he is lying in saying that he lies and thus speaks the truth. . . 

Back to mathematics, a very important consequence of this exercise is the 
so-called Russell’s paradox 32 after which there is not a set of all sets. In fact, 
if such a “universe” U existed, it would contain its powerset and the inclusion 
V(U) C U would imply the existence of a surjection from U onto V(U). We could 
also consider 

Y = {x £ U 1 x (f x }, 

and note that if Y £ Y, from the definition of Y we would have Y 0 Y. If Y ^ Y 
then from the definition of Y , we would get Y £ Y , reaching a contradiction in both 
cases. Note that for finite sets, it is trivial to prove directly that Vn £ N, n < 2 n 
(induction works with n + 1 < 2 n ). 

32 Bertrand Russell (1872-1970) is a British logician, co-author of the monumental treatise 
Principia Mathematica, a joint work with A.N. Whitehead (1861-1947), elaborated between 
1910 and 1913. In 1895, Georg Cantor (1845-1918) did create Set Theory, “a paradise from 
which we cannot be expelled” according to the words of David Hilbert. Seven years later, it was 
clear that serious difficulties occurred in Cantor theory, in particular with the very notion of 
set. Russell was an extraordinary character: Nobel prize winner for literature in 1950, he fought 
with great energy against the development of nuclear weapons and founded the very influential 
Russell Tribunal. For more on B. Russell: http://www-history.mcs.st-and.ac.uk/history/ 
Mathematicians/Russell .html http: //www.nobel . se/literature/laureates/1950 and on liar’s 
paradox: http : //www.utm. edu/research/iep/p/par-liar .htm 
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Exercise 1.9.3. 

(1) Let X be a set and A\, . . . , A n be a finite partition of X. What is the cr-algebra 
generated by Ai, ... , A n and what is its cardinal? 

(2) Let X be a set and (Afc)fceN he a partition of X . What is the cr-algebra gen- 
erated by (Ak)ken? Show that it is equipotent to 'P(N). 

Answer. Question 1 is dealt with on page 2: the cardinal of that cr-algebra is 2 n . 
(2) We define T = {Uj £ jAj} j c j$. For all j € N, Aj £ T and every cr-algebra A 
such that all Aj £ A will contain T ■ Moreover T is stable by reunion since 

j U jc^Ji Aj — \Jj^u i ^jj i Ajj and j •/,; C hi. 

It is also stable by complement since (Aj-)ke N is a partition: (u = U j e jcAj. 
T contains also X = and thus is the cr-algebra generated by the Aj. Let 

us now check the mapping 


P(N) 5 J i — > L)j(ijAj £ T , 

which is obviously onto. This mapping is also one-to-one since, for J, K subsets of 
N such that 

= UfcgiyAfc, 

we get for j 0 £ J, Aj 0 = U kex(Aj 0 n Afi) = 0 if jo £ K. Since Aj 0 A 0, we obtain 
J C K and similarly K C J, i.e. , J = K and a one-to-one mapping. We can write 
symbolically 

cardT = 2 N ° 

since we have proven that T is equipotent to T^N) and the cardinal of N is denoted 
by Ho, pronounced aleph null (first letter in the 22- letters Hebrew alphabet). 

This symbolic notation is justified by the general notation Y x for the set of 
all mappings from a set X to a set Y and the fact that V(X) is equipotent to 
{0, 1} A : the mapping 

{ o,l}* 9 / ^ r i ({ 1 })e p (X) 

is a bijection since it is one-to-one (/ _1 ({1}) = 3 -1 ({l}) implies / -1 ({0}) = 
(/ _1 ({1})) C = (s _1 ({l})) C = 5 _1 ({°}) and / = d) and onto since for Ac X, 1 A 
the indicator function of A (which is 1 on A, 0 elsewhere), we have 

$(1 a) = A. 

As a result, V{X) is equipotent to {0, 1} X and ca,Y&V(X) = 2 card x , as we have 
defined 

(cardy) cardA =card(T x ). 

The reader will find more on set theory and cardinals in Section 10.1 of our ap- 
pendix. 
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Exercise 1.9.4. Let X be a set and let X4 be a countable a-algebra on X . 

(1) Show that for x £ X, A(x) = [)mgm M belongs to Xi. 

xGM 

(2) Show that for x, x' £ X, we have either A( x) fl A(x') = 0 or A(x) = A(x'). 

(3) Show that XI is a a-algebra generated by a countable paHition. Show that Xi 
is finite (hint: use Exercise 1.9.3). 

Answer. (1) A(x) is a countable intersection (since Xi is countable) of elements 
of Xi , and thus belongs to Xi . 

(2) Let x,x' be elements of X. If x £ A(x') , we get A(x) C A(x') and thus 
A(x) = A(x') fl A(x). Consequently, if x £ A(x') and x' £ A(x), we find 

A( x) = A(x') n A(x) = A(x'). 

If x A(x') then A(x') c belongs to Xi and contains x so that A(x) C A(x ') c , 
entailing A(x) fl A(x') = 0 (same result if x' f A(x)). 

(3) We define 

X = {B c X,3x £ X,B = A(x)}. 

It is a subset of A i and thus it is a countable set. Moreover, from (2) if B ^ B' £ 
X, we have BOB' = 0. With D countable, we note X = {B k }ke d and find that X 
is a partition of X: if X ^ 0 (if X = 0, XI = {0}) no Bk is empty and Bk fl Bi =0 
for k ^ l £ D. We have also U keDBk = X since for x £ X, there exists k £ D, 
such that A(x) = Bk . The cr-algebra Xi contains the cr-algebra generated by X, 
which is uncountable when D is infinite from Exercise 1.9.3. This implies that D 
is finite as well as the cr-algebra generated by X . Moreover, if C £ XI, we find 

C = U X £cA(x) 

since for x £ C, C D A(x) and x £ A(x); as a result C is a (countable) union of 
elements of X. The a-algebra Xi is thus the a-algebra generated by X, which is 
finite. 

Exercise 1.9.5. Show that R is equipotent to 'P(N) (hint: use dyadic expansions) . 
Show that R is not countable. 

Answer. The last assertion follows from the first and Exercise 1.9.2. The mapping 
ipo defined in (1.2.19) is bijective from R onto (—1, 1), which is equipotent to (0, 1) 
(x i-»- (x+ l)/2). We have seen in the previous exercise that T’(N) is equipotent to 
{0, 1} N , the set of mappings from N into {0, 1}. We have thus to prove that {0, 1} N 
is equipotent to (0, 1). 

Let x be in (0, 1). With E standing for the floor function (see the footnote 
on page 16), we define for any integer k > 1, 

x k = E(2 k x) - 2E(2 k ~ 1 x) = p k (x). 
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Note that E(t) = max{n £Z ,n < t} = min{n eZ,(<n + l}. We have 

E( 2 k x) < 2 k x < E(2 k x) + 1, 

E(2 k ~ 1 x) < 2 k ~ 1 x < E{ 2 k ~ l x) + 1, 

and thus 2E[2 k ~ 1 x) < 2 k x < 2E[2 k ~ 1 x) + 2, which implies 

2E{2 k ~ 1 x) < E(2 k x) < 2 k x < E(2 k x) + 1 < 2E(2 k ~ l x) + 2. 


This gives 

0 < x k = p k (x) = E(2 k x ) - 2E(2 k ~ 1 x) < E{ 2 k x) + 1 - 2E(2 k ~ 1 x) < 2. 


Since x k is an integer, we get x k £ {0, 1} and the series fv converges. We 

note that for any integer n > 1, 


E x k 

l<fc<n 


E 

l<fc<n 


E( 2 k x) - 2E(2 k ~ 1 x) 
2* 


E 

l<fc<n 


E(2 k x) 

2* 


E 

1 <k<n 


E( 2 k x) 
2* 


E 

0<fc<ra-l 


£(2 fe :r) 

2^ 


£(2 n ai) 

2” 


- E 

l<fc<n 


2 k ~ 1 


E{x) = 2-”^(2 n a:). 


Since 2 n E(2 n x) <x <2 n E(2 n x) + 2 n , this implies lim„ 2 n E(2 n x) = a; and 
thus 

E Xk 
2k 

k> 1 

with x k £ {0, 1}. We have just constructed a mapping d' (dyadic expansion) 


T:(0,1) — > {0,1} N * 

X (Xk =Pk{x)) k > 1 ' 


This map is one-to-one since for x, y £ (0, 1) such that for all k > 1, x k = yk, then 
x = x k 2~ k = J2 k >i Vk2~ k = V- The mapping T is not onto (e.g., the zero 

sequence has no preimage), however we shall prove that the complement of the 
image of T is countable. Let (x k ) k >i £ V c , with 

V = {{x k ) k >\ £ {0, 1} n *,3 N,Vk > N,x k = 1} U {0}, (1.9.1) 


so that (xk ) k > i is a sequence in {0, 1} which is not the zero sequence nor identically 
1 for k large enough. We note that V is countable since it can be injected into 

{0} Ujv>i {0, l}^ -1 . 

Let us set X = J] fc>1 x k^~ k - We have 0 < X < Yhk > l 2 ~ k = 1. Then 


2 ~ ~ 2 


E x k X\ 
2 * ~2 

k> 2 


E2- fc = f 

k> 2 
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so that x\ < 2X < x\ + 1 and thus E{ 2X) = X\ with x\ = pi(X). We prove 
similarly 

Pk(X) = E{ 2 k X) - 2E(2 k ~ 1 X) = x k . 

In fact assume that for an integer n > 1, we know that Vfc 6 {1 , . . . ,n},x k = 
Pk(X); then 

Y x k 2~ k < X < Y x k‘2.~ k + Y 2 3 ~ k = x k 2~ k + 2~ n -\ 

l<fc<n+l l<fc<n+l n-\-2<k l<fe<n+l 

entailing 

Y Pfc(*)2" fc + s n +i2-"- 1 <*< Y Pk{X)2~ k +x n+1 2- n ~ 1 +2~ n ~\ 

1 <k<n 1 <k<n 

i.e., 2~ n E{2 n X ) + x n+ i2- n ~ 1 < X < 2~ n E(2 n X) + x n+1 2~ n - 1 + 2~ n ~ 1 , that is 

2E(2 n X) + x n+1 < 2 n+1 X < 2E(2 n X) + x n+1 + 1, 

so that x n+ i < 2 n+1 X — 2E(2 n X) < x n+ i + 1, implying 

x n+1 = E( 2 n+1 X - 2E{2 n X)) = E(2 n+1 X) - 2E(2 n X) = Pn+1 (X), qed. 

As a result if is bijective from (0, 1) onto ^((0, 1)) and ^((O, 1)) D V c where V 
is a countable set (thus as well as T>o = ^((O, 1)) ). It suffices now to prove that 
{0, 1 } n \2?o is equipotent to {0, 1} N . Let us consider C equipotent to N disjoint of 
V Q in {0, 1} N (such a C exists since {0, 1} N is not countable), 

{0, 1} N = ({0, 1} n \2?o) U 2?o = ({0, 1 } n \(2?o U C)) U (V 0 U C). 

But V 0 L)C is countable infinite, thus equipotent to N and thus to C. Consequently, 
{0, 1} N is equipotent to ({0, 1 } n \(2?o U C)) U C = {0, 1} N \X> 0 , qed. 

Exercise 1.9.6. Let f : X — 1 Y be a mapping. 

(1) Show that for a family (Bi)i & j of subsets ofY, 

rWjBi) = U /-'(BO, f-\f]Bi) = fl /-'(B0. 

ie/ ie/ iei iei 

(2) Show that for a family ( Ai) ieI of subsets of X , /((J i£j Af) = (J ieJ /(A, ; ). 

(3) Show that if f is one-to-one, f{f) ieI Ai) = Die/ f(Ai)- Prove that the previ- 
ous equality is not true in general ( without the injectivity assumption). 

Answer. (1) x £ / _1 ((J ig/ -Bj) means f(x) £ (J ieI Bi, equivalent to 

3i £ I, f(x) £ Bi 4=> 3i £ I, x £ f 1 (Bi) 4=> x £ U ig// '(B0- 
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Similarly, x G f 1 ((^\ ieI Bi) means /( x) G f) ieI Bi, equivalent to 

Vf g I , f(x) g Bi 4=> \/ie I, xe f^ 1 (B i ) 4=> x g nig// -1 ^). 

(2) y G /( Uie/ A i) means 3x G U j S /Aj such that y = f{x), that is 

3i € I,3x€ Ai,y = f(x) 4=4- 3i G I,y G f(Ai) 4=> y G U ie j/(Aj). 

(3) We note that A C A' C X ==> /(A) C /(A'). For all j G J, we have thus 
/(flie/^i) c f( A i) so that /(Die/- 4 *) C fl i<=if(Ai). If y G n, e //(^), 

Vi G /, 3xj G A,:, y = f(xi), 

which implies for i,j G I, fixi) = f(xj). The injectivity of / implies thus for 
i,j G /, Xi = Xj, so that y = f(x) with x G fljg/Aj, qed. We consider the mapping 

/:{ 0,1}— >{1}, /(0) = /(l) = 1, 

and we set A* = {*}. We have /(A 0 fl Ai) = /(0) = 0 C /(A 0 ) fl /(Ai) = {1}. 
Comment. Let us note that, conversely, if that property holds then / is injective. 
In fact, if rci ^ xi belongs to X, since 

0 = /(0) = /({* i} n {* 2 }) = /({*!}) n /({* 2 » = {/(an)} n {/(* 2 )} 

we get /(aq) ^ /(a: 2 ). 

Exercise 1.9.7. Let X be a set. A partition of X is a family (Aj)j e j of non-empty 
subsets of X , pairwise disjoint [i ^ j implies Aj fl Aj = 0), with union X . 

(1) Let (Aj)jg/ 6e a partition of X. Show that the relation xlZy defined by 

3i G I such that x G Aj and y G Aj 
is an equivalence relation on X. 

(2) Show that every equivalence relation on X can be obtained as in Question 

(1). 

(3) Describe the partition of Z associated to the equality modulo n. 

Answer. (1) 1Z is reflexive since X = U ieiAp. for x G X, there exists i G I such 
that x G Aj and thus xlZx. Symmetry of 7 Z follows from the definition, itself 
symmetrical in x, y. Let x, y, z be in X such that xlZy and ylZz. Then there exists 
i,j G I such that 

x,y G Aj, y,z&Aj. 

Since the Aj are pairwise disjoint and y G A,; fl Aj, we find Aj = Aj and xlZz 
(transitivity) . 
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(2) Let 1Z be an equivalence relation on X. The quotient set Q = {Cj}j e j is the 
set of equivalence classes. No equivalence class is empty since Cj is defined as the 
equivalence class of an element of X. Moreover, 

X = U jeJ Cj 

since for x G X, the equivalence class of x is one of the Cj which thus contains x. 
Two distinct classes are disjoint since, if Cj D C*, ^ 0, there exists z G Cj D Ck, 
for Xj G Cj,Xk G Ck and we have 

XjlZz and zTZxk => XjlZxk => Cj = Ck- 

(3) Let n be an integer > 2. The equality modulo n is the equivalence relation on 
Z given by 

x = y ( n ) 4=>- x — y G nZ 4=> n\(x — y ), i.e. , n divides x — y. 

It is obviously an equivalence relation and the quotient set is denoted by Z/nZ. 
The related partition of Z is the family with n elements 

A r = r + nZ = {r + nq} q& i, 0 < r < n — 1. 

This follows from Euclidean division: for m G N there exists a unique couple (g, r) 
of integers such that m = nq + r, 0 < r < n — 1. This equivalence relation 
is also compatible with the ring structure of Z, i.e., with p n : Z — > hjnL the 
canonical mapping sending an integer to its equivalence class modulo n, we may 
define addition and multiplication on Z/nZ with 

Pn{a) © p n (b) =p n (a + b), p n (a) ® p n {b) = p n (ab) 

and it is easily verified that for a = a' (n), b = b' (n), the results are unchanged. 
A good exercise for the reader would be to write the multiplication table of Z/nZ 
for 2 < n < 11, and verify that Z/?rZ is a field iff n is a prime number. One 
may also look for the divisors of 0 in Z/nZ for n G {4, 6, 8, 9, 10} and . . . read an 
introduction to Arithmetic such as [4]. 

Topology 
Exercise 1.9.8. 

(1) Show that all the norms on R" are equivalent ( two norms N± and N 2 on a 

real or complex vector space E are said to be equivalent whenever there exists 
C > 0 such that for all C~ 1 Ni{x) < A^a;) < CN\{x)). 

(2) Show that on C°([0, 1] ; M.) , the norms 

ll/lll = / \f(t)\dt, ll/lloo = sup \f(x)\, 

Jo x 6 [ 0 ,l] 

are not equivalent. 

(3) Looking at Figure 1.1 on page 6, find a sequence g n of continuous functions 
converging for || • ||i towards the discontinuous step function lri/ 2 , 1 ] - 
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Answer. (1) For x = (. Xj)i<j< n £ M”, the Euclidean norm is 

1/2 


F 2 


- E 


'l<j<n 

Let N be another norm on . From the triangle inequality and the homogeneity, 
for i,/i£ R", we get 

/ \ 1/2 

N(x + h)-N(x)<N(h)< \hAN( e j)<\\hhl E N{e 3 ) 2 \ , 

l<j<n '‘l<j<n 

where {e.j)i<j< n is the canonical basis of K n . We get the same estimate from above 
(by the same argument) for N(x) — N(x + h) so that \N(x + h) — N(x)\ < C||/i||2 
and (Lipschitz) continuity holds for N. As a result, we obtain on the compact set 
S™” 1 = {x £ R n , ||x||2 = 1}, 

0 < ci = inf Nix) < C 2 = sup Nix) 
zeS"- 1 xeS”-i 

so that, by homogeneity, for all x £ R", Ci||x||2 < N(x) < C2||x||2, proving the 
equivalence of N with the Euclidean norm. 

(2) We have of course ||/||i < ||/||oo, but choosing as in Figure 1.1 for n > 1, the 
continuous function 


fn(x) = 


n — n 2 x forO<x<l/n, 
0 for 1/n < x < 1, 


we find ||/n||oo = n, ||/i||i = 1/2 so that there does not exist C > 0 such that for 

all / £ C°([0, 1];R), ||/||oo < C'll/IU- 

(3) Let us define for n > 1, the continuous function 

for 0 < x < \ 

9n{x) = { (2=i + i)(x -i) + | for \ i < x < | + i, 

+ 1 - k for | + i < x < 1. 

Noticing that g n is valued in [0,1], we have 


llfl/i - l[i/2,i] Hi = J 9n(x)dx + J ^ ^ g n (x)da 


9. I r 


|1 - 9n(x)\dx 


< 


>0 


g n (x)dx + - + - + 
n n 


/ \l-g n (x)\dx 
l + L 

2'n 

1 1 


1 ~9n[t+\ + ^ 


1 2 

< [- - 

2 n n 


1 / 1 1 


t dt < 


n V 2 n 


dt 
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Exercise 1.9.9. 

(1) Let f : R — > R be a function. Show that the set of discontinuity of f is an 
F a set. 

(2) Show that given an F a set A of R, there exists f : R — > R whose disconti- 
nuity set is A. 

(3) Show that there does not exist a function f : R — > R whose discontinuity set 
is Q c . 

(4) Find f : R — > R whose discontinuity set is Q. 

Answer. (1) We define the oscillation function of / by 

uj(x) = limsup \f(y) - f(x) |, 

y^rx 

and note that u : R — > R+, and is such that the set S of points of discontinuities 
of / is 

S = {x £ R, u)(x) > 0} = Ufc>i {x € R, u>(x) > — } . 

- k 

' v ' 

s k 

Let fc 0 > 1 and {xj)j^n be a sequence in Sk 0 converging to some point a. For each 
j € N, we can hnd a sequence (yj,i)ieN such that linq yjy = Xj and 

The point a must belong to S: otherwise, if / were continuous at a, 

I - /(a) | > | - f(xj ) | - | f(xj) - f (a) | > ^ - | f{xj) - f(a)\. 

Let r > 0 be given: for j > j r , we have | x 3 — a \ < r and for each j, we can find 
l r j such that | yj,i r j ~ Xj | < r. We obtain 

sup \f(y) - f{a)\ + sup \f{x) - /(a)| > 

\y—a\<2r \x—a\<r 

an ineciuality which is incompatible with the continuity of / at a. As a result, we 
have proven that 

Sk C S => U fc >i5 fc C S = U fe >i5fc => S = U fc >i Sk, indeed F a . 

(2) Let {F n ) n > i be a sequence of closed subsets of R and let S = U„>i F n be 
an F a set. We may assume that the sequence (F n ) n > i is increasing since we can 
consider the seciuence of closed sets (Ui< j< n Fj )n>i which has the same union S. 
We define for x G S, 

f EfS)’ for x £ 5nQ, 
n(x) = min (n > 1, x € F n } , and f(x) = < for igSTl Q c , 

non-empty ^ 0 , for X (ji S . 

subset of N* 
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(2.1) We want first to show that / is continuous at S c . Since / = 0 at S c , the 
function / is continuous on the interior of S c . Let a be in S' c \interior(S'°) = S c C\S: 
let i be a sequence of S with limit a. No subsequence of (n(xj)) j >1 can be 

bounded, otherwise we could find some N 0 > 1 such that 

limjj = +oo ,n(xj t ) < Nq => VZ > 1 ,Xj, G F/v 0 

=> a = lim Xj t G F/v 0 = Fn 0 C S, 


which is impossible. As a result \im.jn(xj) = +oo and lim.,- f(xj) = 0 = /(a), 
proving continuity. 

(2.2) Let us prove now that / is discontinuous at S. 

(2.2.1) Let a G S fl Q: we have in particular a G F„( 0 ),a ^ -P+al-i (defining 
F 0 = 0) and /(a) = l/n(a). If a G interior(F„( a )), there is a sequence (xj)j> i 
of 5 fl Q c converging to a and f(xj) < 0, so that limsup^ f(xj) < 0 proving the 
discontinuity property at a. If a G 9(F„( a )), then any open neighborhood V of a 
intersects F°,y In the open set V nF^ o j, an irrational number can be found: thus 
there is a sequence of irrational numbers {xj)j> \ converging to a and f(xj) < 0, 
entailing discontinuity at a. 

(2.2.2) Let a G S n Q c : we have in particular a G i 7 ’„( 0 ),a ^ F„( a )- i (defining 
F 0 = 0) and f(a) = — l/n(a). If a G interior(i 7 ’ n ( 0 )), there is a sequence (xj)j> \ 
of S' fl Q converging to a and f{xj) > 0, so that lim inf j f(xj) > 0 proving the 
discontinuity property at a. If a G <9(F„( a )), then any open neighborhood V of a 
intersects F°,y In the open set V fl F^ a y a rational number can be found: thus 
there is a sequence of rational numbers (xj)j> i converging to a and f(xj) > 0, 
entailing discontinuity at a. 

(3) As proven on page 7, the Baire category theorem (see Section 10.2 in the 
Appendix) implies that Q c is not an F„ set, so that the already solved question 1 
in this exercise answers that one as well. 

(4) The function (1.2.14) does that job. In the first place, / is discontinuous at Q, 
since in any neighborhood of a point a G Q, an irrational number can be found, 
so there is a sequence of irrational numbers (xj ) with limit a and f{xj) = 0, 
/(a) > 0. Moreover / is continuous at Q c since if ( Xj = Pj/qj),Pj G %*,qj G N* 
is a sequence converging to a ^ Q, we must have liny, qj = +oo: otherwise, we 
could find a bounded subsequence (q-j, );>i of {qj)j > i in N*, providing a constant 
subsequence ( q = qj t ) m >i in N*, and since aq = lim m pj l , we find that the 
sequence (pj t )m> l is constant for m large enough and a G Q, which contradicts 
the assumption. 

Exercise 1.9.10. Let (X,d) be a metric space, and let f : X — »• R be a function. 
We define for £ > 0, 

C(f, s) = {a: G X, 35 > 0, d(x, x'), d(x, x") < S => \ f{x') — f(x")\ < e}. 
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(1) Show that C{f,e) is open. 

(2) We define S = {x £ X,f is not continuous at x}. Show that S is a F a set 
{hint: prove that f is continuous at x iff x £ (~l n >i(7(/,l/n)). 

Answer. (1) Let x € C{f,s): for some positive 5 and F defined on X x X by 
(x',x") i->- F(x',x") = fix') — f{x"), we have F{B{x,5) x B{x,S)) C [0,e). Let 
y £ B{x,S/ 2): then we have 

F{B{y,6/ 2) x B{y,S/ 2)) C F{B{x,S) x B{x,S)) C [0,e), 
entailing that B{x,S/2) £ C{f,e). 

(2) Let x £ S c : then for any n > x £ C{f,l/n). Conversely, if the latter 
property holds and e > 0 is given, we can take n > 1/e and find S > 0 such that 
| f{B{x, S) — f{x) | < 1/n < £, proving continuity at x. As a result 

S c = n ra >i C{f, 1/n), which is a G$ set, so that S is a F a set. 

See [36] for more on this topic: in particular for a (non-empty) metric space X 
without isolated points (a point x in a topological space is said to be isolated if 
the singleton {x} is open) and a given F„ set S, there exists a function / : X — > R. 
such that the points of discontinuity of / are exactly S. 

Measure theory 

Exercise 1.9.11. Let {X,A4) be a measurable space and let /, g : X — > R be mea- 
surable mappings. Show that the following sets belong to AA . 

A = {x£ X,f{x) < g(x)}, 

B = {x£ X,f{x) < g{x)}, 

C = {x£ X,f{x) = g{x)}. 

Answer. The mapping X B x >— > $(a:) =(f{x), g{x))£ R x R is measurable from 
the proof of Theorem 1.2.8. We have then A = $~ 1 (L) with 

L = {(a, /?) £ R x K, a < /3} 

which is a closed subset of R x R. Similarly, we have 

M = {(cc, /)elxl,a< (3}, B = ^~ 1 {M), 

N = {(a, /)elxR,a = (3}, C' = $" 1 (7V), 

with M open, N closed. 

Exercise 1.9.12. Let {X,AA) be a measurable space and f n :X^-Cbea sequence 
of measurable functions. Show that the set 

A = {x £ X, the sequence (/„ ( x )) n eN is convergent} 


belongs to A4. 
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Answer. Using the Cauchy criterion, we find 

A = {x& X, Ve £ Qn]0, 1], 3N, Vn > N,\/k > 0, \f n+k (x) - f n {x) \ < e}, 
so that 

^ n u (n n >AT ifc >o{a; £ X , |/ n+ fc(a;) - /„(a;)| < e}) 

€GQn]o,i] '-AfeN 

Since the f n are measurable, the set {x £ X, \ f n +k(x) — f n (x) | < e} belongs to M 
(cf. Theorem 1.2.7). As a countable intersection of countable union of countable 
intersection of elements of Xi , A belongs to M.. 

Exercise 1.9.13. Let (X, A4) be a measurable space and let (u ra )neN be a sequence of 
measurable functions from X into R. Show that the following sets are measurable: 

A = {a; £ X, lim u n (x) = +oo}, B = {x £ X, ( u n (x)) ne $ is bounded}. 

n — >+oo 

Answer. We have A = {x £ X,\/m £ N, 3 N £ N ,Vn > N,u n (x) > m}, so that 
defining 

An,m — £ X,u n (x) A m} , 

we find A = (~l mg N ^UjveN(n n >]vA rairn ,)^ which is measurable as every A n>TO is. 
Similarly, we have 

B = {x £ X, 3m £ N,Vn £ N, \u n (x)\ < to} = U meN (n neN B„ im ), 
with B niTn = {x £ X, |u„(a;)| < to}. 

Exercise 1.9.14. Let X,Y be topological spaces, with X a Hausdorff space, and let 
f : X — >■ Y be continuous outside of a countable set D. Show that f is measurable 
(X,Y are equipped with their Borel a -algebra). 

Answer. The mapping F : X\D — > Y defined by F(x) = f(x) is continuous: let 
x £ X\D. Since / is continuous at x, for every neighborhood W of f(x), there 
exists a neighborhood V of x, such that f(V) C W; thus F(V (T D c ) = f(V IT D c ) C 
W and F is continuous at x (see Lemma 1.2.4). Let V be an open set of Y. We 
have 


r\V) = {x £ X, fix) £ V} = (a: £ X\D, f(x) £ U} U (/"'(U) IT D) 

= F-\v)u(r 1 (V)nD) = [u n (x\D)) u (/ -1 (U) n£>), 

where U is an open subset of X. Since X is a Hausdorff space, singletons {a:} 
are closed: the complement {x} c is open since if x' £ X,x' ^ x , there exist 
neighborhoods V' £ "V x j , V £ Fx with V IT V' = 0 and thus V' C {a:} 0 which is 
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thus a neighborhood of x' . As a result, the set D is measurable as a countable 
union of points and U fl D c is measurable. Moreover / -1 (V) D ZD is countable 
thus measurable. Finally, / -1 (V) is measurable and Lemma 1.1.4 proves that / is 
measurable. 

Exercise 1.9.15. Let X be a non-empty set and A4 be the a-algebra generated by 
the singletons {x} where x € X . 

(1) Show that A € M iff A or A c is countable. 

(2) We assume that X is not countable and we define for A € M 

. , I 0 when A is countable, 

H(A) = { 

I 1 when A is not countable. 

Show that p is a positive measure defined on AA . 

Answer. (1) If A is a countable subset of A, A is a countable union of singletons 
and thus belongs to AA. Since AA is also stable by complementation, we find as 
well that A c countable implies A G AA. We define 

Af = {A C X, A or A c is countable}. 

We have proven Af C AA , and we see that Af is stable by complementation, contains 
X and all singletons. Let (A„)„ e N be a sequence in Af. If all A„ are countable, 
then U„ e NA„ is countable and thus belongs to Af. If there exists k € N such that 
A/; is not countable, then Af is countable and since 

(Un£j!jA n ) = (~l n gNA^ c Af, 

we find that (u n6 NA„) c is countable, entailing U nS NA„ G Af. The set Af is thus a 
cr-algebra which contains all singletons, so that A4 C Af and eventually A4 = Af, 
proving ( 1 ) . 

(2) We have p(f)) = 0; let (A„)„ e N be a pairwise disjoint sequence of AA. If all A„ 
are countable, then U„ e NA n is countable and 

M(UneNA.n) = 0 = 'y ' p(A n ). 

ne N 

If there exists k £ N such that A*, is not countable, then Af is countable and 
U n gNA„ is not countable. Since 


A k D U n ^LkA n , 

we get that for n ^ k, A n is countable, thus p(A n ) = 0. As a result, we have 
/^(UyieNA n ) = 1 = p(A k f = pfAjAj + ^ ' /i(A r ,j = ^ ' /r(A n ). 

nGN,n/fc nGN 
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Exercise 1.9.16. Let (X,A4) be a measurable space and f : X — > C be a measurable 
function. Prove that there exists a measurable function a : X — > C satisfying 
|a| = 1, such that f = a\f\. 

Answer. Since / is measurable, E = / -1 ({0}) G M and lg is measurable. Noticing 
that f(x) + 1 e(x) is always different from 0, (1 for x £ E, f(x) ^ 0 otherwise), 
we set 

_ f(x) + l E (x) 

{) \f(x) + l E (x)\’ 

so that a is measurable as a composition of measurable functions: 

measurable continuous 

X -4 C* ^ S 1 , 

X i-T f(x) + \e{x) = t t/\t\ 

and f(x) + 1e{x) = a(x)\f(x) + 1_e(x)|, so that for x £ E, f{x) = a(x)\f(x)\ and 
for x G E, f(x) = 0 = a(x)\f(x)\. 

Exercise 1.9.17. Let (X,A4,p) be a probability space ( measurable space where p 
is a positive measure such that p(X) = 1). Defining T = {A G J\4, p(A) = 

0 or p(A) = 1}, show that T is a a-algebra on X . 

Answer. If A G T, then A c G A4, since p(A c ) + p(A) = p(X) = 1, so that 
p(A c ) = 1 — p(A) G {0,1}. If A n G T, n G N, A = £ M. and if for 

all n, p(A n ) = 0, then p(A) = 0. If there exists no such that p(A no ) = 1, then 

1 = p(A no ) < p(A) < p(X) = 1, so that p(A) = 1. Moreover X G T since 
p(X) = 1. 


Exercise 1.9.18. Let (X, M.) be a measurable space and let (pj)j^ be a sequence 
of positive measures defined on M. such that WA G AA,Vj G N, Pj(A) < pj + \(A). 
For A G M, we set p(A) = sup j£N Pj(A). 

(1) Show that p is a positive measure defined on A4. 

(2) Let f : X — > K + be a measurable function. Show that 

/ fdp = sup / fdpj (hint: start with simple functions) . 

Jx je N Jx 


(3) Let j'gN and let Uj be defined on 'P(N) by 

Vj(A) = card(A n \j, +oo[) 

(card E as usual whenever E is finite, card E = +oo for E infinite) . Show 
that for all j G N, (N, 'P(N), z'j) is a measure space. Show that 

\/A c N, Vj(A) > Uj + \(A). 

Defining v(A) = hdjg^Uj(A), show that ^(N)=+oo and for all k G N, 
v({k }) = 0. Show that (Nj'P(N),^) is not a measure space. 
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Answer. (1) Let (A„) ne N be a pairwise disjoint sequence of Ad. We check 

/z(U„ eN A„) = sup^(U neN A„) = sup < V' Hj{A n ) 
jew ieN [ n£N 

We consider the measure space (N,7 : ’(N),A), where A is the counting measure on 
N (A(A) = CardA for A finite and A(A) = +oo for A infinite). We find with 
fj(n ) = / ij(A n ) that 0 < fj < fj+i (since Hj{A) < /xj+i(A)), so that Beppo Levi’s 
Theorem 1.6.1 implies 


sup / fjdX = / (sup fj)d\, 
ie N J n is ieN 

i.e., sup ieN { EneNMi(^n)} = E„ G N su PieN{/fi(A)} = E„ gN M A «), providing 
cr-additivity for fi on Ad. Moreover we have ^(0) = 0. 

(2) For a simple function s = Ei < k < m a k^-A k with A k € Ad and a k > 0, using 
the fact that the sequences (/j,j(A k ))j e n are increasing, we have 



a k ^{A k ) = V a k sup(/Xj(Afc)) = V a fe lim Hj(A k ) 

Z ' Z ' z ' j—tOO 


l<k<m 


l<k<m 


jef 


l<k<m 


lim V a k /j.j(A k ) 

j—> OO Z — ' 


l<fc<r 


= sup 
ieN 


[ X] a k Hj(A k ) 

l<k<m 


= sup / sdfij . 
ieN Jx 


Moreover, for / : X — 1 K + a measurable function, we can find an increasing 
sequence (s*,) of simple functions converging pointwise to /. Theorem 1.6.1 and 
the previous result imply 


(*) 


ix 


fdfx = sup / s k dfi = sup I sup / s k dfij 
fceN J x fceN \i G N J x 


Moreover, if (cij k )j tke n is a double sequence in K, for all l,m G N, we have 

a = sup(sup a,j k ) > sup ai k > ai m ==> supa* m < a => sup(supa; m ) < a, 
ieN feeN fceN ieN meN ieN 

so that, exchanging the indices in the previous line, 


(**) 


sup(sup <ij k ) = sup(supajfc). 
ieN fc G N feeN ieN 


As a result, from (*) and (**), we get 



= sup 

ieN 



where the second equality follows from Theorem 1.6.1. 
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(3) With A the counting measure on N, Vj is a the measure with density l[y+oo[ 
with respect to A and we use the notation vj = ly +00 rA. Since [j, +oo[D \j + 
l,+oo[, we have l[j !+00 r > l[ J+ i i+00 r and thus Vj{A) > Vj + \(A) for all A C N. As 
v(A) = inf j6 N iSj(A), and i/j(N) = +oo, we obtain i/(N) = +oo. Moreover for all 
k € N, v({k}) = infj G N y j{.{k}) = 0, since Vj{{k}) = A({fc} (~1 [j, +oo[) = 0 if j > k. 
Thus v is not a measure on N since +oo = i/(N) > JDfceN v ({ &}) = 0- 


Exercise 1.9.19 (Inclusion-exclusion principle, sieve formula). Let (X,A4,p) be a 
measure space where p is a positive measure such that p(X) < +oo. Let {Aj}i<j<„ 
be a finite set of elements of A4 . Prove that 


M(U IKjKnAj) = Y, (- 1 ) fc+1 ( 

l<k<n 


E 

card J=k 


L+j&jAj 


(1.9.2) 


(Hint: write and prove the formula for n = 2,3, then apply induction on n.) 
Answer. For n = 2, A\ U A 2 is equal to the pairwise disjoint union 

(A 1 \(A 1 n a 2 )) u (a 2 \(A 1 n a 2 )) u (Ai n a 2 ), 

so that p(Ai U A 2 ) = p(A\) - p(Ai D A 2 ) + p(A 2 ) - p(A\ n A 2 ) + p(Ai n A 2 )= 
p(Ai) + p(A 2 ) — p(A\ fl A 2 ), which is the sought formula. Let us assume that the 
formula is true for some n > 2 and let us prove it for n + 1 . Applying the formula 
for n = 2, we find 


Aj ) /./ (Ui<j<„ A,-) T p(A n ^. 1) /r(Ui <j<n(Aj n A n pi)), 

so that applying twice the formula for n we get 

p(Ui<j< n +iAj) = p(A n+ i) + Y, ( - l) fe+1 j E ^(^jejAj) | 

1 <k<n Jc{l,...,n} ' 

card J—k 

+ Y, E k{A n +i Aj 

JC{l,...,n} 
card J—k 

E vi^jeLAj) 


l<k<n 


= E (-D 

l<l<n 


l+l 


Lc{l,...,n,n+1} 
card L=l, n+l(£L 


E M) 

2<l<n+l 


l+l 


| E V(+€LAj) 1 + p(A n+1 ) 


Lc{l,...,n,n+1} 
cardL=Z, n+l(=L 


= E (-D 

l<Z<n+l 


Z+l 


E l^i+eLAj 


Lc{l,...,n,n+1} 
card L—l 
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N.B. It is possible to avoid the assumption n(X) < +oo and write (1.9.2) as an 
equality between non-negative quantities, displaying the odd (resp. even) k on the 
rhs (resp. lhs). 


Exercise 1.9.20. Let X be a finite set with N elements. 

(1) Find the number d(N) of permutations a of X ( bijections from X onto X) 
without fixed points (Vx € X , <r(x) ^ x). Find an equivalent of d(N) when N 
tends to infinity. 

(2) Let Y be a finite set with p elements. Find the number of surjections from X 
onto Y. 


Answer. (1) Let d(N) be the sought number. The total number of permutations 
of X is N\. The number of permutations of X with exactly N — 2 fixed points is 
d(2)Cf l = C%j. The number of permutations of X with exactly N — 3 fixed points 
is d(3)Cff, so that 


N\= d ( k ) C N, 

0 <k<N 


E 

0 <k<N 


d(k) 1 
~kT (N-k)l 


= 1 , 


d*f = u, 


with d = (d(k)/k\)ken, f = (l/fc!)keN> u = (u k = l)keN- With g = (x k /k\) keK , we 
get 

(/*»>«= V Tj -L-^ = a+*m, 

0 <j<k V J )' J’ 

and thus d* f * g = u * g, i.e., 


E 

0<j<N 


d(j) (1 + x) N 3 
j! (N-j)\ 


E 

0<j<N 


so that for x = — 1 and N > 1, 


d(N)= 

0 <j<N 


(-i ym 


= H E 


(~1)K N' 

EE) ~ -• (!-9-3) 


0 <j<N 


(2) Let S(N,p) be the sought number. We have the following partition of Y x (the 
set of all mappings from X into Y) 

Y x = Ukk p {(^6 y x ,card</>(X) = k}, 

so that p N = Ei < k < p S(N,k)C k , i.e., ^ = Ei< fe < P Following the 

same calculations as above (with p replacing N and N fixed), we find 


jv 


(ErW i = ( 


S(N,p) 


p\ 


p\ 


)p>l * (fq)q> 1> 
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so that V jN xP j — V S(NJ)( l+x) p 3 . r _i 

so that 2^i<j< P j i (p—j)\ ~ 2^i <j< P j\ ( P -j)\ > and 101 x ~ 

jN ( -j \p—j 

S(N,p)=p> Y. -7TT^rip= y cif(- ip. 

1<?<P u Jh 1 <j<p 

Notice that 5 (AT, 1) = 1, 5(iV, 2) = 2 N - 2, 

„• n 

s(n,p) = p N e 

i<j<p P 

It is a consequence of that formula that for 0 < N < p, S(N,p ) = 0: it is 
fact that can be verified directly as follows. We have in that case 


( d ) N f Cl I — ^ + x ) P — n.i x : '~ N 

<dd ((1 + I)) - It -N)<- - °’U-N)f 


and for x = -1, we get 0 = Y.N<j<pi~ l ) j C3 P j{j - N + 1.), i.e., 

E c’(-iy = o, E ci(-iyj = o, E ci(-iyj(j-i) = 

0<J<P 0<i<P 0<.?<P 

implying that 5Zo<j<p Cp( — l) J j 2 = 0’ and the other equalities S(N,p) = 
0 < N < p follow by limited induction on N. 

We have used the standard definition for the binomial coefficient, 

C n = card{A C {1, . . . , n}, card A = p}, 


Cl = 


for 0 < p < n, = 0 otherwise. 


(n — p)\p\ 

We have the classical formulas, easily proven by induction on n, 

(xi+x 2 r= E cp nX p lX r p , {xi +X2)n = E 


0<p<n 


Pi+P2=n 


V.P1 ~P 2 


Pi! P2! 


PiH hPfc=n 

X°' 

Oi\ 


-7 (xi H \-x k ) n = E — r. X a = X * 1 . . .x% k , 

n\ ' a! 



„Pk 

x k 

Pi! ’ ‘ 

' Pk ] - ! 


_Qll < 

X = 

x x • ■ - X t 


|a:|=n 

aSN fc 


where for N 1 ' 3 a = (aq, . . . , a*,), a! = aq! . . . a*,!, |a| = aq + • • • + a*,. 
Note also the immediate consequence of (1.9.5) 

C P _ /^P 1 r^p— 1 

n+1 — u n 1 u n 


(1.9.4) 
also a 

0, 

= 0 for 

(1.9.5) 

(1.9.6) 

(1.9.7) 

(1.9.8) 

(1.9.9) 


(1.9.10) 
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which implies Cl%\ = C^ + C* = C^+CS , + Q = C^ 1 2 + C«_ 2 + C«_ 1 +Q 
and thus inductively on n, X 9 <fc<n = C«+ 1 - Also we have for n > p > 1, 

card{(jfc)i<fc< p G {1, . . . ,n} p , s.t. ji < j-i< ■■■ < j P } = C'^ +p _ 1 , (1.9.11) 

since an increasing sequence ( jk)i<k<p of g{l, . . . ,n} can be identified with the 
strictly increasing sequence ( jk + k — l)i <k<p of {1, . . . , n + p — 1}, that is to a 
subset with p elements of the latter. Moreover 

card{a G N d , |a| =l} = (1.9.12) 

since defining /3i = oq + 1, /? 2 = cci + a 2 + 2, . . . , (3d-i = Xi<j<d-i ocj + d — 1, we 
identify {a G N d , |a| = /} with the set of strictly increasing sequences (0j)i<j<d-i 
valued in {1, ...,/ + d — 1}, whose cardinal is Cfr^_ v 

Exercise 1.9.21. 

(1) Let (X,ftA,n) be a measure space where p is a positive measure and let f : 
X — >■ R. be a measurable function. Prove the Chebyshev inequality: 

Vt > 0, p({x £ X,\f(x)\>t}) <r 2 [ \f\ 2 dp. (1.9.13) 

■lx 

(2) Let (fl,M,P) be a probability space and X : Ll — > R be a random vari- 
able ( i.e a measurable mapping) such that f n |X| 2 dP < +oo. Show that 
f n |X|dP < +oo and defining the expectation E(X) and the variance <r(X) 2 
of X as 


E(X) = [ XdP, a(X) 2 = [ \X - E(X)\ 2 dP, (1.9.14) 

prove the Bienayme-Chebyshev inequality: for a > 0, 

P(|X - E(X)\ >a)< ^r~- (1-9-15) 

(3) Let (LI, A, P) be a probability space and Xj : LI — > R be a sequence of random 
variables ( j > 1 integer ) such that for each j,f n |X,| 2 <iP < +oo. Let us 
assume that there exist m,sGl such that 

Vj > 1, E(Xj) = m and Vj, k>l, (Xj — m)(Xk — m)dP = 5j^s 2 . 

Jn 

Defining Y n = - Xu <j< n -^L prove that Y n converges in probability to m, 
i.e., 

Ve > 0, P(|Y)j — m| > e) = 0. 


(1.9.16) 
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Answer. (1) We have for t > 0, 


H({x € X,\f(x)\>t}) = f l{\f\>t}dn < [ 2 \f\ 2 dn<t 2 [ \f\ 2 d/.i. 

Jx Jx Jx 

(2) We have f Q |X|dP = |X|dP + f jxj>1 |AT|dP < 1 + Jj Y|>1 \X\ 2 d¥ < +oo. 

Applying the first question to the function X — E{X) with t = ba(X), assuming 
cr(X) > 0, b > 0, we get 

P(|X - E{X) | > ba(X)) < JjX- E(X)\ 2 dP = b~ 2 . 

If <t(X) = 0, we find X = E(X) and for a > 0, the result (1.9.15) is obvious. We 
may note 


[ \X - E(X)\ 2 dP = [ \X\ 2 dP+ [ \E(X)\ 2 dP-2 [ XE{X)d¥ 
Jn Jn Jq Jq 

= f \X\ 2 dP~\E(X)\ 2 . 

Jn 


(1.9.17) 


(3) We find E(Y n ) = m and thus for £ > 0, from the Bienayme-Chebyschev 
inequality, we get 

P(|F„ - m\ >e)< . 

We calculate cr(F„) 2 = J n \Y n - ?n| 2 dP = n~ 2 Zlt <j,k<n fn( X i ~ m )( x k ~ m)dP 
and our assumption gives a(Y n ) 2 = n~ 2 ns 2 , so that P(|F„ — m\ > e) < 
proving the sought convergence. 


Exercise 1.9.22. For k,n positive integers, we define ak, n = ^fc,n((~ l)" + 2). Show 
that, for each k, lim n ak, n = 0, ak, n > 0, \ J2k a k,n\ < 3. Prove that the sequence 
(2fc>i a k,n)n>i does not have a limit. Check that the domination assumption in 
Lebesgue dominated convergence Theorem 1.7.5 is violated. 

Answer. The first limit is obvious and we have also for n > 1, 
ak, n = (~ l) n + 2, a divergent sequence. 

k> l 

Of course the assumption of domination in the Lebesgue dominated convergence 
theorem is not satisfied since sup n ak, n = (~ l) fc + 2, a non-summable sequence. 
As a result for the measure space {X,M,p) = (N* , V (N* ), counting measure) , 
it is possible to find a sequence (f n ) n > l of non-negative bounded functions with 
bounded integrals such that for all x G X, lim„ f n (x) = 0, but so that the sequence 
(/y fndn ) n > l is divergent. This proves that the domination assumption cannot be 
dispensed with in general. 
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Exercise 1.9.23. Let (X,M.,g) be a measure space where g is a positive measure. 

(1) Let f : X — > Y be a mapping and let ip :Y — > R + be a measurable function. 
Prove that 

f pd(f*(g)) = f (<pof)dg. (1.9.18) 

Jy Jx 

(2) Prove (1.9.18) for p G £A{f*(g)). 

(3) Let f : X — > Y and g : Y — > Z be two mappings. Show that 

(s°/)*M = (/*(+))• 

Answer. (1) That formula is satisfied for a simple function ip = X)i <j<m a j^ B j : 


pd(f*(g)) 


l<j<m l<j<m 


(using l Bj o f = 1 



° f)dp = (<P o f)dg. 

Jx 


Beppo Levi’s theorem 1.6.1 and the approximation Theorem 1.3.3 give the result. 

(2) By linearity, that formula holds as well for tp G £ 1 (/*(m))- 

(3) Following Lemma 1.4.3, the pushforward f*(g) is defined on the a- algebra 

Af = {Be Y,f~\B) G M} 

by f*(g)(B) = g(f~ 1 (B)) . The pushforward g*(f*{g)) is dehned on the cr-algebra 

T={CcZ, g-\C) g U} = {C c Z, f~ 1 (g~ 1 {C)) g M} 

= {CCZ, (gofr^QeMj 


by g*(f*(p))(C) = f*(g)(g He)) = m(/ 1 {g 1 ( B ))) = p{(g°f) ^C))- As a 
result, the measures g*(f*{g)) and ( g o f)*(g) coincide on the cr-algebra T. 


Exercise 1.9.24. Let X be a Hausdorff a-compact topological space, let B be the 
Borel cr-algebra on X and let g be a positive measure defined on B such that 
g(K) < +00 for K compact (g is a Borel measure on X). 

(1) Prove that the singletons are closed. We define 

D = {a € X,g({a}) > 0}. 

(2) Let n,l be integers > 1. Assuming X = U n >i K n , with K n compact, we set 

D n ,i = {«G K n and g({a}) > 1/1} . 

Show that D n j is finite and D is countable. 
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(3) For E £ B, we define X (E) = )jl(D D E). Show that it is meaningful and that 
X is a Borel measure on X . Show that 

A = E 

a£D 

where S a is the Dirac mass at a ( i.e 6 a {E) = 1_e(o))- 

(4) Show that p = AT v where v is a Borel measure on X such that for all x £ X, 
v({x}) = 0. 

Answer. (1) For x' £ {a:}, we find V £ V x , V' £ 'P x > such that V IT V’ = 0, so that 
the complement of the singleton {x} c D V r and is a neighborhood of each of its 
points, thus an open set. 

(2) Let oi, . . . , a m be distinct in D n ^. We have 

Too > p(K n ) > /x({ai, . . . , })= E fi({aj}) > m/l 

1<j <m 


so that to < p(K n )l < Too, proving finiteness for D n i. For a € D, we may find 
an integer l > 1 such that /a,({a,}) > l/l. Since a belongs to some K n , we find 
a £ D n j. This implies D C Since D n j C D we find that D is a 

countable union of finite sets, thus is countable. 

(3) The set I? is a Borel set as a countable union of singletons (closed sets), and 

with E £ B, D fl E £ B. We may thus define X(E) = p(D n E). This defines a 
Borel measure since A(0) = = 0, and for E n a sequence of pairwise disjoint 

Borel sets, K a compact set, we have 

A(U neti E n ) = n(U. nen(E n n D)) = ^ n{E n n D) = E A(£„), 

neN raeN 

A (K) = fj,(K n D) < n(K) < Too. 

With D = {a ra }„ e N, we have 

A (E) = p(D f) E) = p({a n , a n G E}) = ^ /x({ a n }) 

n,a n €E 

= E M({an})£a„(-S) = E T-e-d. 

raSN aS-D 

(4) For E £ B, we have p(E) = p(E (T D) T p{E fl D c ) = A (E) T v{E), with 
v(E) = p(E D D c ). As in question (3), we find that v is a Borel measure. For 
x £ D, we have v({x}) = v({x} fl D c ) = v(fb) — 0. For x £ D, we find 0 = 
p({x}) = A({a:}) T v({x}) = v({x}), so that for all x, we have v{{x}) = 0. 


Exercise 1.9.25. Let B he the Borel cr-algebra on R. and p be a positive measure 
defined on B , finite on the compact sets. 
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(1) For a € R, we define 


Fa(t) 


F([a,t[) for t > a, 
— p([t, a[) for t < a. 


Show that F a is increasing and left- continuous. 

(2) We assume that p is a probability measure. We define the repartition function 
of the probability p on R. as 


F{t) = p({-oo,t[). 

Show that F is increasing, tends to 0 ( resp . 1) when t goes to — oo (resp. 
+oo), and is left- continuous. 

Answer. (1) Let s < t. be real numbers. For s > a, we have [a, s[c [a,t[ and 
thus F a (s) = p([a, s[) < p([a,t[) = F a (t). For s < a < t, we have F a (s) = 
-MMD < 0 < p([a,t[) = F a (t.). For s < t < a, we have [t., a[c [s,a[ and thus 
Fa{s) = — /x([s,a[) < — p([t, a[) = F a (t). The function F a is thus increasing. 

Let to £ R such that to > a and let (t n ) n > i be an increasing sequence with 
limit to- We have 

[u, to [ — U n >i [a, t n [ 

and using Proposition 1.4. 4(2), we find 

F a (t 0 ) = p([a,t 0 [) = lim p([a,t n [) = lim F a (t n ). 


Let to 6 R such that to < a and let (t„) ra >i be an increasing sequence with limit 
to- We have 

[to, n[ Fl n >i [tn, 

using Proposition 1.4. 4(3) along with p([ti,a[) < p([ti,a]) < +oo, we find 
To (to) = -/x([t 0 ,a[) = - lim p([t n ,a[) = lim F a (t n ). 


(2) F is increasing since 1 1 — > (— oo, t[ is increasing, and tends to 1 when t goes to 
+oo from Proposition 1.4. 4(2), tends to 0 when t goes to — oo from Proposition 
1.4. 4(3). The left-continuity is proven as in question (1) above. 


Exercise 1.9.26. Let (X,A4,p) be a measure space where p is a positive measure 
and let /„ : X — > R + be an increasing sequence of measurable functions such that 
su PneN f\ fndp < +oo. Prove that sup ngN f n (x) is finite p-a.e. Give an analogous 
statement for series of measurable functions valued in M+ . 

Answer. Thanks to Beppo Levi’s theorem 1.6.1 we have, with / = sup ngN /„,, 
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so that / is a measurable function from X into R + such that f x fdpi < +oo. 
Proposition 1.7. 1(4) shows that is finite pi-a.e. Similarly, for a sequence (uk)ke n of 
measurable functions from X into R + such that 


E 

fc >0 • 


Ukdfj, < +oo, 




the series 'f2keN Uk ( x ) converges pi- a.e. towards a finite limit: in fact Corollary 
1.6.2 implies 


(E Uk )d^ = ^2 / u kd^ < +oo 

fceN k> o Jx 

so that the function JZfceN u k(x) is finite pi-a.e. 


ix 


Exercise 1.9.27. Let (X,Xi,pi) be a measure space where pi is a positive measure 
and let f : X — »• C be a function in £ 1 (/i). We assume that for all E € M., 
f E fdp, = 0. Show that f is vanishing fi-a.e. 

Answer. For E = {x £ X, Ref(x) > 0}, we find 

0 = R e(J fdptj = /(Re/)^ Wo} Be/ = 0 /r-a.e., 

and since we have also l{R e /<o} R .e/ = 0, /r-a.e., we get Re / = 0, p.- a.e. We prove 
similarly that Im / = 0, pi- a.e. 


Exercise 1.9.28. Let (X,AA,pf) be a measure space where pi is a positive measure 
and let (f n )ne N be a decreasing sequence of measurable functions from X into R+ 
converging pointwise to a function f . 

(1) Prove that if there exists N € N such that belongs to £ 1 (/r), then 


linr 

n 



f n dpi = inf / f n dji 


lx 



(2) Prove that this property does not hold if the assumption in (1) is removed. 

Answer. (1) We can apply the Lebesgue dominated convergence Theorem 1.6.8, 
since for n > N, we have 0 < f n < /jv £ >C 1 (^). 

(2) We note first that from Fatou’s lemma 1.6.4, we have 


fdpi= / lim inf f n dpi < lim inf / f n dpi = inf / f n dp. 


lx 


ix 


lx 


lx 


Let us prove that we may have 0 < f x fd/i < inf„ J x f n dpi. We consider X = N 
with the counting measure pi and the (decreasing) sequence f n = l[ rai+00 )- We 
have / = 0 and f x f n dpi = +oo for all n. 
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Exercise 1.9.29. Let (X,AA,p) be a measure space where p is a positive measure 
such that p(X) < +oo. Let (f n )ne N be a sequence of bounded complex-valued 
measurable functions converging uniformly towards a complex-valued function f 
on X : 

lim(sup | f„(x) - f{x ) |) = 0. 
n xex 

(1) Prove that each f n and f belong to C x (p) and lim„ f x \f n — f\dp = 0. 

(2) Prove that this property does not hold if the assumption p(X) < +oo is 
removed. 

Answer. (1) As a pointwise limit of measurable functions, / is also measurable. 
We have also 



I fn{x) - f(x)\dp(x) < 


/ sup \ f n {x) - f{x)\dp(x) 

lx x€X 


= sup \fn(x) - f(x)\p(X), 

xGX 


proving the convergence. Also that inequality proves that, for each (large enough) 
n, f n — / belongs to C 1 (/z) and since each /„ is bounded, it belongs to C 1 (p,) (since 
p{X) < +oo) as well as /. 

(2) We consider X = N with the counting measure p and the sequence (n > 1) 

/n(^) l[n,2n— 1] (^-)- 

We have sup fc6N |/„(fc)| = 1 /n which goes to zero when n goes to +oo but 
fxfndp = 1- Note that the sequence (/„) as well as / belong to a bounded 
set of C 1 ( p ). Of course the sequence (/„) fails to be dominated by an L l function 
since for each k > 1, 

sup/„(fc) > i, and V] \ = +oo. 

n> 1 & & 


Exercise 1.9.30. Let (A, A i,p) be a measure space where p is a positive measure 
such that p(X) < +oo and let f € L 1 (p) such that, for a given closed set T of C, 

(f) ME e M with p(E) > 0, [ fdp € T. 

h\E) Je 

Prove that f(x) € T, p-a.e. 

Answer. For z £ T c ,3p > 0 with B(z,p) C T c . If we had p(f~ 1 (B(z,p))) > 0, 
this would give, with E = / -1 ( B(z , p )) , Ie G T. However, we have 


1 

h(E) 



( B ( Z ,P)) 


fdp 


P(E) 


1 f~AB(z,p )) 


(/ - z)dp + 2 , 
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and since 

1 /' < t \a ^ P^ E ) 

/ (/ - z > d P < Tirr = p > 

/H-®) J/-i(B(z,p)) M-E) 

this would imply |z — T| < p, which contradicts B(z,p) C T c . Consequently, 
p{f~ l {B{z, p))) = 0. Since the open set T c is a countable union of closed balls, 
this implies that ^i(/ _1 (T c )) = 0. 

N.B. The assumption p{X) < +oo can be replaced by u-finiteness: assuming (f) 
for all E with positive finite measure, we get from the previous result that, for 
X = UkenXk, p(X k ) < +oo, since 

{x £ X , f(x) £ T c } = U ken {x £ X k , f{x) £ T c } 

each {a? £ X*,, f(x) £ T c } has 0 measure, as well as f~ 1 {T c ). 

Exercise 1.9.31. Let (X, A i,p) be a measure space where p is a positive measure 
and let (E k ) k > l be a sequence in M. such that ^ fc>1 Pi E k) < +oo. Prove that 

(|) U ra >o{a; £ X,x belongs to n subsets E k } 

has a complement with measure 0, i.e., almost all x lie in at most finitely many E k . 

Answer. The complement of the set (f) is F = fl n >o(u k>nE k ) : In fact if x belongs 
to infinitely many E k , for each n > 0, there exists k > n with x £ E k ] conversely, 
any x £ F belongs to infinitely many E k . We have 

p(F) < p(U k> nE k ) < V A i(E k ) — > 0, 

z ' n— >+oo 


proving p(F) = 0. 



Chapter 2 

Actual Construction 
of Measure Spaces 


In the previous chapter, we gave a presentation of integration theory along 
with convergence theorems and a functional space for integrable functions. All 
this seems to be very satisfactory, except for the fact that we do not have many 
examples: the counting measure is an example and its version on N is certainly a 
good way to present series and the space ^(N) of summable sequences of complex 
numbers (a„)„ e N (i.e., such that X^eNl a «l < +°°)- 

However, our most important example is the construction of the Borel mea- 
sure, defined on the Borel subsets of R, such that fi([a,b]) = b — a for a < b 
real numbers. Everything remains to be done for this example: construction of 
such an object, proof of its uniqueness, various properties. The present chapter is 
essentially devoted to this construction. 


2.1 Partitions of unity 

Let X be a topological space and let f : X — > C be a continuous function. We 
define the support of / as the set 

supp / = {x £ X, flV £ Y x such that f\ v = 0 }. (2.1.1) 

We note that supp / = {x £ X, f(x) ^ 0}: since (A) c = int(A°), we have 

x {x £ X, f(x) ± 0} 4=> x £ int{a: £ X, /( x) = 0} 4=> 3V £ %, f\ v = 0, 

which defines the complement of supp/. As a result supp / is a closed subset of 
X since (supp f) c is the union of open sets on which / = 0. 

The vector space of continuous functions from X into C with compact support 
will be denoted by C c (X). For / £ C c (X), we have, if supp / ^ X , 

f(X) = /(supp/) U{0} 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers , 
DOI 10.1007/978-3-0348-0694-7 2, © Springer Basel 2014 
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and since the continuous image of the compact set supp/ is compact, so is f(X). 
If / € C c (X) and supp / = X, then X is compact and so is its image f{X). 

Lemma 2.1.1. Let (X,d) be a metric space and let A be a non-empty subset of X. 
For x € X , we set 

d(x,A) = inf d(x,a). (2-1.2) 

aeA 

The function d(-,A) is Lipschitz continuous with Lipschitz constant < 1, i.e., 
\d(xi,A) — d(x 2 ,A)\ < d(xi,X 2 )- That property implies uniform continuity for 
d(-,A). Moreover 

A = {x £ X, d(x, A) = 0 }. 

Proof of the lemma. For x\ £ X and e > 0, there exists a € A such that 
d(xi,A) < d(x±, a) < d(x ± , A) + e. 

Thus for X 2 £ X, we have d( X 2 , A)—d(xi,A) < d{x 2 ,a)—d{x\ 1 a)+e < d( X 2 ,Xi)+e, 
so that 

d(x 2 , A) - d(xi,A) < d(x 2 ,xi). 

Switching x\ with X 2 , we get the sought \d(x 2 ,A) — d(x±, A)| < d( X 2 ,x±). The 
set {a? £ X,d(x,A) = 0} is closed (since d(-,A) is continuous) and contains A, 
thus contains A. Also, if d(x, A) = 0 , there is a sequence (ak)k & n in A such that 
linifc d(x, ak) =0, entailing lim^- ak = x and x & A. □ 

Proposition 2.1.2. Let (X. d) be a locally compact metric space. 

(1) Let A,B be disjoint non-empty closed subsets of X . Then, for all x £ X, 
d{x,A) + d(x,B) > 0 and the function ipA.B defined on X by 


4>a,b(x) = 


d(x, B) 

d(x, A) + d(x, B) 


1, for x € A, 
0, for x £ B, 


(2.1.3) 


belongs to C(X ; [0, 1]) and is supported in B c . 

(2) Let LI be an open subset of X and let K be a compact subset of LI. Then 0 < 
d{K,Ll c ) = inf xe x,y£fi c d(x,y). Moreover there exists a function ip £ C c (X) 
such that 

0<ip<l, p>\k = 1) supp ip C LI. 

The function <p can be chosen to be identically 1 on a neighborhood of K. 

Proof of Proposition 2.1.2. (1) From Lemma 2.1.1, we see that d(x, A) + d(x, B) > 
0 and vanishes if and only if x £ A fl B = A D B = 0 . If i/ja,b{x) 0, then x ^ B, 
thus SUpp 1pA,B C B c . 

(2) Since K is a compact subset of LI, we have 

e 0 = inf d(x,y) = d(K,Ll c ) > 0, 
x£K, y(£Q 


(2-1.4) 
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otherwise, we could find sequences Xk £ A', and yu £ fl c such that lirri/ c d(xk,yk) = 
0. Since AT is a compact subset of X, we may find a subsequence (xk,)i^n with 
limit x £ K. Since the sequence dfyk , , Xfc, ) converges to 0, we get, using that fl c 
is closed, 

9 lim yk t = x € K, 

which contradicts K C fl. Since X is locally compact, every point has a compact 
neighborhood: this implies that 

Mx £ Q, 3r(x) > 0, B(x,r(x)) is compact C f2. 

Since K is compact and K C H x ^kB{x, r(x)) , we can find a finite set (xj) i<j<jv 
with 


K c Ui <j<NB(xj,r(xj)) = C Ui<j<NB(xj,r(xj)) C ft. (2.1.5) 

°^ en —L compact 

Using the notation (2.1.3) we define <p = ipK,u c '- this is a continuous function, 
valued in [0, 1], equal to 1 on AT, supported in U which is a compact subset of Q 
from (2.1.5). Note that applying this result to the compact set L, a subset of the 
open set ft, we find a new function (p £ C c (X; [0, 1]), suppyj C ft, (p = 1 on L 
which is a neighborhood of K from the first inclusion in (2.1.5). □ 

Theorem 2.1.3. Let (X, d) be a locally compact metric space, let fli, . . . , fl n be open 
subsets of X and let K be a compact set with K C fli U • • • U ft n . Then for each 
j £ {1, . . . , n}, there exists a function ifj £ C c {flj\ [0, 1]) such that Xu <j< n V’j £ 
[0, 1]) and 

1= X) ^\ k - 

l<j<n 

We shall say that (■ ipj)i<j< n is a partition of unity on K, attached to (flj)i<j< n - 
In particular, for 9 £ C c (Ui<j< n flj), using the previous result for K = supp0, 
we get 

9 = "^2 Qji w dh 9j = 9tfj £ C c (flj). 

l<j<n 

Remark 2.1.4. The reader will see in Exercise 2.8.2 that this theorem can be 
extended to the case of a locally compact topological space. On the other hand, 
Exercise 2.8.8 deals with the framework, and provides smooth partitions. 

Proof. The case n = 1 is dealt with in Proposition 2.1.2. For all x £ AT, there 
exists r(x) > 0 such that AT C U je jfB(i,r(i)), where the closed ball B c (x,r(x)) 
is included in one of the f lj. Applying the Borel-Lebesgue Lemma, we get 

K c Ui <i< N B(xi,r(xi)) C Lb <i< N B c (xi,r{xi)), 
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and defining 

Kj = (J (^B c (xi,r(xi))rK^, 

1<1<N, 

B c (xi,r(xi))<ZQ.j 

we find K C Ui with Kj compact C Clj. Applying now Proposition 2.1.2, 
we find ipj G C c (Clj\ [0, 1]) such that = 1. We set then 

V’t = <pi, 

= (1 - ¥>l)<£2, 


tp n = (1 - Ifii) ... (1 - <p n -l)iPn- 
We have ipj £ C c (flj; [0, 1]) and inductively on n, the identity 

E V>i = l- II (!-^)- (2-1-6) 

l<j<n 1 <j<n 

In fact (2.1.6) holds for n = 1 and supposing it for some n > 1, we get 

e vi? = 1 - n ( x - <£*) + Pn+i n ( x _ = 1 ~ n ^ _ p)- 

l<j<n+l l<j<n l<j<n l<j<n+l 


Equalities (2.1.6) and the previous one prove in particular that Y^i<j< n V’j as well 
as each tf)j are valued in [0,1] since it is the case for each < pj. As a result, we 
have K C Ui<j<„A7 y C Ui<j<„{^ = 1} C (Z)i<j<„ i’j = 1}, concluding the 
proof. □ 


2.2 The Riesz-Markov representation theorem 

The results presented in this section concern a theorem proven by the Hungarian 
mathematician Frigyes Riesz (1880-1956) and by Andrei Markov (1856-1922), a 
Russian mathematician; we follow the presentation of Walter Rudin (1921-2010). 
The starting point is natural, although the proof has some technical aspects: it is 
not difficult to define the integral of compactly supported continuous functions, 
either directly or using the well-broomed Riemann theory of integration. In that 
case, using traditional notation, the mapping 

d c (R m ) 9 / -► / f(x)dx 
J R m 

is a linear form which is positive in the sense that the integral of a non-negative 
function is also non-negative. The theorem says that it is possible to construct 
a measure space (M. m ,B m , fi), where B m is the Borel a - algebra of R m , so that 
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L 1 (^i) D C c (R m ) where f Rm fd p = f Rm f(x)dx for / S C c (]R m ). This is an exten- 
sion of a Radon measure (continuous linear functional on C c (]R m )), which can be 
done also replacing R m by a locally compact Hausdorff topological space; here we 
shall limit ourselves to locally compact metric spaces. A drawback of this point of 
view is that it uses heavily some topological structure on the base space. A purely 
set-theoretic extension could be implemented and we shall present later in this 
chapter that different approach. 

Theorem 2.2.1. Let (X,d) be a locally compact metric space. Let L : C c (X) — > C 
be a positive linear form ( i.e ., such that f > 0 ==T Lf > 0 ; L is said to be a positive 
Radon measure 1 on X). Then there exists a a -algebra Ai on X, containing the 
Borel a-algebra Bx, and a unique measure p defined on Ai such that the following 
properties hold. 

(1) V/eC c (X), Lf = J x f dp. 

(2) \/K compact C X , p(K) < +oo. 

(3) VE £ Ai, p{E) = inf {p(V), V open D E} ( outer regularity) . 

(4) \/E £O x U{E £ M,p(E) < -Too}, 

p{E) = sup {fi(K),K compact C E} ( inner regularity). 

(5) \/E £ Ai such that p{E) = 0, A C E implies A £ Ai ( the a-algebra At will 
be said p-complete). 

N.B. Let us note that (1) is meaningful since a function / in C c (X) is Borel 
measurable, so that the inverse image of a Borelian of C belongs to Bx C Ai, 
proving the measurability of /. Moreover, since / is compactly supported, the 
inequality |/| < l A 'Sup|/| and (2) imply / £ C 1 ^). 

Pi'oof of the theorem, Uniqueness. Since p satisfies (4) and open subsets are Bore- 
lian, we have for V open, p(V) = sup {p(K), K compact C V}. Property (3) shows 
then that p is completely determined by its values on compact subsets of X. Let 
pi , p 2 be two positive measures defined on a er-algebra Ai containing Bx and sat- 
isfying (1-2-3-4). Let K be a compact subset of X. From (2), (3), we get that for 
all e > 0, there exists an open set V e D K such that 

h2{K) < p 2 (V e ) < p 2 (K) + e. 

Let ip £ C c (V e ; [0, 1]) so that <p \ K = 1 (cf. Proposition 2.1.2). We have 


Pi(K) = / lxdpi < / ipdpi = Lip 
Jx Jx 

= / <pdp 2 < / 1 Ve dp 2 = h 2 (V e ) < p 2 (K) + e, 
Jx Jx 


1 cf. (2.8.7), (2.8.8) in Exercise 2.8.3. 
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which implies pi(K) < p 2 (K). Switching pi with p 2 , we get P 2 (K) = Pi{K), 
proving uniqueness. 

Proof of the theorem, Existence. We shall now construct p and Ai : 

for V an open set, we define p(V) = sup{L<p, T 6 C c (V; [0, 1])}, (2.2.1) 
for any subset E C X, we define p*(E) = inf{/z(V), Vopen D E}. (2.2.2) 

We define also 

M F = {ECX, p*{E)<+oo, p*{E) = sup (2.2.3) 

K compacted 

M = {E C X, \/K compact, K D E £ M F }. (2.2.4) 


Lemma 2.2.2. The mappings p and p* are valued in R+. IfV\ C V 2 are open sets, 
then p(V 1 ) < p(V 2 ). IfV is open, then p(V) = p*{ V). Moreover p(0) = 0. 

Proof. Since Lip € M+ for tp £ C c (X ; [0, 1]), we have p(V) £ K+ and thus the same 
for p*(E). If Vi C V 2 are open, the inclusion C c (V [0, 1]) C C c (V 2 ; [0, 1]) implies 
p(y 1 ) < p(V 2 ). For V open, we have p(V) = p*(V) since whenever W open D V, 
we have p(V) < p(W) so that p*(V) < p(V) < p*(V). The last property follows 
from the very definition of 

C c (V; [0, 1]) = {p : X — > [0, 1] , continuous, suppy> compact C V}. 

When V = 0, ip £ C c (V; [0, 1]) implies supp ip = 0, so that <p = 0 and thus Lip = 0, 
entailing p(0) = 0. □ 

The a- additivity of p* on V{X) does not hold in general 2 , but we shall prove 
that it holds on a a - algebra containing Bx- 

Lemma 2.2.3. The mapping p* defined by (2.2.2) is increasing. Moreover, {E C 
X,p*(E) = 0} C A4 fl M.f- Also, p*{E) = 0 implies V(E) c A4. 

Proof. If B D A, we have 


{V open D B} C { V open Di} = 

p*(B) = 


v nA p(V)> inf p(V) = p* (A). 

V/open Di? V open Zf)A 


Moreover if p*(E) = 0, then E £ M fl Mf', in fact if K C E is a compact subset 
of X, we have p*{K) = 0 by nronotonicity, so that E £ A4p- Also E £ Ad since 
for K compact p*(K fl E) < p*{E) = 0 so that K n E £ A4 f, from the above 
argument. Moreover, if A C E and p*{E) = 0, then p*(A) = 0 and A £ A4. □ 

2 It is for instance possible to prove that there does not exist a positive measure defined on 
■p(M m ) which would coincide with the ordinary volume on compact rectangles rii<j<n[ a J> & i]- 
As a matter of fact, this impossibility is the initial reason for the introduction of the notion of 
cr-algebra, to restrict the measure first to Borel sets, then to the completed cr-algebra, i.e., the 
cr-algebra generated by Bm and the subsets of sets with measure 0 (see Exercise 2.8.13). 
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Note also the monotonicity of L: for f < g £ C c (X;R) then 

Lg = L(g -/ + /) = L(g — f) + Lf > Lf. 

Definition 2.2.4. Let X be a set and v : V{X) — > K+ be a mapping. We shall say 
that v is an outer measure on X whenever 

K0) =0, (2.2.5) 

A c B c X => u(A) < v(B), (2.2.6) 

for a sequence in V(X), z/(U j^nEj) < E^)- ( 2 - 2J ) 

ieN 

The last property is called countable subadditivity. 

Lemma 2.2.5. Let L be a positive Radon measure on X and p, p* defined respec- 
tively on the open sets and on V{X) by (2.2.1), (2.2.2). Then p* is an outer 
measure on X. 

Proof. Property (2.2.5) follows from Lemma 2.2.2 and Property (2.2.6) from Lem- 
ma 2.2.3. Let us prove countable subadditivity for p* . Let Vi, V2 be open subsets 
of X and V = V\ U V2 . We have defined 

p{V) = sup Lip. 

vec c (v-,[ 0,1]) 

If p £ C c (V;[ 0,1]) and K = supp <p. Theorem 2.1.3 implies that we can find 
0j £ C c (Vj-, [ 0 , 1]), j = 1,2, such that 9\ + 62 = 1 on K. As a result, we get 
p = 9\ip + O 2 P, so that with ipj = 0 j<p, 

Lp = Lpi + Lip 2 < sup L(f> 1 + sup Lfc = p{V\) + p{V2), 

0iSC c (Vi;[O,l]) 02eCc(V 2 ;[O,l]) 

entailing p{\ \ U V2 ) < p(V 1 ) + p(\ 2). Inductively on N, we get for Vi,...,Vn 
open, 

MUi<fc<JvVfc) < E h'iVk)- (2.2.8) 

l<fc<AT 

To prove the lemma, we may assume that for all j, p*(Ej) < +00 (otherwise the 
result is obvious). From (2.2.2), we obtain for all e > 0, for all j £ N, the existence 
of an open set V e j D Ej such that 

p*{Ej) < p{V ed ) < p*(Ej) + 62 -J” 1 . 

We set then V e = Uj e ^V e j (an open set) and consider ip £ C c (V e ; [0, 1]). Since the 
support of p is compact, there exists N £ N such that p £ C c (Uo<j<NV e j; [0, 1]). 
Consequently, from the definition (2.2.1) and (2.2.8) we get 

Lp < p(l) 0 <j< N V e j) < E M(K,j) 

0 <j<N 

< E E(^)+e2-^ 1 ) <e + EW 

0 <j<N j£ N 
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As a result since p* is increasing and U j^nEj C V € , we have for all e > 0, 


M*(U jenEj) < p*{V e ) = p(V e ) = sup Lp < e + ") ^p*{Ej), 

¥’6C' c (V e ;[0,l]) ■pjj 


implying (2.2.7). □ 

Lemma 2.2.6. Let L be a positive Radon measure on X and p, p* defined respec- 
tively on the open sets and on V{X) by (2.2.1), (2.2.2). Then, all compact subsets 
of X belong to M.f; more precisely for K compact in X, 


p*(K) = inf {Lip, ip G C c {X ; [0, 1]), p ]K = 1}. 


(2.2.9) 


Proof. Let K be a compact subset of X, ip G C c (X ; [0, 1]), p\ K = 1 and 1 > e > 0. 
The set V e = {x G X, ip{x) > 1 — e} is open and contains K. For ip G C c (V e ; [0, 1]), 
we have 

(1 - e)ip < (1 - e)ly e < p, 

so that from the monotonicity of L and the definition of p* , we get 

p*{K)<p*(V e ) = p(V e )= sup Lip < (1 — e)~ 1 L<p. (2.2.10) 

bec c (v e ,[ o,i]) 

This implies p*(K) < Lip < +oo so that, since we have trivially by monotonicity 
p*(K) < sup P*{L ) < p*(K), and thus eciuality, 

L compact C K 


we get K G Mf- Moreover from (2.2.10), we get also 

p*(K) < inf Lip. 

ip£Cc(X, [0,1]), ip\K = l 


( 2 . 2 . 11 ) 


To prove that (2.2.11) is an equality, we note, using p*(K) < +oo, that for all e > 
0, there exists an open set W e containing K such that p*(K) < p(W e ) < p*(K)+e. 
Using Proposition 2.1.2, we find p G C c (W e ; [0, 1]), p\ K = 1. Consequently, for all 
e > 0, we find Lp < p(W e ) < p*{K) + e, entailing 


inf Lp < p*(K) + e, 

ip£C c (X,[ 0,1]), tp\K = l 


and the result of the lemma. □ 

Lemma 2.2.7. Let L be a positive Radon measure on X and p , p* defined respec- 
tively on the open sets and on V(X) by (2.2.1), (2.2.2). Then any open set V is 
such that 

p(V) = sup p*{K). (2.2.12) 

K compact C V 

In particular A4 f contains all the open sets V such that p(V) < +oo. 
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Proof. We assume first p(V) < +oo. For all e > 0, there exists <p e £ C c (V; [0, 1]) 
such that 

H(V) - e < Lip t < p(V). 

Considering the compact set K e = supp^? e C V and W open containing K e , we 
have ip £ £ C c (W; [0, 1]) and thus Lip e < p(W), which implies 

Life < inf p(W) = 

W open D K e 

Using nronotonicity, this implies (2.2.12): 

H(V) - e < p*(K e ) < sup p*{K)<p(V). 

K compact C V 

Moreover, for V open such that p(V) < +oo, we have proven 
p(V) = sup H*(K), i.e., V £ Mf- 

K compact C V 

If p(V) = +oo, we can find a sequence ipk £ C c (V ; [0, 1]) such that Lipk > k. Con- 
sidering Kk = supp (fik C V and W open containing Ad , we have <pk £ C c (W; [0, 1]) 
so that 

Lipk < v(W) => Lifik < inf p{W) = H*{Kk)- 

W open D K 

This implies lim*, p*(Kk) = +oo and (2.2.12) in that case. □ 

Lemma 2.2.8. Let L be a positive Radon measure on X and p, p* defined respec- 
tively on the open sets and on V{X) by (2.2.1), (2.2.2). Let be a pairwise 

disjoint sequence in A4 f: then, 

= (2.2.13) 

ieN 

Whenever p*(U j^Efi) < +oo, we have U £ Air- 

Proof. We note first that for disjoint compact sets K\, K 2l we have 

p*(R\ U K 2 ) = n*{K x ) + p*{K 2 ). (2.2.14) 

In fact, we have Ki C open and we may find <p £ C c (K 2 ; [0, 1]) such that 
<P\k-i = 1- From Lemma 2.2.6, for all e > 0, there exists ip e such that '4>e\K 1 uK 2 = 1> 
4> e £ C c (X; [0, 1] with 

p*{K\ U I< 2 ) < Lif e < U K 2 ) + e. 

Moreover, we have <pif e \ Kl = 1 and (1 — <p)ipe\K 2 = 1. As a result for all e > 0, 

Lemma 2.2.6 

R*{K\) + p*(K 2 ) < L(iptp e ) + L((l - = L(V’e) 

< p* (Ad U Ad) + e < p* (Ad) + p* (K 2 ) + e, 

Lemma 2.2.5 
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providing (2.2.14). Let us return to the proof of the lemma. Since Lennna 2.2.5 
provides an inequality when /z*(U j e ^Ej) = +oo, we get the result in that case. 
Let us assume now that /z*(U jenEj) < +oo and let e > 0. As Ej € Mf, we may 
find compact sets K e j C Ej such that 

//(£,) - e2- J_1 < v?(K eij ) < n*(Ej). 

As a result, for any N £ N, 


monotonicity 

M*(U jenEj) > n*(\Jo<j<NKe,j) 

compact 
pairwise disjoint 


(2.2.14) and 
induction on N 


E M- 

0<j<iV 


(K e 


0<j<N 


proving the first assertion in the lemma. Let us now show that E = U je^Ej € Mf- 
Since the series XqeN = L*(E) converges, for all e > 0, there exists N e such 

that 


compact C E 

p*(E)-e< Y V*(Ej)<e+ Y = e + M*(Uo <j<N.K et3 ). 

0<j<N e 0 <j<N e 

Consequently, we have 


monotonicity 

H*(E) <2e + /j,*(Uo<j<N e K e j) <2e+ sup /x*(iC) < 2 e + p*(E), 

K compact C E 

concluding the proof of Lemma 2.2.8. □ 

Lemma 2.2.9. Let L be a positive Radon measure on X and p, p* defined respec- 
tively on the open sets and on V(X) by (2.2.1), (2.2.2). Let E,A±,A 2 € A4f- 
Then 

(1) Ve > 0, 3 K e compact, 3V e open such that K e C E C V e , and p(V e \K e ) < e. 

(2) Ai \ A.2 , A 1 UA 2 , A\C\A2&M.f- 

Proof. From the definition of A4 f , we have 

p*{E ) < + 00 , inf p{V) = p*{E) = sup p*(K). 

V open D E f compact C E 

As a result for all e > 0, there exists a compact set K e C E and an open set 
V € D E such that 


P*(E) - e/3 < p*(K e ) < p*(E) < p(V e ) < p*{E) + e/3. 



2.2. The Riesz-Markov representation theorem 


77 


Since V e \K e is an open set such that ^ i(V e \K e ) < +oo, we find using Lemma 2.2.7 
that V e \K e £ A4 f- Lemmas 2. 2. 8-2. 2. 6 provide now 

H*(V e \K e ) + = fi(V e ) < p*(E) + e/3 =► »*{V e \K e ) < 2c/3, 

proving (1). Using that result, we find for Ai,A 2 £ Air 

Kj compact C Aj C Vj open, fi(Vj\Kj) < e. 

Since Ai\A 2 C Vi\K 2 C (Vl\A'i) U (Ki\V 2 ) U (V 2 \K 2 ), 3 Lemma 2.2.5 gives 

^*(A 1 \A 2 )<2e + p*(K 1 \V 2 ), 

and since K\\V 2 is a compact set C Ai\A 2 , we find Ai\A 2 £ Mf- Moreover the 
equality A\ U A 2 = (Ai/A^) U A 2 and Lemma 2.2.8 give Ai U A 2 £ A4f- Also the 
identity 

A\ fl A 2 — A\ \ (Ai\A.2) 

£Mf GMf 

and the beginning of our proof shows that A\ fl A 2 £ Mf- □ 

Lemma 2.2.10. Let L be a positive Radon measure on X and p, //* defined respec- 
tively on the open sets and on T{X) by (2.2.1), (2.2.2). Then A4 defined in (2.2.4) 
is a a-algebra on X containing the Borel a-algebra Bx- 

Proof. Let K be a compact subset of X and A £ Ai. Then we have 

A c fiA' = K\A = K\(A n K), 

and since K£ Ad f (Lemma 2.2.6) and A(lK£ Ai f (assumption A £ M), we find, 
from Lemma 2.2.9 that A c fl K£ AIf, implying A c £ Ai. Moreover if (Aj)j> \ is 
a sequence of Ai and K is a compact set, we have, 

(Uj> 1 A j )nK= U { (Ajv n AT)\ [Ur< j<JV (Aj n AT)] } . 

N>1 

Since our assumption implies Aj fl K £ Aip, we get from Lemma 2.2.9 that for 
all N, 

( A n n K)\[\Ji< j<N (Aj n K )] £ A4f- 

But these sets are pairwise disjoint with union AC\K (A = VJj>\Aj), with a finite 
outer measure since /A (A fl K) < n*(K) < +oo. We may thus apply Lemma 

3 We have W\Xi C (Xi\X 2 ) U (X 2 \X 3 ) U (X 3 \X 4 ) since 

Xi\x 4 = Xi n x% = (Xi n x% n x$) u (Xi n x% n x 2 ) 

c (Xi\x 2 ) u (Xi n x% n x 2 n x%) u (Xi n x% n x 2 n x 3 ) 

C (Xi\X 2 ) u (x 2 \x 3 ) u (X 3 \X 4 ). 
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2.2.8, proving An K £ Mf and thus A £ M. Moreover for F closed, F fl K 
is compact thus belonging to Mf, implying F £ Ad. In particular X belongs to 
Ad. Finally, Ad is a er-algebra on X containing the closed sets, thus the Borel 
cr-algebra Bx ■ □ 

Lemma 2.2.11. Let L be a positive Radon measure on X and pi, pi* defined respec- 
tively on the open sets and on V{X) by (2.2.1), (2.2.2). With Mf and M defined 
in (2.2.3), (2.2.4), we have 

M f = {E£M, pi* (E) < -poo}. 

Proof. Let E £ Mf and K compact. Lemmas 2. 2. 6-2. 2. 9 show that K,E fl K £ 
Mf, which implies E £ Ad. Conversely, if E £ Ad and pi*{E) < +oo, there exists 
V open D E such that pi(V) < +oo and from Lemma 2.2.7, V £ Mf- Using 
Lemma 2.2.9, we find that for all e > 0, there exists K compact such that K C V 
and pi(V\K) < e. Since we have assumed E C\ K £ Mf, there exists a compact 
set L C E fl K such that 

pi*(E n K) — e < pi*(L) < pi*(E n K). 

Moreover we have E C (E fl K) U (V\K), thus we find from Lemma 2.2.8, 

£Mf GMf 

pi*{E) < pi*(EnK) + pi*{V\K) < pi*(L) + 2e < pi*(EnK) + 2e < pi*(E) + 2e, 
entailing E £ Mf- □ 

Lemma 2.2.12. Let L be a positive Radon measure on X and pi, pi* defined respec- 
tively on the open sets and on V{X) by (2.2.1), (2.2.2). Then with M defined in 
(2.2.4), pi* is a positive measure defined on the cr-algebra M, and denoting the 
measure space ( X,M,pi *) by ( X,M,pi ), we findVip £ C c (X), Lip = J x ipdpi. 

Proof. We have proven in Lemma 2.2.2 that pi*(f/>) = /j( 0) = 0. Let (Ej)j>i be a 
pairwise disjoint sequence in Ad. If there exists jo > 1 such that pi*(Ej 0 ) = +oo, 
we obtain the result for the cr-additivity since pi*(Ej 0 ) < pi*(Uj>iEj). We may 
thus suppose that Vj > 1 ,pi*(Ej) < +oo. From Lemma 2.2.11, Vj > 1 ,Ej £ Mf 
and Lemma 2.2.8 gives the result. To obtain the second property, we may assume 
that ip is real valued and we have only to prove that Lip < J x ipdpi since we shall 
deduce from this 

— L(ip ) = L(—ip) < / — ipdpi = — ipdpi => Lip > / ipdpi. 

Jx Jx Jx 

We note also C c (X) C C l (pi), since for ip £ C c {X), we have 

\ip\ < sup|p|l supp ^ 


because suppp? is compact, implying /i(supp <p) < +oo, and moreover, ip is mea- 
surable since Ad contains the Borel a- algebra. Let us then consider ip real- valued 
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£ C c (X) with compact support K such that <p(X) C [a, b] and let e > 0 be given. 
We consider (■ yj)i<j<N real numbers such that 

2/o < a < < • • • < y N = b, 0 < y j+1 - yj < e. 

We define Ej = {x £ K, yj-i < ip(x) < yj}, 1 < j < N. The sets Ej are pairwise 
disjoint Borel sets with union K. Consequently, there exist some open sets V ) D Ej 
such that 

y{E j )<y{V j )<VL{E j ) + ^. (2.2.15) 

We consider the open sets W :/ = Vj n {x € X, ip(x) < yj + e} D Ej. We have 

n{Wj) < y(Vj) < n(Ej) + — , K = Ui <j<NEj C Ui <j<NWj. (2.2.16) 

From Theorem 2.1.3 on partitions of unity, we find some functions ijjj belonging 
to C c (Wj;[ 0,1]) such that on K, Ei<j<jv Vb = 1, implying <p = J2 i<j<n ''PjV- 
From Lemma 2.2.6 we get 

kk) <i( E = E ( 2 - 2 - 17 ) 

and since tpjip < (yj + e)ipj with 

— L( E < 

1 <j<N 


(using (2.2.1) and (2.2.17)) < 

(using (2.2.16)) < 

Consequently, we obtain for all e 

L E< E 

1 <j<N 1 <j<N 

= e\a\ + ^2 (Vj + e ) (mC®?) + y) 

l<j<iV 

(and since on Ej,yj _ i < (p => yj + £ < yj-i + 2s < ip + 2s) 

< e|a| + ^ ( / (</? + 2 e)dy + e(6 + e) 

l<j<N jE i 

<e(|a| + & + e)+ / <pdy + 2ey(K), 

Jx 


l<j<N 1 <j<iV 

yj — e < cp(x) for x £ Ej, we get 

L ( E (%+ e )V’i)= E ( Vj + e ) L 


l<j<N 

E (N + % + e ) - i a i E 

i<i<JV ' T* , . ' i<i<iv 

—yj — a+e+a+|a|>0 

E (M + yj + e )M(wi) - 

i <?<iv 

E (M + % + e )(M(^j) + jj) - \a\n(K). 

l<j<N 

> 0 , 

(|a| + yj + e) (//(£,-) + -^) - |a| E M-Ej) 


i<i<Ar 


so that Lp < f x ipdy. 


□ 
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We have thus proven that (X, M , p) is a measure space where /x is a positive 
measure so that A4 D Bx ■ Property (1) in Theorem 2.2.1 follows from Lemma 
2.2.12, Property (2) from Lemma 2.2.6, Property (3) from (2.2.2), Property (4) for 
open sets from Lemma 2.2.7, Property (4) for sets Eg Ai with p(E) < +oo, from 
Lemma 2.2.11 and Property (5) is proven in Lemma 2.2.3. The proof of Theorem 
2.2.1 is complete. 

Definition 2.2.13. Let X be a locally compact metric space, Bx its Borel cr-algebra, 
and let (X,Bx,p) be a measure space where /i is a positive measure. When the 
measure p, is finite on the compact sets, we shall say that /x is a positive Borel 
measure on X. When Property (3) (resp. (4)) in Theorem 2.2.1 is satisfied for all 
E G Bx, we shall say that /x is outer regular (resp. inner regular); /x will be said 
regular when both properties hold. 

Theorem 2.2.14. Let (X, d) be a locally compact metric space which is also a- 
compact (i.e., countable union of compact sets), let L : C c (X) — > C be a positive 
linear form and let (X, A i,p) be the measure space given by Theorem 2.2.1. The 
following additional properties hold. 

(1) p is a regular Borel measure on X. 

(2) For E G Ai and e > 0, there exists V, F such that 

F closed C Eg V open, p(V\F) < e. 

(3) E belongs to Ai if and only if there exists an F a set ( countable union of 
closed sets) A, and a Gs set B ( countable intersection of open sets), such 
that 

AcEcB, and n(B\A) = 0. (2.2.18) 

We start with the proof of (2). Let I<n be a sequence of compact sets with X = 
Un>iKn ■ We have 

h(KnL\E) < /x(ifjv) < +oo. 

monotonicity (2) in Th. 2.2.1 

From (2.2.2) there exists Vn open such that Vn D Km D E such that 

H(K n n E) < n(V N ) < h(K n nE) + e2~ N ~ 2 . 

Since E,Vn,Km G M, we have h(Vn\(Km OF)) < e2~ N ~ 2 and with the open 
set V = Ujv>iV)v A E, 


h(y\E) = ix(U n >i(V n \E)) < m(uat>i (Vm\{E n -ftbv))) 

< ^/i(WnA' w ))<6/4. 

N>1 
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Applying this to E c , we find an open set W D E c such that p(W\E c ) < e/4. 
Finally we get 

F = W c closed C EcV, p(V\E) < e/4, n(E\F) = p(W\E c ) < e/4, 
implying the result. 

Let us now prove (1). Outer regularity and finiteness on compact sets follow from 
Theorem 2.2.1. To get inner regularity, we have only to check Property (4) of 
Theorem 2.2.1 for Borel sets with infinite measure. Let £ be a Borel set with 
infinite measure: from the already proven (2), there exists 

F\ closed C E cV\ open, p(V\\Fi) < 1. 

Since p(E) = fi(E\Fi) + p(Fi) < 1 + n{Fi), we have p(Fi) = +oo. We consider 
now the closed set i 7 ) = Ujv>i(-Fi fl-K/v). Then from Proposition 1.4.4 (2), we find 

n{Fi 0 (Ui<j<jvA/j)) f M-Fi) = +oo> 

s v ' AT-J.+00 

Ln compacted 


so that lirryv /i(L,y) = +oo, providing Property (1) of Theorem 2.2.14. 

We are left with the proof of (3). Let E be in A4. From the already proven (2) in 
this theorem, for all integers j > 1, there exists a closed set Fj and an open set 
Vj such that Fj C E C Vj with fi(Vj\Fj) < l/j. We get then 


A = Uj>iFj c E c r\j>!Vj = B, 


and for all j > 1, p(B\A) < p(Vj\Fj) < l/j , implying p(B\A) = 0 and the first 
part of the statement. Conversely, if (2.2.18) holds, we have 

E = ( E\A ) U A, E\A c B\A, 

and since the cr-algebra M is complete, we have E\A £ M as a subset of the 
negligible Borel set B\A £ Bx C M, entailing finally E £ M. □ 

Remark 2.2.15. 

(1) The Riesz-Markov representation Theorem 2.2.1 remains true when X is a 
locally compact Hausdorff topological space. Theorems on partition of unity 
must be proven in that framework and require some effort (see Exercise 2.8.2). 

(2) Theorem 2.2.14 is true when X is a locally compact Hausdorff topological 
space which is a-compact. 

(3) Let us also note that a positive linear form on C c (X) is continuous (cf. 
Exercise 2.8.3). 
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2.3 Producing positive Radon measures 


After the proof of the Riesz-Markov Theorem 2.2.1, we are in a good position 
to produce some significant examples of measure spaces, in particular of Borel 
measures on R m . However, we still need to provide a positive Radon measure to 
apply the theorem. A standard way of doing this is to use another classical theory 
of integration, due to Bernhard Riemann, but it is certainly overkilling since we 
only need a Radon measure, that is integrating continuous functions with compact 
support. We shall see here that for this sole purpose, it is not necessary to resort 
to another integration theory. 

Proposition 2.3.1. Let a < b be real numbers. For f £ C([a,b]) ( real-valued, con- 
tinuous functions defined on [a, b ]), there exists a unique differentiable function F 
defined on [a, b] such that 


F(a) — 0, Vx C [a, b], F'(x) = f(x). (2.3.1) 

We shall note that unique solution as F(x) = f x f(t)dt. The mapping 

f b 

C([a,b]) B f i— » / f(t)dt is a positive linear form. 

J a 

Moreover, defining for f £ C([a, b]), J“ f(t)dt = — f(t)dt, we find Chasles’ 
identity, 

pb pc pc 

/ f{t)dt + / f(t)dt = / f(t)dt , (2.3.2) 

J a J b J a 

for f £ C(I), where I is an interval containing a, b, c. If f £ C c (R), with supp / C 

[a, b] we define / f{t)dt = / f{t)dt and we have, for all s £ R, 

J R J a 

[ f(t - s)dt = [ f(t)dt (2.3.3) 

Jr Jr 

Proof. We note first that the mean value theorem and (2.3.1) imply 


sup |F(x)| < (b — a) sup |/(a;)|. (2.3.4) 

x€[a,b ] x(i.[a,b) 

Let us prove first uniqueness. If F, G are differentiable on [a, b } and satisfy (2.3.1) 
then (F — G)' = 0 on [a, b\ and the mean value theorem implies Vx £ [ a,b ], 
F(x) — G(x) = F(a) — G(a ) = 0. Moreover, if {f n )ne N is a sequence of continuous 
functions converging uniformly towards / on [a, b], such that for all n £ N, there 
exist F. n so that (2.3.1) holds, then the sequences (F n ),(Ff) converge uniformly 
towards F,f, and F is differentiable on [a, b\ with F' = f: in fact, using (2.3.4), 
we have 


sup \F n+p (x) - F n (x)\ < (b- a) sup \f n+p (x) - f n (x)\, 

x€[a,b] x(z[a,b] 
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implying uniform convergence of F n towards a function F £ C([a, 6]) such that 
F(a) = 0. We have, for x,x + h £ [a, b], 

F n (x + h)~ F n (x) = f n {x)h + (f n {x + 6 n h) - f n {x))h , 

for some 9 n £ (0,1) and thus 

| F n {x + h)~ F n {x) - fn{x)h\ 

< \h\\f n {x + 9 n h) - f(x + e n h ) + /( x + e n h) - f{x ) + f(x) - f n (x ) | ^ 3 ^ 

< W[ 2 ||/„-/||c([a,&])+ Slip \f(x + t) - f(x)\], 

so that 

\Fn{x + h) — F n (x) — f n (x)h\ < \h\\e n + u(h)], with lime„ = 0, lim w(h) = 0. 

L J n h — >0 


We find \F(x+h) — F(x) — f(x)h\ < \h\u>(h) so that F is differentiable with F' = f. 
We note that (2.3.1) holds trivially for continuous piecewise affine functions (see 
Exercise 2.8.9), and also that this type of functions can approximate uniformly 
continuous functions on [a,b\: with the previous remarks we get the existence. 
Using the notation F(x) = f* f(t)dt , we find that for a, /3 € R, /, g £ C([a, &]), 

px [>X f>X 

/ ( af{t)+ /3g(t))dt = a f(t)dt + P g(t)dt , 

J a J a J a 

since if F,G satisfy (2.3.1) for f,g, then aF + j3G satisfies (2.3.1) for af + f3g. 
Moreover, if / > 0, then F' = / > 0 and F(x) > F(a ) = 0 for x £ [a, b]. Let / be 
an interval of K, f £ C(I) and let a, b, c £ I. If a < b < x £ I, defining 

F{x ) = f f (t)dt, G(x) = f f(t)dt + f f(t)dt , 

J a J a J b 

we find F'{ x) = f(x) = G'(x), F(b) = G(b), so that F(x) = G(x), proving Cliasles’ 
identity (2.3.2) when a < b < c. Let us now consider / an interval of R, / £ C(I) 
and xo < X\ < X 2 £ /. We have 

rXQ nX\ pX 2 pX2 

/ =, - / f(t)dt == / f(t)dt — / f(t)dt 


already proven 


f(t)dt 


f(t)dt, 


proving Cliasles’ identity (2.3.2) in the general case. In particular for / £ C c (]R), 
with supp / C [a, b] we define f R f(t)dt = J a f(t)dt, a consistent definition since if 
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supp / C [a', b'], Chasles’ identity induces J ^ f(t)dt = f{t)dt. Let us prove now 
(2.3.3): assuming supp / C [a, b ], we have / f(t — s)dt = f(t — s)dt and with 


F{x) 




f(t~ s)dt, 


we find that F, G are both differentiable with G'( x) = f(s + x—s) = f(x) = F'(x) 
and since F(a) = G(a ) = 0, we get F = G and the result. □ 

Proposition 2.3.2 (Fundamental theorem of calculus). 

(1) Let a < b be real numbers and f £ C([a, 6]). Defining for x £ [a, b], F{x) = 

fa the function F £ C 1 ([a, 6]) and F' = f. 

(2) Let a < b be real numbers and f,g£ C 1 ([a, &]). Then for x € [a, b], 



f(t)dt = f(x) - /(a) 


and 

[ f(t)g(t)dt=[f{t)g{t)] b a - f f'(t)g(t)dt. 

J a J a 

(3) Let Ji, I2 be two intervals ofR, let k : I± — > I2 be a C 1 mapping and let 
f : I2 — > K be continuous. Then for all a\,bi £ I\, 

/■ k ( 6 i ) rb 1 

/ f{h)dt2 = / f(K(ti))K,'(ti)dti. 

J /c(ai ) J a 1 

Proof. Property (1) is exactly Definition (2.3.1). To prove (2), we set for x £ [a, b ], 
F(x) = ff f(t)dt. According to (2.3.1), we have F(a) = 0, F' = /', implying 
F(x) — f(x) = F(a ) — /(a), which is the sought formula. Using Leibniz’ (fg)' = 
f'g + fg' , the last part follows from the first. Let us prove (3): we set for X 2 £ I 2 , 
xi £ h, 


/•X2 rxi 

F(X 2) = / f(t 2 )dt 2 , G{ Xi) = / f{K(ti))K,'(ti)dti. 

J K,(ai) J ai 

We have F(n(a 1 )) = 0 = G(a\) and for x\ £ 1 1 , 

-^—{F{k{x 1)) = F'(k(x i))k'(xi) = f (k(xi)) k' (xi) = G'(xi), 

so that F(k(x 1 )) = G(x 1 ) and with x\ = b\, this is the result. □ 

The previous propositions show that integrating continuous functions of one 
variable with compact support does not require any theoretical effort. For several 
variables, it is not much more complicated. 
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Proposition 2.3.3. Let m > 1 be an integer and let C c (]R m ) be the vector space of 
complex-valued continuous functions with compact support. There exists a unique 
positive linear form on C^R" 1 ) such that for f(x) = IIi<j<m fj( x j)’ fi ^ C'c(R), 


/ / = n / fj( x j) dx 


(2.3.6) 


l<j<m 1 


We shall note Lf = f Rm f(x)dx. For all t £ and all f £ C c (R m ), we have 


[ f{x — t)dx = j f{x)dx. 
J R m J R m 


(2.3.7) 


Proof. Let us prove the existence for m > 2. We set 


f f (x)dx = [ f [ f(xi,x')dxi\ dx', 

Jr™ Jr ™- 1 \Jr / 

which is meaningful if we know what is the integral of functions with compact 
support in to — 1 dimensions: in fact defining 

g{. x ') = / f(xi,x')dx i, 

Jr 

we find that g is continuous with compact support since / is continuous with 
compact support and (2.3.4) implies 

I g( x ') - g(y ') I < supl/^’i,^) - f{xi,y')\ diam(supp/). 

Xl 

Moreover (2.3.6) as well as linearity and positivity are trivially satisfied. To prove 
uniqueness, we shall use the following lemma. 

Lemma 2.3.4. Let m > 1 be an integer. The vector space ®i <j< m C c (R) is dense 
OTC c (R m ). 

Proof of the lemma. We note first that 1 = ]W gZ ( 1 — \t — j\)+ since that function 
is 1-periodic and for t £ [0, 1[, the condition \t — j\ < 1 implies 

max(0, j — 1) < t < min(l, j + 1) => 0 < j < 1, 

implying Ej e z,|t-j|<i( 1 ~ I* ~ j\)+ = (1 - t) + (l - (1 - t)) = 1. Also, defining 
= (1- |*|)+ and 

$(<!,..., t m ) = n ^(*0. 

l<l<m 


1= n jl)= ^2 with T =(t 1 ,...,t m ). 

l<l<m jifz.'L 


we find 
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Consequently, for e > 0, T G R' m , k = ej G eZ m defining $fc >e (T) = 4>(e 1 (T— ej)), 
we have, 

1= £ 3>(e _1 r — j) = £ He-^T-ej)) = £ $ fc , e (T), 

j'£Z m j£Z m Z m 

with G CcfR"*), supp$fc, e = {t, ||i — fclloo < e} (here for t G R m , ||t||oo = 
nraxi<j< m |tj|). Let / G C c (R m ); since supp/ is compact, the following sums are 
finite and 


m = £ $ M (t)(/(t)-/(fc))+ X! 

/cGe Z m keeZ m 


Since we have 


$fc,e(*)l/W-/( fc )l < X! SUP I 

fceeZ m fc£eZ m ll t— s ll — e 


sup |/(f)-/(s)|, 

||t-s||<e 


the uniform continuity of / implies uniform convergence for X)fceeZ m ®k,e(t)f(k) 
towards /. But is a tensor product of continuous functions with compact 
support defined on R, concluding the proof of the lemma. □ 

Uniqueness in the proposition follows then from the linearity and continuity 
of L (which follows from positivity (see Exercise 2.8.3)): let L\,L ,2 be linear forms 
satisfying the assumptions of Proposition 2.3.3 and let / G (7 c (R m ). From Lemma 
2.3.4, / is a uniform limit of a sequence f n belonging to the vector space spanned 
by tensor products on which L\ and L 2 coincide. We find 


{Li - L 2 )(f) = lim(Li - L 2 )(f n ) = limO = 0. 

n n 

Property (2.3.7) is a consequence of uniqueness and of that property for m = 1, 
which is (2.3.3) in Proposition 2.3.1. □ 


2.4 The Lebesgue measure on M m , properties 
and characterization 

Definition 2.4.1. Let m be a positive integer. Let us consider the positive linear 
form defined on C c (R m ) by Proposition 2.3.3: to if G C c (R m ), we associate its 
“Riemann integral” f Rm ip(x)dx. Applying the Riesz-Markov representation theo- 
rem 2.2.1 and Theorem 2.2.14, we find a measure space (R m ,£ m , A m ) where A m is 
a positive measure satisfying the properties of these theorems. We shall say that 
A m is the Lebesgue measure on R m and C m is the Lebesgue a - algebra on R m . 

N.B. Note in particular that C m contains the Borel cr-algebra B m on R m , and 
that A m is finite on compact sets as well as regular and complete. We shall note 
the space L 1 (A m ) as L 1 (R rra ). 
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Theorem 2.4.2. Let in > 1 be an integer and let (R m , C m , X m ) be the Lebesgue mea- 
sure space R m defined above. The a-algebra C m is stable by translation, contains 
the Borel cr-algebra B m , and is such that 

(1) A m (ni<,< rf [a„ bfi^J = ~ a i)’ f or a o — bj> 

(2) \/E G JZ m ,yx 6 R m , \ m ( E + 2?) = X rn (E) . 

(3) If n is a positive measure defined on B m , finite on the compact sets, invariant 
by translation ( i.e ., such that (2) holds) and such that /z([0, l] m ) = 1, then 
fa = X rn on B m . 

Proof. Let us prove (1), assuming first aj < bj for all 1 < j < m. Let e > 0 such 
that Vj G {1, . . . , to}, aj + e < bj — e and <pj G C c (R; [0, 1]) such that 

! 1 for Xj G [aj + e, bj — e] , 

affine for Xj G [aj,bj]\[aj + e , bj — e], 

0 for Xj <£]aj,bj[. 

We consider the function ip G [0, 1]) defined by ip(x) = p\{x\) . . . p m {x m ). 

We have 

/ ip{x)dx= (fij(xj)dxj = (bj-aj- 2e + e). 

, ' Rm 1 <j<m -' R 1 <j<m 


Defining P = TIi <j<Jaj,bj\ and for N 9 k > k 0 = 

Pk= H [aj + -,bj — -], 


we get for e = 1/k, 


1<J <771 


— a 3 e ) 


/ \ 

= / 5: / (f(x)dx = I (pdXm ^ / lpC?A m = A m (.P), 

J R m ./R m JR™ J R m 

so that, from Proposition 1.4. 4(2) and P = U k>k Q Pk (increasing union), 

A m(P) = limA m(Pk) < lim TT {bj-aj- y) = TT {bj-aj) < A m (P). (2.4.1) 

k k 


1< j<m 


l<j<m 


This implies also that 

Am({*i = ai}) = 0 
since for e > 0 and M >0, we have 

Dm— 1 


(2.4.2) 


Am ({{xi,x') GRx 


XI - ail < e/2, llx'IU < M/2}) < eM m ~\ 
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so that X m ({(xi,x') elx X ,X\ = ai, Hx'Uoo < M}) = 0, entailing by count- 
able union X m ({xi = ai}) = 0. Since the difference P\P is included in a finite 
union of hyperplanes, Property (1) follows from (2.4.1), (2.4.2). 

Let us prove now property (2) in Theorem 2.4.2. Let AT be a compact subset of an 
open set V and let % £ G C (V; [0, 1]) such that x\k = 1- We have from (2.2.9) 

A m(K) < / x{x)dx = / xdX m < / lvdX m < X m (V), 

Jr™ Jr™ Jr™ 

and the inner regularity of A m ((4) in Theorem 2.2.1) implies 


A m(V) = sup A m (K) < sup [ x{ x )dx < Xm(V). (2.4.3) 

K compact CV x£C c (V; [0,1]) JR” 

For 9 £ M m , we note Tg the translation of vector 9: we have Tg(x) = x + 9, and 
rg = rZg is a homeomorphism, implying that Tg(V) is open as the inverse image 
of an open set by a continuous map. We find then 


A m{V + 9) = sup / xi x )dx = sup / ip(x + 0)dx 

xec c (v+e-[ o,i]) Jr™ ' ipec c (v-, [o,i]) Jr™ 

= sup / t/j(x)dx = X m (V). 

^ec c (v ; [o,i]) Jr™ 

Since Tg is a homeomorphism, B m is invariant by translation and using the outer 
regularity of Lebesgue’s measure, we find for E £ B rn and 9 £ M m , 


A m (E + 9)= inf A m {W)= inf X m (V + 9) 

WopenDE-\-6 Vopen DE 

= inf X m (V) = X m {E). 

p open DE 


(2.4.4) 


Let E £ C m . Using (3) in Theorem 2.2.14, we can find a F a set A, a Gg set B 
such that A C E C B and A m (B\A) = 0. This implies for 9 £ R m , 


A + 9 C E + 9 c B + 9, 


and moreover A + 9 is still an F a set since Tg is a homeomorphism: 

7"i 9 ( U n F n ) — U n ^:]^T0 (Fn) = T_g (Fn) . 

closed 

We prove as well that B + 9 is a Gg set and using (2.4.4), we find 

A m {Tg{B)\r e {A)) = X m { T g(B\A)) = X m (B\A) = 0, 

which implies from (3) in Theorem 2.2.14, that E + 9 belongs to C m . We find 
moreover that 


A m (E + 9) — X m (A + 9) — X m (A) — X m {E), 
concluding the proof of (2). 
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Let us prove (3) in Theorem 2.4.2. We claim that 

li({xi = 0}) = 0. (2.4.5) 

In fact from Proposition 1.4. 4(2) we have 

p({xi = 0}) = sup p({xi = 0} fl { max \xj\ < M}), 

MEN 2 <j<m 

' v ' 

Km 

and we note that for M £ N, 

{ max \xj\ < M\ = U| q i< m (A" m + aef ) D U a£Q \ a \ <M (K M + aet), 

1 <j<m ii — 

which implies 

E p(K M ) = E p(K M + aet) < h({ max \ x i\ < M}) < +oo, 

aeQ,|a|<M aeQ,|a| <M 


so that p(Km) = 0 = p({xi = 0}). From (2.4.5) and the invariance by translation 
of /i, we find that all affine hyperplanes parallel to the axes have measure 0. 

Lemma 2.4.3. Let (X,J\A,/f) be a measure space where p is a positive measure. Let 
(Ej)j £ n be a sequence of M. such that for j ^ k, p( Ej fl E/.) = 0. Then we have 

M u jenEj) = ^2,n{Ej). 

jen 

Proof of the lemma. From Proposition 1.4. 4(2), it is enough to prove that for all 
integers n, /Lt(Uo <j<n.Ej) = ]T) 0 <j<„. T(Ej)- This is obvious inductively on n since 

h(\-lo<j<n+iEj) — f-L(Uo<j<n{Ej\E n ^.i)) T /r(if n _|_i) 

= E p,(Ej\E n+ i) + p.(E n+ i) 

0<j<n 

= E (fj,(Ej\E n+l) H” fl(Ej fl E n + 1 )) + p{E n+ 1) 

0<j<n 

= E M^)- □ 

0<j<n+l 

For n £ N*, we have 


[o, ip 


rectangle P & 


n 


l<j<m 


kj kj -|- 1 
n ’ n 



90 


Chapter 2. Actual Construction of Measure Spaces 


We note that we have n m rectangles Pk which are all translated from the rectangle 
Po = [0, 1 /n] m and such that P*, HP; is included in an affine hyperplane parallel to 
the axes for distinct multi-indices k. 1. Using Lemma 2.4.3, consequences of (2.4.5) 
on the measure of hyperplanes parallel to the axes as well as translation invariance 
of /i, we find 


1 = M ([0, l] m ) = n m p,([ 0, l/n] m ), i.e., /t([0, 1 /n] m ) = n 

Let us check now the compact rational rectangle, 


P — [dj,bj\, aj,bj £ 

l<j<m 


[ a ji bj\ — 


0, 


Qj 


c j Qj 


= b j -a j , qj £ N. 


Since /i is translation-invariant, using again Lemma 2.4.3 and the previous argu- 
ments, we find 


M(P) = T 



( T-r kj kj 1 

= M ( Uo <kj<qj II ) 

V _ - LJ - n n 

x l<j<m L 

= qi... q m n~ m = (■ bj - aj). 

l<j<m 


(2.4.6) 


Lemma 2.4.4. Let f l be an open subset o/K m . There exists a sequence of compact 
rational rectangles (Q n )n£ n such that for n ^ to, the intersection Q n fl Q m is 
included in an affine hyperplane parallel to the axes and 


n = u r 


Proof of the lemma. Lemma 1.2.6 provides a sequence (P ra )„eN of compact ratio- 
nal rectangles such that 52 = U ne pijP„. Consequently, defining 

Ro = Po, R\ = Pl\P 0 , ■ • • ) Rn = Pn\iSdo<j<nPj), (2.4.7) 

we get 52 = U n ^R n , with R n pairwise disjoint. Let us consider {Ij)i<j< ra and 
(Jj) i<j<m bounded intervals of R. with rational endpoints and the rational rect- 
angles S = Y[ l<j<m Iji T = T1 1 <j<m Jj- The se ^ S\T is a finite union of pairwise 
disjoint rectangles and 5flT is a rational rectangle: it is true for to = 1 since I\J 
is a union of at most two disjoint intervals with rational endpoints and moreover 
for m > 1, with 

n ij, t'= n j p 

1< j<m— 1 1 

we have 


disjoint union 


S\T = {S' x I m )\{T' x J m ) = ((, S'\T ') x J m ) U ((5' n T') x I m \J m ) . 
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From the induction hypothesis S'\T' is a disjoint union of 7V m _ i rational rectangles 
and S' fi T' is a rational rectangle, we find that S\T is a union of N m disjoint 
rational rectangles with 

N m < N m _ i + 2, so that N m < 2m. 


Moreover, since 

snT=(s'nT') x (J m n J m ) , 

we find that 5 (~l T is a rational rectangle. Going back to (2.4.7), we find that R\ 
is a finite union of pairwise disjoint rational rectangles and inductively, it is also 
true for 

Rn+l = Pn + l\^0<j<nPj) = (P n +l\(U 0 <i<„Pi))\P„. 

We have proven that R n is a finite disjoint union of rational rectangles, i.e. , 

Rn = Ui<fe<M„*S'fe,n, Sk,n rational rectangle, k ± l => Sk,n D S/,„ = 0. 
Moreover, since the R n are pairwise disjoint, we have also 


n ^ to => S k ,n n S/ ;TO = 


As a result we have 

= U n gN Ui<fe<M„ Sk,n c U n gN Ui<fc<M„ Sk,n C U n g fqP n = Cl, 


(2.4.8) 


and since the rational rectangles Sk, n are pairwise disjoint, the intersection of 
their closure is included in an hyperplane parallel to the axes. The countable 
family ((<S'fe,n)i<fc<M„) ngN of compact rational rectangle satisfies the properties 
asked for (Q n ) in Lemma 2.4.4, whose proof is now complete. □ 

We obtain thus for an open set Cl, using Lemmas 2. 4. 3-2. 4. 4 and (2.4.6), 


f{Cl^j — 'y ' fiQn') — ^ \ ^m(Qn') — A m (fl), 

raGN nSN 

and this implies that X m coincide with /i on the open sets. Let E € B m . Exterior 
regularity of X m (Theorem 2. 2. 1(3)), implies 


A m{E) = inf A m (fi) = inf f(Cl). 

fi open D E fi open D E 


It suffices then that we prove outer regularity for /r. We consider the positive linear 
form 



i fdf, 


defined on C' c (R m ): let us note that ji is finite on compact sets and since for 
if € C c (R m ), \ f\ < sup |^|lsupp v (and f measurable since continuous), A is indeed 
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a positive linear form on C' c (M rn ') C Theorem 2.2.1 provides the existence 

of a regular measure v, defined on B m such that for <p £ C c (lR m ), 




(2.4.9) 


Let fl be an open subset of R m ; from Lemma 1.2.6, there exists a sequence of 
compact sets such that 


fi = Uj>i Kj. (2.4.10) 

We consider 

<Pi £ C c (U; [0, 1]) such that Vi\k 1 = 1 

<p 2 £ C c (Vt-, [0, 1]) such that ^2\ Kl u S n VP ^ = 1 

Ts S C c (Cl; [0, 1]) such that ^^u^usupp^usupp^ = 1 

t Pn+ 1 s Cc((2; [0, 1]) such that <Pn+l\Ki.U— Uif„Usupp¥’iU---Usupp¥> n = -*-■ 


We have 0 < <p n < ip n + i, ip n (%) t lo(a;)(from (2.4.10)). As a result, applying 
Beppo Levi’s theorem for the measure v, (2.4.9) and Beppo Levi’s theorem for //, 
we get 

= lim / ipndv = lim / tp n d h = /x(f2). 

n J R m n J R m 

Thus v is a regular measure coinciding with /j on the open sets. Using (3) in 
Theorem 2.2.14 for v, we find for U £ B m and for all e > 0, 


F closed C E C V open, 


> v(V\F) = »(V\F). 


Consequently, we obtain 

n(E) + e > n{E) + n(V\F) > n{E) + n(V\E) = p(V) > n{E) 

so that n(E) = infy opei0 £ /z(V'), concluding the proof of Theorem 2.4.2. □ 

We shall prove in Chapter 5 a general theorem on changes of variables in 
integrals on R m , but the following lemma will be useful already in Chapter 2. 

Lemma 2.4.5. Let m £ N* and let X m be the Lebesgue measure on R m . The space 
L 1 (R m ) is invariant by translation and dilation, i.e., for 9 > 0,T £ R m ,/ £ 
L 1 (R m ), the mappings x >->• f{6x) and x H > f(x — T) belong to L 1 (R m ) and 



f(x)dx 



T)dx = 9 m [ f{x6)dx. 

J R m 



2.5. Caratheodory theorem on outer measures 


93 


Proof. The first assertions are obvious using simple functions and Definition 1.5.2 
since the mappings x H > d~ 1 x and x H > x + T are continuous thus measurable. 
Since the Lebesgue measure is invariant by translation, we get readily the first 
equality. For 9 > 0, we consider the positive measure fig defined on B m by 

He{A) = 9 m X m (6~ 1 A). 


The measure fig is finite on compact sets (for K compact, 9 1 I\ is compact), is 
invariant by translation (since X m is invariant by translation) and such that 


M[0, !] m ) = 0 m X m (9~ 1 [0, in = 9 m X m ([0,9~ 1 ] m ) = 1. 

Theorem 2.4.2 implies that fig = A m , so that for A £ B rn , 

f l A (x)dX m (x) = [ l A (x)dfig(x) = 9 m X m (9~ 1 A) 

Jr™ Jr™ 

= 9 m f lg-i A (x)dX m (x) = 9 m f l A {9x)dX m (x), 
Jr™ Jr™ 


which implies the last equality for / £ £ 1 (A m ). 


□ 


2.5 Caratheodory theorem on outer measures 

Definition 2.5.1. Let X be a set and let fi* be an outer measure on X (see Definition 
2.2.4). We define 

AV ={A£V(X),\/Y £V(X), fi*{Y) = fi*(Y fl A) + fi*{Y n A c )}. (2.5.1) 
A subset E of X is said to be fi * -negligible if fi*(E) = 0. 

We note first that 

X,<b£M [A£ ^ A c £ Mr], (2.5.2) 

£V(X), fi*(Y)>fi*(YnA) + fi*(YnA c ), (2.5.3) 
any negligible set belongs to A4 M *. (2.5.4) 

In fact Property (2.5.1) is symmetrical in A, A c and fi*{%) = 0, proving (2.5.2). 
Moreover, the subadditivity property (2.2.7) implies fi*{Y ni) + 9 *(Y (~l A c ) > 
fi*(Y), proving (2.5.3). Finally for E negligible and Y C X, from the nronotonicity 
property (2.2.6), we obtain 

fi* (Y n E) + fi* (Y n E c ) < fi* ( E ) + fi* (Y) = fi* (Y ) , 

proving (2.5.4) from the already proven (2.5.3). 
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Lemma 2.5.2. Let X be a set, /i* be an outer measure on X and be the 

subset ofV(X) defined by (2.5.1). Then if A\,A 2 belong to A4 M * so do A\ fl A 2 
andAiUA 2 . Moreover if {Aj}j>\ is a countable family of elements of M . M *, then 
Uj>iAj belongs to A4 M ». 

Proof. We have for Y C X, using A\ G , 

n*(Y n AQ = n*(Y n A 2 n A\) + n*{Y n A?, n Ai), 
n*{Y n a 2 ) = yA(Y n A 2 n A\) + iY(Y n a 2 n A{), 

so that, using A 2 G 

lf(Y) = n*(Yr\A 2 ) + n*(YnA%) 

=n*(Yr\A 2 nA c 1 )+n*(Yr\A 2 nA 1 )+n*(Yr\AZnA c 1 )+n*(Yr\AZnA 1 ). 

S. v ✓ S. v ✓ S. y ✓ S. y ✓ 

[11 [2] [3] [4] 

Applying the previous equality to Y fl (A\ U A 2 ), we find 
Ai*(yn(A!UA 2 )) 

= n*(YnA 2 n A\) + /(yni 2 n A\) + ^*(0) + v*{Y n A x n a c 2 ), (2 ' 5 ' 5) 

so that 

M , (yn(A 1 Ud 2 )) +iJt*(Yn(A 1 UA 2 ) c ) = [l] + [2] + [4] + [3] =M*(n 

proving that A 1 UA 2 belongs to M^* (as well as A\ fl A 2 by complement). Also we 
obtain inductively that Ui <j< n Aj £ A4 M * for Ai , . . . , A n € Let us consider 

now a countable family {Aj)j> \ of elements of A4 M *. We may first consider 

B\ = A u b 2 = a 2 n A \, . . . , B n = A n n A c n _ 1 n • • • n A\, . . . 

so that each Bj G A (first part of the lemma), the family (Bj)j > i is pairwise 
disjoint (since B n C A n and B n+m+ 1 C A c n for to > 0) and Uj>±Bj = \Jj>iAj 
since B n C A n and A n C Ui <j< n Bj (true for n = 1 and if true for some n > 1 
A n+ 1 = -B„ + iU(A n+ in(AiU- • -UA„)) C U 1 < j < n+1 B j ). We have now for Y C X, 

h* (Y n (U i<j<nBj)) = V*( Yn B i)- 

l<j<n 


since that property is true for n = 1 and if true for some n > 1, we get since 
Ui<j< n Bj,B n+1 G M^*, applying (2.5.5) for Ai = Ui <j< n Bj, A 2 = B n+1 , noting 
that A\ fl A 2 = 0, 


fi*(Y fl (Ui< j <„+i.B i )) = fi*(Y n (Ui <j< n Bj)) + n*(Yn B n+1 ). 
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As a result, for Y C X, 

A *{Y) = p*(y n (ui KjKnBj)) + ij*(y n (ni<j< n s?)) 

l<j<n 

> Y, iSiYnBA + fiynin^B?)), 

l<j<n 

so that 

vf{Y) + (2.5.6) 

1 <3 

and by subadditivity fi* (Y) > fi * {Y fl (Uj>i-Bj)) + fi*(Yr I (Ui <jBj) c ] , proving via 
(2.5.3) that Ui<jAj = Ui <jBj £ A4 M », completing the proof of the lemma. □ 

The following theorem, due to C. Caratheodory (1873 1950) is a set- 
theoretic result allowing to construct a measure from an outer measure. 

Theorem 2.5.3 (Caratheodory theorem on outer measures). Let X be a set, fi* 
be an outer measure on X and A 4 M * be defined by (2.5.1). Then, with fi standing 
for the restriction of fi* to the triple (X, A 4 M »,/z) is a measure space where 

the a-algebra is fi-complete ( contains all subsets of any E £ A4 such that 

T*(E) = 0). 

Proof. Property (2.5.2) and Lemma 2.5.2 prove that A4^* is a u-algebra on X (see 
Definition 1.1.1). Moreover, we have p*(0) = 0 (see Property (2.2.5) of an outer 
measure) and if {Bj)j> i is a countable pairwise disjoint family of applying 

(2.5.6) to Y = Uj>-j Bj, we find 

/**(U;>i Bj) >YT*{Bj) M*(Ui>i Bj), 

- 7 - 1 ( 2 . 2 . 7 ) 

concluding the proof (note that is ^-complete from (2.5.4)). □ 

The following result will be useful later on. 

Theorem 2.5.4. Let ( X , d) be a metric space and fi* be an outer measure on X 
such that for A,B subsets of X satisfying d(A,B) > 0, we have fi*{A U B) = 
fi*(A) + fi*(B). Then the Borel a-algebra Bx is included in A4 M *. 

Proof. Since A4^. is a (7-algebra, it is enough to prove that closed sets belong to 
A4 m *. Let F be a closed subset of X: from (2.5.3), we need only to prove that for 
all Y C X with fj*(Y) < +oo, we have fi*(Y) > fi*(Y n F) + fi*{Y n F c ). For 
n £ N* , we define 


B n ={x£YnF c , d(x, F) > 1/n}, 
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so that B n C B n+ 1 and U n >iB n =YC I F c : each B n is included in Y fl F c and 
conversely if a : €Y fl F c , we have d(x, F) > 0 since F is closed (see Lemma 2.1.1). 
As a result 

d(Yr\F,B n )= inf d(x',x")> inf d{x" , F) > \/n > 0, 

x'^YnF x"€B n 

x" €B n 

and thus n*(Y flf) + n*(B n ) = n*((Y fl F) U B n ) < H*(Y). To obtain the result 
we have only to prove lim„ /j,*(B n ) = /x*(Y fl F c ). We set for n > 1, 

C' n = B n+1 n B c n = {x G Y fl F c , - > d(x, F) > — J— }, 

and we note that for | j — k | > 2, say j > k + 2, Xj € Cj,Xk € C k , we have 

d(xj,x k ) + - > d(xj,x k ) + d(xj,F) > d(x k ,F) > 1 , 

J K + L 

so that d(Cj,C k ) > prpy — 4 > 0, implying that 4 

X] M*(C 2 i) = /i*(Ui <j< N C 2j ) < if{Y) < +oo, 

l<j<iV 

pt*(C 2 j + l) = /t*(Ui<j<ArC , 2 j+l) < H*(Y) < + 00 . 

1 <j<N 

As a result, yb >:L k* (Cj ) < +oo and the subadditivity of /./* implies 
/t*(F fl F c ) < k*(B n ) + ^ k*(Cj), 

j>n 

so that /U*(Y fl F c ) < liminf n /j,*(B n ) < limsup„ k*(B n ) < 61+°) proving 

the sought lim„ /, i*(B n ) = /r*(Y fl F c ). □ 

2.6 Hausdorff measures, Hausdorff dimension 

Definition, first properties 

Let (X, d) be a separable metric space. Then, there exists a countable dense set 
D = {c+j-neN i n X so that for all e > 0, X = U n ^B(a n , e) (any a; £ X is the limit 
of a sequence in D and thus for any e > 0, there exists a n € D with d(x, a n ) < e). 
As a result, any subset E of X can be covered by a countable union of open sets 
with diameter < 2e. We may thus give the following definition. 

4 If (Aj ) j < : j<j\ are subsets of X such that d(Aj,A k ) > 0 for j + k, we have /+ (U i <j<N Aj ) = 
Si <j<N A**(A?) : this is true for N = 2 and inductively for N > 2 

P*<iJi<j<N+iA.j) = M*(Ui <j<N^j) + h*(A n+ i) 
since d(Ajv+i , Ui<j<N-Aj) > mini<j<N d(Ajv_|_i, Aj) > 0, proving the property. 
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Definition 2.6.1. Let (X, d) be a separable metric space and let k £ R+. For e > 0, 
we define for E C X, 

f) * k<£ (E) = inf< y^(diam U n ) K , E C U neN /7„, U n open, diam[/„ < e 

Lemma 2.6.2. With X, d, f)* £ as above, for all E C X, the function R+ 9 £ >->• 
KJE) e K+ is decreasing. The function h* defined on V(X) by 

K( E ) = K,e( E ) = SU P^ (2- 6 - 1 ) 

£-*■ 0 + £ >0 

is an outer measure on X ( see Definition 2.2.4). 

Proof. First of all we note that, say for subsets of R, the larger is the set, the 
smaller is the infimum and the larger is the supremum (let’s call that the mono- 
tonicity principle). Let £\ < £2 be positive real numbers and let If be a subset 
of X. If (C/ n ) n gN is an open covering of E with diamt/„ < eq, it is an open cov- 
ering of E with diamt/„ < £21 implying from the monotonicity principle that 

f)*, £2 (if) < t)* K Si (E), which implies (2.6.1). We find also that f)* e (0) = 0 and thus 
f)*(0) = 0. Let Ei C E 2 be subsets of X; then if (t/„)„ e N is an open covering 

of E 2 with diam XJ n < e, it is also an open covering of E\, implying from the 

monotonicity principle that 

K,e(El) < => < K(E2). 

Let (Ej)j G f$ be a countable family of subsets of X such that f )* K {Ej) < +00 for all 
j £ N and let e > 0, S > 0 be given; we have \ )* (Ej) < f)*( Ej ) < + 00 , so that 
there exists an open covering (U n j) n ^ of Ej with diam[/ ni j < e, and 

K,e(Ej) < E( diamC/ -b) K < K,e(E j ) + 62-1- 1 

n 

and thus U jenEj C U j, n ewUn,j, implying 

^, e (U jenEj) < ^(diam U nJ r < E ^A E j) + E < E M E i) + 6 ■ 

j,n j j j 

Since this inequality is true for any e, 6 positive, we get indeed 

^(u^o^E^^-)- ( 2 - 6 - 2 ) 

3 


Moreover that inequality is obviously satisfied when t)^(Ej) = +00 for some j , 
completing the proof of the lemma. □ 



98 


Chapter 2. Actual Construction of Measure Spaces 


Remark 2.6.3. For a subset E of a separable metric space, with 

U S {E) = {countable open covering {U n ) ne ^ of E with diamt/ n < e}, 
and for U = (/7 n ) neN G U e (E), H(k, U) = )T)„ eN (diam U n ) K we have 

KJ E ) = rr inf H(k,U), t)* K (E) =sup{ inf : H(k,U)}. (2.6.3) 

UtLUe^h,) £>0 U$LU e \t!j) 

That formula implies readily 

0 < £1 < £2 =► U ei (E) C U £2 ( E ) =► f,; ea < f,; ei , (2.6.4) 

El C e 2 =► zy £ (£ 2 ) C Z4(£i) =► K,e(Ei) < KA E 2), (2.6.5) 

0 < Ki < k 2 , 0 < £ < 1 => H{K2,U) < H{ki,U) => f){ 2 < (2.6.6) 

Lemma 2.6.4. Let X , d, t)* be as above and let A, B be subsets of X such that 

0 <d(A,B)= inf d(a,b). 

a&A.beB 

Then we have t)* K (A U B) = b* (A) + f f K (B). 

Proof. The subadditivity of f)* gives f )%{A U B) < f)*(A) + b %(B). Let us prove 
the reverse inequality; we may of course assume that t)* (A U B) < +oo and thus 
h* K {A),\)* K {B) are both finite. Then for e,6 positive numbers with £ < d(A,B)/ 2, 
there exists an open covering (U n )n€N of A U B such that 

KA A u B ) < E( diamC/ ™) K < UB) + S< {,* (A u B) + 6. (2.6.7) 

riGN 

We define Na = {n G N, U n (~1 A ^ 0} and we note that if n G Na, U n D B = 0: 
otherwise 3a G U n fl A, 36 G U n fl B so that 

d(A,B) < d(a,b) < diamt/„ < £ = d(A,B)/ 2, 

which is impossible since d(A, B) > 0. We get thus Na D Nb = 0; as a result since 
Ali B C U nzwUn, we have from A fl B = 0, 

A n ( U n fl Af c U n £ n a U n , Bn U u£Nb {Bn d F) c U n £ B n , 

so that h* i£ (A) < E„eiv^( diamt/ «) K > fl*, £ (-B) < E ne]VB (diamt/„) K , and thus 
from (2.6.7) and Na fl Nb = 0, 

KA A ) + KA B )<K( a US)+6 

=> lim (t); £ (A) + f,: i£ (B)) < K(A UB) + 6, 


implying f)* (A) + [ ]%{B) < f )%{A U B) + 5 for all S > 0, entailing the result. □ 
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Definition 2.6.5. Let (X, d) be a separable metric space and let k > 0. The outer 
measure t)* on X is defined in (2.6.1). We define the Hausdorff measure t) K of 
dimension n by using Theorem 2.5.3: (X, Alt,*, t) K ) is a measure space where the 
complete a-algebra Alf,* is defined by (2.5.1) and t) K is the restriction oft]* to Alf,* ■ 
From Theorem 2.5.4 and Lemma 2.6.4, Alt,* contains the Borel u-algebra B\- 

Lemma 2.6.6. Let (X, d) be a separable metric space and let A be a subset of X 
such that f)o(A) < +oo. Then A is a finite set and card A = I)q(A). The Hausdorff 
measure ho is the counting measure on X (see Example (3) on page 18). 

Proof. If flo(A) < +oo, we find that for all £ > 0, t)o e (A) < bg(A), so that 

3N >1, Vs > 0, 3 an open covering (t/„)i< n <jv of A with diam U n < e. 

Claim. This implies that the set A is finite with card A < N. Assume that a i, 

. . . , On, On+i are distinct elements of A. We set 

5= min d(a,-,a,). 

It is not possible to find (U n ) \< n <N covering A with diamt/„ < S/2: otherwise, 
we would have two points ai,aj,i j in the same U n , so that 

8/2 > diamt/„ > d(at, aj) > 6 

which is not possible since S > 0, proving the claim. The claim implies as well 
card A < I)o(A). On the other hand, if A is a finite set, we can cover A with 
card A open balls with arbitrary small radius, which implies ho e (A) < card A and 
eventually card A = I)q(A). For A infinite, we have proven ho (A) = +oo, proving 
the lemma. □ 

Hausdorff dimension 

Lemma 2.6.7. Let (X, d) be a separable metric space, let k > 0 be given and let A 
be a subset of X . Then z/I)*(A) < +oo, we have t)* K ,(A) = 0 for all k! > n and if 
I)*(A) > 0, we have I)*„(A) = +oo for all k" < k. 

Proof. If I)* (A) < +oo, we find that for all £ > 0, h* £ (A) < []* (A) < +oo. We can 
find a countable open covering ( U n ) n of A such that diamI7 n < £ and 

K,e( A ) < X]( diamt/ «) K < K,e( A ) + !■ 

n 

As a consequence, for k! > k, we have 

^(diam£/„) K = ^(diam[/„) K _K (diam[/„) K 

n n 

< £' s '-~(f>«, c (A) + 1) < £ K '- K ([):(A) + 1). 
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As a result, we find 0 < f )*, e (A) < ^ n (diam U n ) K < £ K K ((i*(A) + l), so that 

K'( A ) = lim ^, e (A)=0. 

£—>• 0 + ’ 

Let us assume now that > 0 for some positive k. For £ > 0, we can find 

a countable open covering (C/ n ) n gN of A such that diamt/ n < e. For k" < n, we 
have 

(diamC/ n ) K e K_K > (diamI7 n ) K 

and thus JO ra (diam U n ) K > J2 n £K ~ K (diamt/ n ) K > e K ' K h* £ (A). As a result, we 
find 

i>* K „ ie (A)>e K "- K KA A ) 

and since lim £ _m + K,e( A ) = K( A ) > °> we § et K"( A ) = lim e-H) + K",e( A ) = 
+ 00 . □ 

Definition 2.6.8. Let ( X , d) be a separable metric space and let A be a subset of 
X such that f)o(-A) = +oo. The Hausdorff dimension of A is defined as 

Df,(A) = sup{« > 0, h*(A) = +oo}. (2.6.8) 

A set such that f)o(-A) < +oo is finite (Lemma 2.6.6): we define then D^(A) = 0. 

Note that we have also 

D h (A) =k+ = inf{K > 0, h*(A) = 0}. (2.6.9) 

In fact, if f)*(.A) > 0 for all k > 0, Lemma 2.6.7 implies that f)*(.A) = +oo for all 
k > 0 so that Df,(A) = +oo = inf 0. If there exists «o > 0 such that t)* Ko (A) = 0, 
then Lemma 2.6.7 implies f)*(A) = 0 for k > kq, proving that 

K( A ) = 0 if K > K+ = inf{/e' > 0, h 1,{A) = 0}. 

If k + = 0, we get 6 k ( a ) = 0 on (0, +oo) and k + = 0 = D^{A). If k + > 0, we find 
f)*(.A) = 0 on (k + ,+oo). Then for an increasing positive sequence with limit k + , 
k u < k+, we get 

so that ty* K {A) = +oo for k € [0, K n ) and thus on [0, k+), proving Df,(A) = k + . 

Hausdorff measures on W n 

Lemma 2.6.9. Let be equipped with the distance doo defined by 

doo{x,y) = max \xj - yfi (2.6.10) 

1< j<m 

and let K be a compact subset o/K m with positive diameter 5 for the distance doo. 
Then there exists zb < z" < zb + 6 such that 

n ++• 

1<J <771 


K C 
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Proof. The continuous mapping B x = (x±, . . . , x m ) H > X\ = ni(x) € R. is such 
that 7r i ( K ) is a compact subset of K: tti(K) C [inf iri(K), sup ni(K )] = so 

that z' = (z [, . . . , z' m ),z" = (z'f , . . . , z'^ € K and thus 

\z[ - z"\ < doo{z' ,z") < 6, 


proving the lemma. □ 

Considering the separable metric space (W m ,d 00 ), Definition 2.6.5 provides 
a measure space (R m , f) m , Ad ) where M is f) m complete and contains the Borel a- 
algebra B m on R m . Moreover, from its very definition, f)m is translation invariant 
since l)m,e is translation invariant for any e > 0; moreover f) m is finite on compact 
sets since, for K bounded in R m , there exists M > 0 such that K C [— M/2, M/2] m 
and thus for £ > 0, <5 > 0, we have 5 with cik = — + ek, 

[— M/2, M/2] m c U (fe lj ...,fc m ) f jcikj — Sydkj + £ + S[) , 

0 <kj<[M/s] V 1 <j<m 

' ^ 

open with doo diameter=e+2<5 

so that t)m,e+2s([—M/2, M/2] m ) < {[M/e\ + l) m {e + 25) m < (M+^ + £ + 2S) m . 
With 5 = £ 2 /2 we get 

f) m;£+e2 ([-M/2, M/2] m ) < (M + sM + £ + £ 2 ) m , 

so that taking the limit of both sides when £ goes to 0, we obtain 

bm(K) < M/2, M/2] m ) < M m < +00. (2.6.11) 

Theorem 2.6.10. Let (K" 1 ,^) be as above. Definition 2.6.5 provides a measure 
space (R m , fi m , M. ) where Ai is \) m complete and contains the Borel a-algebra B m 
on R m . The Lebesgue measure space (R m ,A m ,£ m ) given in Definition 2.4.1 is 
such that C m C M. and X m coincides with \) m on C m . 

Proof. Since (K m , A m , C m ) is given by Theorems 2.2.14-2.2.1, it is enough to prove 
that A m coincides with fi m on the Borel er-algebra B m : in fact the a algebra C m is 
generated by B m and the subsets of A m -negligible Borel sets, so that, if we know 
that fim = A m on B rll , the A m -negligible Borel sets will be also fim-negligible and 
thus will belong to the h TO -complete M. 

On the other hand we already know that t) m is a measure defined on the 
Borel (T-algebra B rn . finite on compact sets, invariant by translation. To apply (3) 
in Theorem 2.4.2 and obtain our result, it is enough to prove that t)m([0, l] m ) = 1 

5 Using the integer-valued floor function [■], defined in footnote page 16, 

x G [—M/2, M/2] =i> [(x + M/2) fe\ =k< [M/e] => ek < x + M/2 < s(k + 1) 

ek — M/2 — S < ek — M/2 < x < e(k + 1) — M/2 < e(k + 1) — M/2 + (5. 
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and in fact, from (2.6.11) and translation invariance, we are reduced to the proof 
of l] m > 1. 

Let us assume that fim([0,l] m ) < 1. Then for all £ > 0 we can find a 
(finite) collection of open bounded sets (f7j, e )i<j<jv e with diameter < e, cover- 
ing [0, l] m and such that J2i<j<N e (diam < hm([0, l] m ) < 1. Since each 

Uj te is relatively compact, we find from Lemma 2.6.9 and Theorem 2.4.2 that 
^m(Uj, e ) < (diam t/y £ ) m = (diam [/y £ ) m and this implies 

1 = A m ([0, l] m ) < Y, X rn(Uj, e )< (diam 17j i£ ) m < f) m ([0, 1] TO ) < 1, 

1 < j < N e 1 < j < N e 

which is impossible. The proof of Theorem 2.6.10 is complete. □ 

It is important to note that we have found another way to construct the 
Lebesgue measure on R m , using the Caratheodory theorem on outer measures 
(Theorem 2.5.3), Theorem 2.5.4, and the definition and properties of the m- 
dimensional Hausdorff measure on R m . That construction is independent from the 
Riesz-Markov Theorem 2.2.1 and proceeds from a different perspective, a more 
set-theoretic approach without using a positive linear form as in the Riesz-Markov 
argument. It is however an interesting and important piece of information that the 
two measures constructed by these two different methods indeed coincide. 


2.7 Notes 

Let us follow the new names of mathematicians encountered along the text. 

Constantin Caratheodory (1873 1950) was a Greek mathematician. 

Michel Chasles (1793-1880) was a French mathematician. 

Gottfried Wilhelm Leibniz (1646-1716) was a German philosopher and mathe- 
matician, co-inventor with Isaac Newton of Infinitesimal Calculus. 

Andrei Markov (1856-1922) was a Russian mathematician. 

Frigyes (Frederic) Riesz (1880-1956) was a Hungarian mathematician who made 
fundamental contributions to functional analysis. His younger brother, Mar- 
cel Riesz (1886-1969), was also a mathematician, author of basic contribu- 
tions in Harmonic Analysis. 

Johann Radon (1887-1956) was an Austrian mathematician. 
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2.8 Exercises 

Topology 

Exercise 2.8.1. Let X be a topological space and let f : X — > R. The function f is 
said to be lower semicontinuous at a point a £ X when 

Ve > 0,3V; e y a ,^x £ V e , f(a)-e<f(x). (2.8.1) 

The function f is said to be upper semicontinuous at a point a € X when 

Ve>0,3 V e £V a ,Vx£V e , f(x)<f(a)+s. (2.8.2) 

The function f is said to be lower ( resp . upper) semicontinuous on X if it is lower 
( resp . upper) semicontinuous at every point of X. 

(1) Prove that f is continuous at a £ X iff it is lower and upper semicontinuous 
at a. 

(2) Prove that f is lower semicontinuous on X iff {x £ X , f(x) > a} is open for 
all a £ R. Prove that f is upper semicontinuous on X iff {a; £ X, f( x) < a} 
is open for all ael. 

(3) Let A C X . Prove that 1 a is lower (resp. upper) semicontinuous iff A is open 
(resp. closed). 

(4) Let (fi)i£i be a family of lower (resp. upper) semicontinuous functions on X. 
Then sup igJ ff (resp. inf, e j ff) is lower (resp. upper) semicontinuous. Note 
that the former is valued in (— oo,+oo] and the latter in [— oo,+oo): our 
definitions of lower and upper semicontinuity are given by the conditions in 
(2). 

(5) Let X be a non-empty compact topological space and let f : X — » R. be a 
lower (resp. upper) semicontinuous function. Then there exists a £ X such 
that inf x£X f(x) = f(a) (resp. sup xeX f(x) = f(a)). 

(6) Prove that a function f : X — > R is lower (resp. upper) semicontinuous at a 
point a£ X ifflimmf x ^. a f(x) = f(a) (resp. limsup X ^ a f(x) = f(a)). 

We recall the following definitions, extending Definition 1.2.11: let X be a 
topological space, let / be a mapping from X into R and let a £ X. We define 

liminf /(cc) = sup ( inf f(x)) , limsup f(x)= inf (sup f(x)). (2.8.3) 

x ~ >a VeYa x—>a xeV 

We have for V) , V 2 £ 

inf f(x) < inf f(x) < sup f(x) < sup f(x), 

x&v 2 zeVinvh xeVinvb xeVi 

so that in{ xG v 2 f( x ) < inf^g-^ (sup^g^ f(x)) = limsup a .^, a f(x) which implies 

liminf/(a:) < limsup f(x). (2.8.4) 

x — >a T—±n 
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Answer. (1) Continuity at a G X is expressed as: 

Ve > 0, 3V e G f a , f{V £ ) C (/(a) - e, /(a) + e), 

thus is equivalent to the conjunction of upper and lower semicontinuity. 

(2) We assume that / is lower semicontinuous on X: let Xq G X and a < f(x o). 
For 0 < e = f(x o) — a, we find V G f Xo such that 

/(F) C (f(x 0 ) - £, +oo) = (a, +oo) => V C f^ 1 (/(F)) C f^ 1 ((a, +oo)) , 

implying that / _1 ((a, +oo)) is open. Conversely, assuming / _1 ((a:, +oo)) open 
for all a, if we are given Xq G X, £ > 0, we know that 

xo G {x G X, /( x) > f(x 0 ) - e} is open, 

entailing (2.8.1). The result on upper semicontinuity can be obtained by remarking 
that / upper semi-continuous is equivalent to —f lower semicontinuous. 

(3) Let A C X; then we have 

! 0 if a > 1 
A if 1 > a > 0 , 

X if a < 0, 

so that lower semicontinuity of 1 a is equivalent to A open. Upper semicontinuity 
of 1,4 = 1 — 1a c is equivalent to lower semicontinuity of 1 a c , which is equivalent 
to A c open, i.e., to A closed. 

(4) We have for a G R. and a family of lower semicontinuous functions 

{x G X, sup fi(x) > a} = U ie i{x G X, fi(x) > a}, 
iei v v ' 

open 

so that sup, e/ fi is lower semicontinuous. Using infjg/ /* = — sup ig/ (—/?:) gives 
that when is a family of upper semicontinuous functions, so is inf iei fi- 

(5) Let / be a lower semicontinuous function on a non-empty compact set X. 
Then for at!, K a = {x G X, f(x) < a} is a compact set. Let 0 = inf^, exf(x): 
we have K a C K a i for a < a! and for a > 0, I\ a ^ 0 

G X, f{x) < a} = (~l a> pK a is a non-empty compact set L: 

otherwise, we would have 

X = U a> pK% Ui<j<NK^. = (r\i<j<NK aj ) c , 

compactness 
of X 

implying emptiness for K nllni< <N a . . Any a G L satisfies /(a) = 0. 
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(6) Let us assume that / is upper semicontinuous at a: then for all £ > 0, 3V G ~f a 
so that f(V) C (—oo, /(a) + e) and thus f(a ) < sup v f(x) < f(a ) + £, implying 
limsup a ,_ >0 f(x) = f{a). Conversely, if the latter property holds, using the very 
definition of the infimum, we find that for all £ > 0, 3V £ so that, 

f(a) < sup f(x) < /(a) + £ => /( V) C (-oo, /(a) + e) 
v 

and upper semicontinuity at a. 

Exercise 2.8.2 (Urysohn’s Lemma). Let Cl be an open subset of a locally compact 
Hausdorff topological space X and K be a compact subset of Cl. Show that there 
exists a function p G C c (X) such that 

0 < Ifi < 1, P\K = 1, supp p C Cl. 

Answer. Note that this result is proven in Proposition 2.1.2 for a metric space. 
Using the local compactness (see Proposition 10.2.36), we have 

K C U x <zkU x , x € U x open, relatively compact, U x C Cl, 

and the compactness of K entails 

K C A\<j<NU Xj C Ui<j<j \rU Xj = Ui <j<NU Xj C Cl. 

—Vo. open —Vo, compact 

Repeating the procedure, we can find V\ open relatively compact such that 

K c Vl C Th C V 0 C % C Cl. 

Let us assume that for q\ = 0, qz = 1, . . . , q n {n > 2) distinct rational numbers in 
[0, 1], we are able to find V qj open relatively compact such that 

qi < qj => K c V qj C V qi C V qi C Cl. 

Note that this property is proven for n = 2. Let q n +\ G Qfl(0, 1) in the complement 
of E n = {qi, . . . ,q n }, and q t the largest element of E n such that qi < q n +i and 
let qj be the smallest element of E n such that qj > q n +i • As above, we can find 
V Qn+ 1 open relatively compact such that 

V qj C V qn + 1 C Vg n + 1 C V qi . 

With {q n } n > i = Qfl [0,1], we can construct (U g „) ra >i open relatively compact 
such that 

q, q G Q (~l [0, 1], q' < q =>• K C V q C V q > C V q > C Cl. 



106 


Chapter 2. Actual Construction of Measure Spaces 


We define now for q £ Q D [0, 1], 


fg = ql Vq , f= sup f q , valued in [0, 1], lower S.C., (2.8.5) 

Qn[0,i] 

g q = (1 — q)ly g + 9) 9 = inf ffgj valued in [0, 1], upper s.c. (2.8.6) 

If (/ < q, we have V q C V q ' and thus on V q . f q = q < g q > = (1 — q') + q' = 1. If 

q < q' , we have V q < C Vjj and thus on V q , 


f q = q< g q ' 


1 on V q >, 
q' on (y q ,) c . 


We have proven that for all q,q' , f q < which implies 0 < / < g < 1. On the 
other hand, K C n ge Qn[o,i]Kj so that for x £ K, f q (x) = q and thus f(x) = 1: 
f\K = 1- We claim that for all x, f(x) = g{x): otherwise, we could find x such 
that f{x) < g(x) and thus q,q' £ Qfl [0, 1] with 

0 < f(x) < q < q' < g(x) < 1, 

so that x V q (since f q (x) < q) and x £ V q ’ (since g q '[x ) > q') which is incompat- 
ible with V q ' C V q . Summing-up, the function / is 1 on K 1 valued in [0, 1], lower 
s.c. by construction and upper s.c. since equal to g, so is eventually continuous. 
Since V\ cV q £V 0 CV 0 for all q £ Q D [0, 1], the function / = sup 9£ Q n r 0 p qly q 
is vanishing on the open set (V o) c so that (supp f) c D (I^o) c and 

supp / C V 0 C fi. 


Exercise 2.8.3. Let X be a topological space and let L be a positive linear form on 
C c (X). Show that L is continuous, in the sense that 

\/K compact C X,3^ K > 0, V/ £ C K (X), \Lf\ < sup |/|, (2.8.7) 

where Ck{X) = {/ £ C' c (X),supp / C K}. (2.8.8) 


Answer. For / £ C c (X),supp f C K compact, we have with \k £ C' c (X;R + ), 
Xk = 1 on K, 

~Xk sup |/| < f < Xk sup |/| => \Lf\ < L X k sup \f\. 

Exercise 2.8.4. Let ( X , d) be a metric space such that all closed balls are compact: 
(X,d) is said to be proper and is locally compact ( some locally compact metric 
spaces are not proper) . Let LI be an open subset of X and let K be a compact 
subset of LI. Find a simpler proof of Proposition 2.1.2: there exists a function 
(p £ C c (X) such that 


0<ip<l, <P\k = 1) supp Lp C LI. 


The function < p can be chosen to be identically 1 on a neighborhood of K. 
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Answer. We have proven in (2.1.4) that eo = in f X £K, y$Q.d(x,y) = d(K,fl c ) > 0. 
As a result, we find 

K e o '■= U x&K B(x,e Q ) C fi (2.8.9) 

since for y £ B(x, eo) and x £ K, we have y £ fl: otherwise, y £ fl c and 

e 0 = d(/v, 12 c ) < d(cc, y) < e 0 , 


which is impossible. Let us then define for some positive ei, 62 such that ei+C2 < eo, 


ip{ x) = max 


0,1- -d(x,K ei ) . 
£2 


( 2 . 8 . 10 ) 


That function is valued in [0, 1] and is continuous as the maximum of two contin- 
uous functions. Moreover if ip(x) ^ 0, then d(x,K ei ) < €2 so that 

3y £ K ei = U te ieB(f,ei), d(x, y) < e 2 , 3t £ K, d(y,t)<e 1, 


implying d(t,x) < ei + e2 and x £ K ei+e2 C {x,d(x, K) < ei + 62} = L. The 
set L is closed (continuity of d(-,K)) and included in f 2 since L C K eo C fl, so 
that supp</? C L. Moreover the set L is compact since if (x n ) raS N is a sequence in 
L , we find a sequence (y n )ne N in K such that d(x n ,y n ) < ei + e 2 . Extracting a 
convergent subsequence (y nk )ke N with limit y £ K of (y n )ne N j we get 

d(®n* , J/) < d(^n fc , y n k ) + ,y)<e i + e 2 + d{y nk , y) 

(for k large enough) < ei + e 2 + — (eo — £i — £2) = T < £o- 

The sequence (a;„ fc )fe e N lies (for k large enough) in B c (y,r), which is assumed to 
be compact. We can extract another subsequence of (x Uk )k^n, converging with 
limit x £ B c (y , r). The inequalities above ensure also that d(x, y) < e\ + e 2 so that 
x £ L, proving the compactness of L. 

Remark 2.8.5. Lemma 2.1.1 implies that ip is Lipschitz-continuous with a Lipschitz 
constant l/e2- Since £2 can be chosen arbitrarily in (0, d(K, f2 c )), the function <p 
can be chosen Lipschitz continuous with a Lipschitz constant > 

Exercise 2.8.6 (Partitions of unity on R m ). We define for x £ 


p(x) 


exp — (1 — \x\ 2 ) 1 for |x| < 1, 
0 for \x\ > 1, 


where \x\ = (Xa<j<m stands for the Euclidean norm on R m . The function 

p is C°° with supp ~f = B( 0, 1) noted B m . 

Answer. Let us first consider the function po defined by 

Po(t) = e for t > 0, Po(t) = 0 for t < 0. 
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Let us prove by induction on k that po € C fe (R) is such that for t < 0, p[j k \t) = 0 
and for t > 0, p^if) = pk{ l/t)e _1 /*, where p k is a polynomial. That property is 
true for k = 0 since lim ( _>.o + er 1 ^ = 0. Assume that the property is true for some 
k > 0. Then, since po € C 00 (K*), we get for t > 0, 

p { 0 k+1 \t) = e _1/t t _2 (p fe (l/i) -p' k (l/t)), and p { 0 k+1 \t) = 0 for t < 0. 

v — v — -• 

polynomial Pk+i i n £ -1 

We get also that lim t ^, 0 t _1 (pQ fe) (t) - p^ (0)) = lim T ^. +00 Tp k {T)e~ T = 0, so 

that po has a (k+ l)th vanishing derivative at 0. The function p ^ + ^ is continuous 
since lini'r^ +00 p k +\ (T)e~ T = 0, completing the induction. As a result the function 
Po belongs to C 00 ^), with support [0,+oo) and is flat at the origin, i.e., \/k £ 
N,pg fc ^(0) = 0. We have p(x) = po{l — \x\ 2 ) so that p £ C' 00 (K m ; K), with support 
equal to the closed unit Euclidean ball. 

N.B. The functions p, po are paradigmatic examples of C°° functions which are 
not real-analytic: the function po cannot be analytic at 0, since it is not identically 
0 near the origin although its Taylor coefficients are all vanishing. 

Exercise 2.8.7. The vector space of C°° compactly supported functions from R m 
into C will be noted Cj?°(]R m ). Let f 1 be an open subset of and let K be a 
compact subset of Q. Then there exists a function ip € [0, 1]) such that 

<p = 1 on a neighborhood of K. 

Answer. We recall that 6 


d(K, fl c ) = inf \x — y\ > 0. 

xEK,yeQc 

As a result, we have with B m standing for the closed unit Euclidean ball of R m , 
eo = d(K,Ll c ), K + e 0 B m C Ll: otherwise, we could find |t| < 1 ,x £ K such that 
x + eo t = y £ Sl c , implying 

0 < d(K, fi c ) <\x — y\ < eo = d(K , fl c ), 

which is impossible. With the function p defined in Exercise 2.8.6, we define with 

0<e<f<f, 


<fi(x)= j lK+e 1 a^(y)p((x-y)e 1 )e n dy(J p(t)dtj . 
The function ip is C°° and such that 

supp pCK + eiB m + eB m CK+ ^B m C K + e 0 B m C ft. 


6 We may assume that both K and are non-empty, so that d(K , Q c ) is a positive real number. 
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Moreover <p = 1 on K + 4} B m (which is a neighborhood of AT), since if x £ K + 
|B m , we have, for y satisfying \x — y\ < e, that y £ A" + 4yB m + eB m C A' + eiB m . 

As a result, with p = p(f p(t)df) \ for x £ K + |B ra , we have 

1 = J p(( x - y)t~ 1 )£~ n dy = j p((x - y)e~ 1 )e~ n l K +e 1 M^(y)dy = <p(x). 

We note also that, since p > 0 with integral 1, 1l(u) £ {0,1}, we have, for all 
x £ R m , 0 < <p(x) < 1. 

Exercise 2.8.8. Let fli, . . . , f l n be open subsets o/K m and let K be a compact set 
with K C Hi U • • • U f 1 n . Then for each j £ {1, . . . ,n}, there exists a function 
i pj £ [0, 1]) such that J2i<j< n V’j € C” (U" =1 fij ; [0, 1]) and 

1= Z ^\K- 

l<j<n 

We shall say that ( ipj)i<j< n is a partition of unity on K, attached to 
In particular, for 9 £ C l ^°(Ui<j< n flj) ; using the previous result for K = suppd, 
we get 

9= ^ Qj, with 9j = 9ipj £ 

l<j<n 

Answer. A simple inspection of the proof of Theorem 2.1.3 provides smooth func- 
tions. 

Exercise 2.8.9 (Approximating continuous functions by piecewise affine functions). 
A function p : K. — > R. is said to be piecewise affine if there exists X\ < X 2 < 
■■ ■ < Xn real numbers such that the restriction of p to each interval (xj,Xj+ 1 ) for 
0 < j < N + 1 is affine ( Xo = —oo,xjv+i = +oo). Prove that the vector space of 
compactly supported continuous piecewise affine functions is dense in C c (R;R). 

Answer. Let f be a function in C c (K;K), supported in [a, b\ and let £ £ (0, 1) be 
given. We consider N £ N such that N = [1 + (6 — a)/e] + 1 and 

x\ = a < ■ ■ ■ < Xj = a + (j — l)e < • • • < xn = a + ( N — l)e . 

>b 

We define 

p(x)= Z 1 l*j,x j +i)( x )(<l > ( x j) + % J 1 (H x J+l) - Hxj)))- 

l <j<N x i +1 x i 

The function p is piecewise affine, compactly supported in [a, b + 1], and verifies 

p(xj) = <j>(xj) =p(xj + ), for 1 < j < N, p(x N ) = 0 = <j){x N ) = p(x N+ ), 
p(xj_) = 4>{xj), for 2 <j<N, p(xi) = 0 = <j>(xi) =p(xi_), 
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thus continuous. We have 

p(x) - </>(x) = Y 1 [x j ,x j+1 )( x )(<t>( x j) - 4>{x) + 7 {<t>(xj+ 1 ) - 

1 <j<N x i +1 x i 

and thus 
p(x) - 4>{x) 

= Y 1 [x„x, +1 ) (a?){ Ofoj) ~ <t>(x)) aj+1 _ * + 3 (^(»j+i) ~ #*0) }, 

l<j<N -G+ 1 ^3 x 3 + 1 -k? 7 

implying 

sup |p(;r) — </>(:r)| < sup |<^(:r) — 0(x ,/ )| = w(e). 

xGK | a?' — a?" | 

Since <fi is uniformly continuous, we get lim e _>.o w(e) = 0 and the result. 

Exercise 2.8.10. Let 12 be an open subset o/K". Prove that there exists a sequence 
(Kj)j > l of compact subsets of fl such that 

Ct = U j > 1 K j , KjCK j+1 . (2.8.11) 

Prove also that if K is a compact subset of 1 2, there exists j € N* such that 
K C Kj . 

Answer. Given an open set 12 of M", we define for j > 1, 

Kj = {x eR n ,d(x,n c )>l/j,\x\<j}. 

We note from the continuity of d(-, 12 c ) and of the norm that Kj is a closed subset 
of K"; moreover it is also bounded and thus is a compact subset of R", and in fact 
of 12 since d( x, 12 c ) > 0 implies x ^ 12 c = 12 c (12 is open). We have also for j > 1 
that 


Kj C € R", d(x, 12°) > . + ^ , |ar| < j + l| which is open C Kj + 1, 

so that Kj C Kj+ 1. Finally, taking x £ 12, we have d(x, 12 c ) > 0 (12 c is closed) and 
thus 

Jimax (d(ysF)’- B(W) + 1 )^ xeK ’’ 

proving 12 = Uj>iKj and the result, since the very last statement follows from 

K c 12 = Uj> i Kj+i , 


which implies the result by the Borel-Lebesgue property and the fact that the 
sequence (Kj) is increasing. 
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Exercise 2.8.11 (Dini’s Lemma). 7 Let a < b be real numbers and let f n : [a, b] — > R. 
be a sequence of continuous functions. We assume that for all x £ [a, b], the 
sequence {f n {x)) Is decreasing with limit 0. 

(1) Prove that (/„) converges uniformly towards 0. 

(2) Prove that the result of ( 1) does not hold without the assumption of decreasing 
monotonicity. 

Answer. (1) Reductio ad absurdum . if the sequence (/„) were not converging 
uniformly towards 0, the sequence w n = sup^g^ ^ \f n (x)\ is such that there exists 
eo > 0 and a subsequence (co nic )k^n such that for all k, w ni > eo- As a result for 
all k, there exists Xk £ [a, b] such that 

fn k {Xk ) > eo- 

Thanks to the compactness of [a, b], we may find a subsequence of (xk)k£N con- 
verging with limit c £ [a, 6]. To simplify notation, let us assume that (xk)ke n is 
converging towards c. For l > 0, we have rik+i > nk, and thus 

fn k {Xk+l ) > fn k+l (Xk+l ) > £0- 

Since f nk is continuous, we find f nk (c) > eo > 0, contradicting the convergence of 
the sequence (/ n (c)) towards 0. 

(2) Let us define <p n piecewise affine on [0, 1], 

<A>(0) = 0, ip n (l/n) = 1, <p„(t) — 0 for t > 2/n. 

The sequence of continuous functions (<p n ) converges pointwise to 0, not uniformly 
since sup \<p n \ = 1. Moreover the result is incorrect without the continuity assump- 
tion: defining ip n on [0,1] by 

ip n ( 0) = 0 = ip n (t) for t > 1/n, = 1 — ut for 0 < t < 1/n, 

we find that for all t £ [0,1], the decreasing sequence (fpn(t )) n eN goes to zero. 
However, the convergence is not uniform since sup[ 0 ^ |^ n | = 1. 

Exercise 2.8.12 (Support of an L 1 function). Let be a measure space 

where p is a positive measure such that X is a topological space with A4 D Bx 
and p(Ll) > 0 for any non-empty open set LI. Let f £ C 1 (/i). 

(1) Defining 

supp / = {x £ X, JPV £ %,f\ v = 0, A i-a.e.}, (2.8.12) 

prove that (supp/)° is open and is the largest open set on which f = 0 a.e. 

7 Ulisse Dini (1845—1918) is an Italian mathematician, who served as Director of Scuola Normale 
Superiore in Pisa. A bronze statue of Dini is located near the Piazza dei Cavalieri. 

8 About this method of proof, we may quote G.H. Hardy in A Mathematician’s Apology [29]: 
Reductio ad absurdum, which Euclid loved so much, is one of a mathematician’s finest weapons. 
It is a far finer gambit than any chess play: a chess player may offer the sacrifice of a pawn or 
even a piece, but a mathematician offers the game. 
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(2) Prove that supp/ depends only on the class of f modulo equality p-a.e. 

(3) Prove that supp / coincides with Definition (2.1.1) when f is a continuous 
function. 

(4) Show by an example that it would be absurd to take (2.1.1) as a definition for 
non- continuous functions. 

Answer. (1) The complement of supp / is open, and every open set on which / 
vanishes a.e. is included in (supp/) 0 . 

(2) is obvious: if /, / coincide a.e. f\ v = 0 a.e. is equivalent to f\ v = 0 a.e. 

(3) It is enough to prove that for a continuous function /, and an open set V, 
fiv = 0 a.e. implies f\ v = 0. If it were not the case, and f{x o) ^ 0 for some 
xo G V, the set 

{x £ v,\f(x)\ > \f(xo)\/2>0} 

would be open (thanks to the continuity of /) and non-empty (contains Xq), thus 
with a positive measure. As a consequence, / would not be 0 a.e. on V , contra- 
dicting the assumption. 

(4) Taking / = 1 q, we see that / = 0, Ai-a.e., so that supp / = 0. Taking (2.1.1) 
as a definition for the support of / would imply supp f = Q = R. 


Measure theory 

Exercise 2.8.13 (Completion of a measure). Let (X, A4,p) be a measure space 
where p is a positive measure. Defining Af = UseAi u{E)~ oT’(-E'), prove that 

M! = {M U N}mgm,ngX 

is the a-algebra generated by XiUAf and defining for M € M., N £ A f, p' (ML)N) = 
p(M), prove that this definition is consistent and (X, A4' , p') is a measure space 
such that p'\ M = p. 

Answer. Let A = M U N £ AT, M £Ai,N£Af,NcE£ A i,p(E) = 0: 

A c = (M c nN c n £) u (M° n N c n E c ) = (M° n N c n e) u (m° n e c ) g m'. 

S. v ✓ v« v ✓ 

GAf €M 

Let us consider seciuences A n = M n U N n £ AA',M n £ M,N n £ Af,N n c E n £ 
M,p(E n ) = 0: 

U„ s nA„ = (U„ e NAf„) U(U„ e NlV„) 
eM 

and since U nG ^N n C A n& fiE n , p(LS ne fiE n ) = 0, we get U nS NA n G M'. As a result 
AT is a a-algebra on X , containing Ai U A f, so containing the cr-algebra generated 
by AlUA f. On the other hand AT is included in the cr-algebra generated by AiUAf. 
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Let M' £ M\ M' = Mj U Nj , Mj £ M,Nj C Ej £ M,p(Ej) = 0 ,j =, 1, 2. 
Then since Afi C Afi U IVi = M 2 U IV 2 C M 2 U E 2 , 

m(ALl) < fi(M 2 U E 2 ) = h{M 2 ) => /x(Afi) < p(M 2 ), 

(similarly p(M 2 ) < p(Mi)), so that p'(M') = p{M\) is dehned without ambiguity. 
Let us consider a pairwise disjoint sequence in M': A n = M n U N n £ AT, M n £ 
M , N n £ Af, N n c E n £ M,p{E n ) = 0. We have 

p'(uA n ) = M '((u n6N Af n ) U (U rag N N n )) = n(u nen M n ) 
e M M 

and since the M n are also pairwise disjoint ( M n C A n ), we get 

/j,'(uA n ) = ^ /x(M„) = ^2 p'{A n ), qed. 

Exercise 2.8.14. Let (X, A i,p) be a measure space where p is a positive measure. 
Let (f n )ne N a sequence of complex-valued measurable functions on X . We shall 
say that (f n )ne N converges locally in measure towards a measurable function f if 

Va > 0,VF G A4 with p{Y) < 00 , lim/x({a: £ Y, \fn(x) — f(x)\ > a}) = 0. (2.8.13) 

We shall say that (f n )ne N converges globally in measure towards a measurable 
function f if 


Va > 0, lim/r({a: £ X, \f n (x) - f(x)\ > a}) = 0. 


(2.8.14) 


Assume that p is a-finite, i.e., there exists a sequence (X k )ke N tn A4 such that 
X = UfcgjijXfc and for all k £ N, p(X k ) < + 00 . Prove that the Lebesgue dominated 
convergence theorem holds with local convergence in measure replacing pointwise 
convergence in the assumptions. 

Answer. Assuming \f n \ < g £ L 1 (p), we have for a > 0, Y k = Uq <i< k Xi, 


[ I fn - fW = [ | fn ~ f\dp + f 

+ [ I fn~ f\dp + [ 

JY k n{\f n -f\> a } J Y 

<ap(Y k )+ / 2 gdp+ / 

Jy, c Jy 


Y£n{\f n -f\<a} 


I fn ~ f\dp 


Y k n{\f„-f\>a} 
2 gdp. 


I fn ~ f\dp 


1 Y k n{\f„-f\> a } 

Using Proposition 1.7.10, we find that for all a > 0 and all integers k. 


lirnsup [ \f n - f\dp<ap(Y k )+ f 2 gdp, (2.8.15) 

n J X JY£ 
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so that, for all k, 


limsup / \f n ~f\dg< / 2gl Y pdg. 
n Jx JX 


(2.8.16) 


We have also +oo > f x 2 gdg = f Y 2 gdg + f yc 2 gdg, and by Beppo Levi’s theorem 

k 1 k 

linifc f Y 2 gdg = f x 2gdg which implies lim*, f yc 2 gdg = 0: the inequality (2.8.16) 
gives the result lim„ f x |/„ — f\ = 0. 

To sum-up, for a sequence (/ n ) in L 1 (g), / measurable, 


convergence 

Jn . J 

in measure 

and 

\fn\ < 9 € L 1 (g) 


fn f ■ 


(2.8.17) 


Exercise 2.8.15. Let (X,M,g) be a measure space where g is a positive measure. 
Let (fn)nz n be a sequence of measurable functions and f be a measurable function. 

(1) Prove that if (f n )ne n converges a.e. towards f, it implies that {f n )ne N con- 
verges locally in measure towards f . 

(2) Prove that the converse of the previous statement does not hold in general. 
Answer. (1) Let a > 0 and Y a measurable set with finite measure: 

g({x G Y, | f n (x) - f(x ) | > a}) = J ^ l{\f n -f\ >a }dg. 

The function l{|/„-/|>«} converges a.e. pointwise to 0 and is dominated by 1 G 
C\Y). As a result the Lebesgue dominated convergence gives the result. 

(2) cf. Exercise 2.8.23. 

Exercise 2.8.16 (Borel-Cantelli Lemma). Let X be a set, g* be an outer measure 
on X and let (A„) ne pj be a countable family of subsets of X . Then 

g*{A n ) < +oo => /«* (limsup A n ) = 0, 


where we have defined limsup„ A n = fl n >o(U k>nA k ). 
Answer. We have 


0 < g * (limsup A n ) < g*(Li k > n A k ) < g*(A k ) — » 0. 

^ — z ' n-¥- 1-00 


Exercise 2.8.17. We define g* on V(R) by g*{A) = inf — a j)}> where 

UjgN]aj, bj [ runs among the coverings of A by open bounded intervals. Show that 
g* is an outer measure on R. ( see Definition 2.2.4). 
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Answer. Since an open subset of R is a countable union of bounded open intervals, 
this appears as similar to Lennna 2.6.2 for k = 1 and X = R, but a simple direct 
proof may be useful. Properties (2.2.5), (2.2.6) are obvious. Let us prove (2.2.7). 
Let (A„) nS N be a sequence of subsets of R. We may assume that all p*(A n ) are 
finite, otherwise (2.2.7) is trivially satisfied. Let e > 0 be given. For each € N, 
we consider a countable family of bounded open intervals (I^)keN such that 

A n c UfcgBj/k, p*(A n ) < El |/fc| < p* (A n ) + e2 n 1 , 

feeN 

where \I%\ is the length of Iff. We find U ne NA„ C U ni fcgN/£ an d thus 

m*(u neN A„)< e i4 n i = E(Ei4"i 

n,fceN raSN 'fceN 

< E(A 4 *(^n) + ” X ) = e + E L L *(An), 

neN ra£N 

for any e > 0, proving the result. 

Exercise 2.8.18. Let £ > 0 be given. Construct a dense open subset 12 of R such 
that its Lebesgue measure Ai(12) < e. 

Answer. We set Q = {x n } n >i and we define 

12 = U n >i]a; n — e2 n 2 ,x n -\-e2 n 2 [, 

open as a union of open sets, dense since it contains Q and with Lebesgue measure 

Ai(!2) < E e2 _n_1 = e/2 < e. 

n> 1 

Exercise 2.8.19 (A non- measurable set). We define on [0, 1] the equivalence relation 
x ~ y means x — y € Q. Let us recall the statement of the Axiom of Choice: let I 
be a non-empty set and let (. Xi)i e i be a family of sets. Then 

Vi e /, Xi ± 0 =► Ylx^t. 

iGl 

For X C R and t € R, we shall write X + t = {x + t} x& x- 

(1) Using the axiom of choice, show that there exists a subset A of [0, 1] defined 
by taking a single element in each equivalence class of ~. 

(2) Let ip : N — > Q D [— 1, 1] be a bijective mapping. We define A n = A + tp(n). 
Show that 

[0,1] C U„ eN A n C [-1,2]. 

(3) Show that there is no positive measure p defined on 'P(R), invariant by trans- 
lation (i.e., such that p{X) = p(X + t) for all subsets X of R and all real 
number t), and such that p([a,b\) = b — a for a < b. 

(4) Show that A ^ C, where C is the Lebesgue cr-algebra on R. 
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Answer. (1) The quotient set [0,1]/ is the set of equivalence classes 
Each X, is an equivalence class and is thus non-empty. Using the axiom of choice, 
we may find a family ( xf)i^i of elements of [0, 1] such that Xj is the equivalence 
class of Xi . Let us define A = {x 

(2) The set Q fl [—1, 1] is infinite countable, thus equipotent to N. Let x € [0, 1]. 
There exists i € I such that x ~ Xi, i.e. , x — Xi £ Q. As a consequence, x = Xi + p 
with p £ Q and since both x and Xi belong to [0, 1], p belongs to [— 1, 1] so that 
there exists n £ N such that p = <p(n). This implies x £ A n = A + tp{n). Moreover, 
we have 

A n c [0, 1] + [—1, 1] C [—1, 2], 

(3) Let us assume that there exists such a measure. We note first that for n ^ m 
integers, we have A n fl A m = 0: if x £ A n fl A m , we get with i, j £ I, 

x = Xi + <p(n) = Xj + <p{m) 

and thus Xi ~ Xj, so that Xi = Xj, and ip(n) = <p{m) entailing m = n since p is 
injective. We would have 

1 = ju([0, 1]) < /x(U „ 6N A„) = ^2 p(A n ) = ^2 V( A ) ^ 2 D = 3, 

nSN nSN 

which is impossible, since the first inequality implies p,(A) > 0 whereas the next 
one gives p(A) =0. 

(4) The set A cannot belong to £, since, if it were the case, the previous inequalities 
would hold for the Lebesgue measure Ai on R, leading as above to a contradiction. 

Calculations 
Exercise 2.8.20. 

(1) Determine the values of the real parameter a for which fg ^ § converges. 

(2) Determine the values of the real parameter a for which f2°° converges. 

(3) Prove that the harmonic series ( general term 1 /n) is divergent. Show that 
the sequence 

, 11 11, 

a; ra — 1 + — + — + •••-! — H m n 

2 3 n — 1 n 

converges. 

(4) Show that lim^^+oo f Q 4 ^ JS-dx exists. 9 

(5) Show that f2°° | dx = +oo. 

Answer. Using In a; = * for x > 0 and ^f( x _ Q 2 ) = x~ a for a/lwe get 

(1) for a < 1 and 

(2) for a > 1. 

9 See Section 10.4 in the Appendix for the proof of J'f °° S1 ° x dx = tt/2. 
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(3) We have 





t — k 

— — dt + In 
kt 



For 1 < fc, we have 


0 < 



t — k 
kt 


dt < 




1 

fc 5 ’ 


so that the series with general term f£ +1 ^rr-dt converges. Since lim ln(l+ — ) = 0, 

K Kt n — >oo n 

we get convergence for the sequence (x n ). This implies that, with 7 = lim x n . 


Y, -j- = Inn + 7 + lime„ = 0 . 

l<fc<n 


(4) The function sin x j x is continuous on K, takes the value 1 at x = 0. For 
A > ir/2, 


T , , , f sin t , 
1(A) = / — dt = 

J-k/1 j 


— cost 


t 


J 7T / 2 


’ 7r/2 


COS t 

— 


dt = —A 1 cosA — 


t/2 


cos t 

— 


dt. 


Since | cos A\ < 1 and \t 2 cost| <t 2 , the rhs converges for A + 00 . 
(5) For A > 1, 


In A = 


dx 

x 


< 


cos( 2 x) 


cos( 2 x) 


dx 


f A 2 sin 2 x 


dx 


dx + 2 


sini 


dx. 


and the rhs goes to +00 with A. Since we can prove as in (3) that f A x x cos(2x)dx 
has a finite limit when A — > + 00 , we get the result. 

N.B. The limit of the sequence (x n ) is the so-called Euler constant , denoted by 
the letter 7 . An approximate value is 

0.577215664901532860606512090082402431042159335939923598805767234884867726777664 


This important constant remains quite mysterious and it is not even known 
whether it is an algebraic number. For more mathematical details, see http : / / 
mathworld . wolf ram. com/Euler-MascheroniConstant .html. To know the first 
100 digits type with Mathematica N [EulerGamma, 100] . 
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Exercise 2.8.21. 

(1) Calculate lim 

n — >oo 

(2) Let z € C such that Re 2 > 0. Show that 


!(*-;) 

that Re z > 

lim [ x 2 - 1 (l --Y dx= [ 
v nJ Jo 


l e~ x dx = T{z). 


Answer. For x > 0, we have lim n _ >+0O (l — - ) n = e~ x (calculate the logarithm). 
Also for all 9 > —1, we have ln(l + 9) < 9 (6 K >• 9 — ln(l + 9) is decreasing on 
(—1,0], increasing on [0, +oo)) so that for 0 < x < n, we have 

ln(l — — ) < — — and thus 0 < lr 0ra i(a;)(l — — )" < e~ x . 
n n n 

We can use the Lebesgue dominated convergence theorem for both questions; the 
answer for (1) is 1 = r(l). 

Exercise 2.8.22. Give an example of a sequence (f n )ne n in C]?([0, 1],R+) converg- 
ing pointwise to 0 such that 


/ f n {x)dx -1 +oo. 

J 0 


Answer. Piecewise affine f n equal to n 2 at 1/n, 0 at 0,2 /n. 


Exercise 2.8.23. Find a sequence of step functions f n : [0, 1] — > R+ such that 
linin^oo f* f n (x)dx = 0 and so that the sequence (/„(i)) ne j* is divergent for any 
*€[ 0 , 1 ]. 

Answer. For 0 < k < in integers, we consider the function 


Fk,m{ X) = lr k_ Mir(*) 

1 m ’ m L 


and we set 


/o = F 0 ,i 

fl = F 0j 2, fl = F\2 

fs = F 0j 3 , fi = P’ 1 , 3 , /*5 = F 2j 3 


i m( i 


i-D = Ft 


0 ,m 


, ... , / m(m-l) | ^ — ft,mi ••• , l,ri 


A simple drawing will convince the reader that for a fixed x, the sequence f n (x) 
takes an infinite number of times the values 0 and 1, proving its divergence. 
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We prove this result formally below. We note that the sequence 

is strictly increasing, with value 0 for m = 1 and goes to +oo. As a result, for all 

integer n > 0, there exists a unique integer m n > 1 such that 

m n (m n - 1) m n (m„ + 1) 

2 - n< 5 


so that 


m n (m n — 1 ) , . , „ , m n 2 

n = 1- k n , with 0 < k n < = m n 


We note lim„_). +00 m n = +oo since m n + 1 > \[2 n. For n > 0, we set 

f n (x) = F kntmn (x). 


We have 


/ f n (x)dx= / F knt m n (x)dx = 1/ 
Jo Jo 


m n — > 0 for n —> +oo. 


Let x £ [0, 1] be given. Let n > 3 be an integer such that f n {x) = 1: then 

k n 1 + k n 

< x < , 

m n m n 


and if k n < m n — 1, we have 


m n {m n - 1) . , 1 m n (m n - 1) 

< n < n + 1 = I- k n + 1 

m n (m n - 1) m n (m n + 1) 

< 2 + m " = 2 ’ 

so that m n+ i = m n and f n +i(x) = F 1+kn<mn {x) = 0. If f n {x) = 1 and k n = m n - 1, 
we have TO "~ 1 < x < 1 and 


1) m n {m n + 1) 

n+1 = t -m n = , so that m n+ i = 1 +m n , k n+1 = 0. 

We get then 

fn+i(x) = F 0 , i +m (x) = 0 since - — < — since m n > 2. 

1 + m n m n 


As a result, 

for n > 3, f n (x) = 1 => f n+ i(x) = 0. 
Moreover for x £ [0, 1[ and n > 0, we have 0 < m n x < m n so that 


(2.8.18) 


k = E(m n x) £ {0, . . . , m n - 1}. 



120 


Chapter 2. Actual Construction of Measure Spaces 


We consider n' = ^ + k > 1) . We have 


k < m n x < 1 + k, 


k 1 + k 

< x < 

m n m n 


so that 

fn'(x)=F k , mn (x) = l, (2.8.19) 

implying that the sequence f n {x) takes the value 1 an infinite number of times. 
Since it takes also an infinite number of times the value 0 from (2.8.18), it can- 
not converge. We can also define /„( 1) = (1 + (— l) n )/2. Using piecewise affine 
functions, it is possible to modify the above example so that the /„ are continuous. 


Exercise 2.8.24. Let (X,A4,p) be a measure space where p is a positive measure 
and let f : X — > C be a measurable function. 

(1) Prove that if f G Cr(p), then lim„ np({\f\ > ?r}) = 0. Is the converse true? 

(2) Prove that if f G U 1 (/x), then ~2 J\f\<„ \f\ 2 dp < +oo. Is the converse 

true? 

Answer, (l) We have 

0<np({\f\>n})= nl { \ f \> n} dp < / \f\l { \ f \> n} dp, 

J X J X 

0 < g n = |/| 1 {|/|>„} < |/| G C\p) and lim |/(a:)|l{|/|> n }(a:) = 0. 

Ll J n— too 

The Lebesgue dominated convergence theorem implies that 


!im / |/|l{|/|>n}dM = 0 

X 


and the result. The converse is not true: the positive continuous function on [0, e^ 1 ] 
given by g(x) = a"ln(a+ 1 ) has derivative ln(:r _1 ) — 1 and is thus increasing on 
[0, e -1 ] from g(0) = 0 to g(e -1 ) = e -1 . We have 


r - r — 

Jo a ( x ) Jo x\n(x~ 

However for n > 1, 


r+oo 


du 


= lim ln(lnA) = +oo. 


uln(u) .4->+oo 


| a: G [0, e ^ > n| = {x G [0, e 1 },g(x)<n x } = [0,x n ] 

where x n G [0, e -1 ] is characterized by x n h^a;” 1 ) = g{x n ) = n _1 , which implies 


np < x G [0, e ], 


g(x) 


> n > = nx n = 


In x n 


0, 


since x n — 0 + . Property in (1) can hold without / (here 1 / g) G C 1 . 
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(2) For f £ C 1 , we have 


/ i/i 2rf M= /(!> 2 i/i 2l (i/i<™})^- 


With 


n>l 


F ( X ) = J2 n 2 \f( X )\ 2l i\f\<n}(x) = n 2 \f( X )\ 2 

n>max(|/(a;)|,l) 

= 1/0*01 2 X! n_2 

n>max(|/(x)| ,1) 


using for AT > 1, E„>iv n 2 < min (if’ we get 


■ ( n2 1 A , m 2 ^ J Vl/(^)| 2 if l/(^)l < 2, 

0 < f(x) < 111111 ( T , „ axC | /Ca;) | il) _ 1 ; i/wi s { if l/wl > 2 . 

Since for |/(a;)| < 2 we have ^\f{x )\ 2 < ^|/(x)||/(x)| < \f(x)\^- < 4|/(ar)| and 
for \f(x)\ > 2, 

\f ( X )\ 2 1/0*01 M ^ ol « M 

ITwFT = j7wFT l/WI £ 2|/(I) I' 

we get 

0 < F(x) < Mf{x)\, 

proving the result. The converse is not true since with f(x) = y l[i,+ 0 o[( a; ) (which 
is not in C 1 ), we have nevertheless 


n> 1 


J2~2 I l/I^M = X! ~2 / -^dx = TT 2 / 6. 

H Af\<n ' ' 


n> 1 


L[ 1 

n 2 J x > 1 a; 2 


W5. Looking at F> = X)„>i 772- 1 / 1 2 f{ I /I < n} we have 

Ff = 1 {|/| < 1}|/| 2 + 1 {|/| > 1}|/| 2 ^ 4 

n>\f\ 

so that, with some positive constant C, 

1{|/| < 1}|/| 2 + C- 1 1{|/| > 1}|/| < Ff < l{\f\ < 1}|/| 2 + C1{|/| > 1}|/|. 

As a result, Ff £ C 1 is equivalent to 

1 {|/|< 1}|/| 2 and 1{|/| > 1 }|/| Sf 1 . 

When / belongs to C l , both conditions are satisfied. Conversely, we may have 
Ff £ C 1 without / £ C 1 since 1 {|/| < 1} |/| may fail to be integrable. However if 
Ff £ £} and \x has finite total mass (i.e., n(X) < +00), we have 1 {|/| < 1 } |/| < 1 
which is integrable, so that / is integrable. 
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Exercise 2 . 8 . 25 . What are the limits of the following sequences? 

'• 2 sin k 


E nk 2 + k + 1 ! n .E 


= E 


k> 1 


kn 2 + k 2 ’ ^ k 2 \fc + l 

l</c<2n l<fc<n 2 


Answer. For k integer > 1 , we have lim n _>.+ 00 rafc2 " fc+1 = p and moreover 


nj + a/n) ~h = F(k) ' S F(t)< “' 


nk 2 + k + 1 k 2 + (k/n) 

We apply the Lebesgue dominated convergence theorem on the measure space 

(N,n = ^ 6 k ,V(N)) 


fc>i 


to the sequence (/„)„> i defined by / n (fe) = „ fc2 • This gives 
u n = f fnd n 


n— >•+ oo / M n 


1 7 T 2 

(lim/ n )d/t = E p = y • 


fc>l 


Using the same measure space and the sequence of positive functions ( g n )n>i 
defined by 

S „(P = {W for 1 < A < 2n, 

1 0 otherwise, 

we get from Fatou’s lemma, 

+oo = V — = [ liminf g n dn < liminf [ g n dfi = liminf v n , 

k>1 * JN n n J N n 

so that lim„ v n = +oo. With the same measure space and the sequence of functions 
{h n ) n > l defined by 

{ sin k f k \n i < 7. < „ 2 

( fe+1 ) it 1 < k < n 

0 otherwise, 

we note that \h n (k)\ < F(k) where F is defined above. The Lebesgue dominated 
convergence theorem gives 

lim w n = [ (\imh n )d{i = V] lim (-7^- {7—- 7)™) = V' 0 = °* 

n J N n n^r+oo\ k 2 y k+l' ) ' 


k>\ 


k>l 


The last point can be checked directly without using the Lebesgue dominated 
convergence theorem: for any integer m > 1, we have 


\Wr,.\ < 


E l / m \ n ^ 1 tt" r m \ n \ - 

k 2 \ m + l) k 2 ~ 6 V to + 1 / 2 —/ 


1 7 T 2 / to \ n 




k>m 


k>m 


l 
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and thus 


limsup luU < V — , so that limsup|wj< inf V — = 0 

«vi v I ' ^ „ v I 7T)> 1 ' 1C. 


n — >+oo 

1 


n — >+oo 


i>l ' k 2 


k~>m k>m 

since ^2 k>m jti is the remainder of a converging series. 

Exercise 2.8.26. Determine the limits of the following sequences. 

— — - tanh ( 


In = 


© dx ’ 


Jn. — 


nl ne x 


I o nx + 1 


da;. 


j u I+x 2 

Answer. Setting f n {x) = tanh (^), we find 

. . a; . . .. x ( tanh a \ 

hrn /„( x) = — — j and 1/nWl < . , , 2 sup . 

The Lebesgue dominated convergence theorem implies 

.. T f 1 x 1 r 2 \i i In 2 

= / T— -2^ = 9 ln ( 1 + * ) o = — • 
ra->+oo J 0 1 + r 2 u 2 

We have J„ = e~ x {x + d ) 1 dx and Fatou’s lemma gives, with 

g n (x) = e~ x (x + - 


+oo = e X x 1 dx = / (lirninf g n (x))dx < lirninf / g n (x)dx = liminf J n . 
J o J o n n Jo n 



Chapter 3 

Spaces of Integrable Functions 


3.1 Convexity inequalities (Jensen, Holder, Minkowski) 

Definition 3.1.1 (Convex function of one real variable). Let I be an interval of R. 
A function (j) : I — > R. is said to be convex if for all xq,X\ £ I and 0 £ [0, 1], we 
have 

<(>(( 1 — 0)x o + 9x i)< (1 — 6)4>(x 0 ) + 0(/)(x i). (3.1.1) 

We note that xg = (1 — 0)x o + Ox i ranges over the interval [a;o,£i] (or [xi,a;o]) 
when 0 ranges over [0, 1] so that xg £ I and (3.1.1) makes sense. The function </> 
is said to be concave if — <f> is convex. 

The best explanation is encapsulated in Figure 3.1: a function is convex if 
the segments joining the points (xj,<f>(xj)),j = 0,1 are above the curve of </>. In 
that picture, above the rr-axis, we wrote only the y-coordinate of each point. Note 
also that on the vertical line x = xg , the y-coordinate (1 — 0)(f>{x o) + 0<f>( X\) can 
be calculated with the Thales theorem. 

Proposition 3.1.2. Let I be an interval o/R. and </>:/—> K be a function. 

(1) For (j) differentiable, </> is convex iff 4>' increasing. 

(2) For (j) twice differentiable, (j) is convex iff > 0. 

(3) If (j> is convex, then (f is continuous on I . 

(4) The function x i — > e x is convex on M. 

Proof. Let us first give some equivalent properties to (3.1.1). A function <f> : I — > M 
is convex iff for all x,y,z £ I, 


.. z — y . . y — x . . 

x 0 = x < y = xg < Xi = z => <p{y) < <j>[x) -\ <j>{z). 
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Property (3.1.1) is thus equivalent to the following: for all x,y,z £ I, 


x < y < z 


, (t>{z) - <j>(x) <j>{z) - <j){y) 


< 


< 


y-x 


z-y 


(3.1.2) 


since the first inequality is equivalent to cj>(xg ) — 4>(xq) < 6(cj)(x i) — 4>{xq )) and 
the second one to (1 — 0)(cj)(x i) — q ^(xo )) < 0( aq ) — 4>(xg), both are equivalent 
to (3.1.1). Figure 3.2 describes (3.1.2). The lines XY, X Z,YZ through the points 
X(x, <f)(x)),Y ( y , (p{y)) and Z{z, fi{z)) on the graph of (j) have slopes increasing with 
lexicographic order: XY =4 XZ YZ. 

Let us prove (1). Let ip be & convex differentiable function on / and let 
aq < x 2 be points of I. For 0 < e < ( X 2 — aq)/2, we have 


xi < x\ + e < X2 — e < a^- 

Using inequalities (3.1.2) for the triples aq < aq+e < x 2 — e and aq+e < X 2 — e < X2 , 
we get 

+(aq + e) - <p(x q) <p{x 2 - e) - +(aq + e) <p( x 2 ) - p(x 2 - e) 

e ~ x 2 — aq — 2e — e 

so that, taking the limit when e — > 0+, we obtain 


,, ^ <P{%2) ~ V>(xi) ^ ,, ^ 

ip (aq) < < p (x 2 ), 


X 2 — x 1 
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Figure 3.2: Description of (3.1.2) 


proving that p' is increasing. Conversely, let p be a differentiable function on /, 
with an increasing derivative. For x < y < z in J, there exists y &]x,y[, z €]y,z[ 
such that 


p(y) - p(x) 
y-x 


v'iv) < 


<p(z) - <p(y) 

z-y 


implying convexity for p, completing the proof of (1). Property (2) follows from 
the equivalence, true for ip differentiable on an interval /, 


if) increasing 


ip' > 0. 


Property (4) follows from (2). Let us prove (3). Let p be a convex function defined 
on an interval I (with non-empty interior) and let a < b be real numbers such that 
[a, b] C I. With a < x\ < X 2 < b, applying (3.1.2), we find 

<fi(x l) - <p(a) < <p(x 2 ) - p(a) and p(b) - p(x ± ) < p(b) - p(x 2 ) ^ 1 ^ 

Xi — a ~ x 2 — a b — x 1 — b — x 2 

which implies 


p{xx) - p(a) 


(x 2 - a) + p(a) < p(x 2 ) < p{b) - (b - x 2 ) 


p{b) - pfa) 


X\ — a 


b — x 1 
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Taking the limit when £2 — > x± + , we get 

ip(x 1) = p{x\) — p{a) + ¥ , ( a ) < liminf p{x2) < limsup<p(a;2) 

X 2— >-#1+ X2—>Xi + 

< <p(b) - (p(b) - p{x\)) = ip{x 1), 

implying 

lim <p(x2) = <p(xi). ( 3 . 1 . 4 ) 

X2-»xi + 

Similarly, from ( 3 . 1 . 3 ), we find 

/h\ n, \^ b ) - ^(*2) , , Mx 2 )~<p(a) 

<£>(&) - {b-x q) 7 < <p(xi) < (xi - a) h <p{a), 

b — x 2 X2 — a 

which implies 

ip(x 2) = vp( 6) — (<^(6) — <^(£2)) < liminf </?(aq) < limsup ^(aq) 

x\—*x 2 _ ai-+x 2 _ 

< <p{x 2 ) - <p(a) + tp(a) = tp(x 2 ), 

so that lim j;i _ > . a ; 2 _ <^(aq) = ip(x 2). The combination of left and right continuity 
(( 3 . 1 . 4 )) give the result. □ 

Theorem 3.1.3 (Jensen inequality). Let (X,J\ 4 ,p) be a probability space ( measure 
space where p is a positive measure such that p{X) = 1 ). Let I be a non-empty 
open interval o/K, / : X — > I be a function in £ x (/i) and let ip : I — » R. be a 
convex function. Then p o f = ip + g, where ip € L}{p) and g is measurable > 0 . 
Moreover f x fdp € I and 


V (/ Y ° 

with f x (<p of) dp = +00 whenever f x gdp = +00. 

Proof. We set to = f x fdp and / = (a, b) where —00 < a < b < +00. Let us prove 
first that to < b: it is true whenever b = +00 since / G £ 1 (/x). If & < +00, since / 
is valued in / and p is a probability measure, we have 


to — 


[ fdp < f bdp = bp{X) = b. 
Jx Jx 


If the equality to = b were satisfied, we would have 0 = J x (b — f)dp, and since 
the function 6 — / is non-negative and belongs to C l (p), Proposition 1 . 7.1 implies 
b = /, p- a.e., so at least in a point, which is not possible since / is valued in 
(a,b). We prove of course similarly that to > a , so that J x fdp € I. Using now 
the convexity of p on /, we get 


/3 = sup 

S<to 

sei 


ip(to) - p{s) 


< 


inf 

U>to 

uei 


ip(u) - ip(to) 


< +00. 


to - S 


U-to 


( 3 . 1 . 5 ) 
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As a consequence, we have 

s G /, s < t 0 => tp(t 0 ) - ip(s) < /3(t 0 - s), i.e., <p(s) > <p(t 0 ) - P(to~ s), 

and moreover (3.1.5) implies 

u £ I,u > t 0 =>■ tp(u) - <p{t 0 ) > fi(u - t 0 ), i.e., <p(u) > tp{t 0 ) - P(t 0 ~u), 

so that Vct £ /, p(a) > <p(to) — ft(t o — cr). Since / is valued in I, we obtain 
Vx<=X, <p(f(x)) ><p(t 0 ) - 0(t o - f(x)), 

entailing 

P°f = <p(t 0 ) - fi(t 0 - /) + <p o f - ip(t 0 ) + fi(t 0 - /), 


=pe£ 1 (/i) 


—g measurable > 0 


since p is a probability, / £ C l {p) and ip o / is measurable (<p is continuous from 
Proposition 3.1.2 and / is measurable). If g belongs to we find <pof £ £ 1 (/t) 

and 

J \(<P o f)dp > J (<p(to) - /?(t 0 - Z))d/i = vp(t 0 ) - pto + pt 0 = <p (/ • 

If J x gdp = +oo, with 0 < ip± £ ^(p), we have 

f + ip~ = ip+ + g >0 ==> / (<po f + tp-) dp = +oo, 

Jx 

so that we may define f x (<p ° f)dp = +oo in that case. □ 

Remark 3.1.4. Let I be an interval of R. and p : / -> R be a convex function. Then 
for any integer n > 1 and any n-tuple (6 1 , . . . ,9„) of non-negative real numbers 
such that Y2,i<j< n dj = 1, we have with X\ , ,x n £ I, 


¥>( H e M x o)- 

'1 <j<n l<j<n 


(3.1.6) 


That property is equivalent to convexity (obviously stronger since (3.1.1) is (3.1.6) 
with n = 2): it follows from convexity as a consequence of Jensen’s inequality 
applied to 


X = {1 p = ^2 6j6j, 


j h-> Xj e* p{XjY 


since Theorem 3.1.3 provides 


V>( 6 i x i) = v( H => p( j J d d) 

'1 <j<n ' '1 <j<n ' ' Jx ' 

< f (P°f)dp = e M x i)- 

J X 1 S' AS* 1 s' As' ^ 


Note also that (3.1.6) is easily proven inductively on n for a convex function ip. 
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Lemma 3.1.5 (Geometric mean - Arithmetic mean inequality). Let ai,...,a n be 
positive numbers and 6 1 , . . . , 0 n be non-negative such that 5Zi<j< n 9j = 1. Then 

geometric mean of the aj arithmetic mean of the aj 

II o? < E 

l<j<n l<J< n 

and equality holds iff a\ =■■• = a n . 

Proof. Using the previous remark along with the convexity of the exponential 
function, we find 

II "/ - II ^ 11103 < E E °<"r 

l<j<n l<j<n l<j<n l<j<n 

Defining on (M+) n the function ip{ai, ...,a n ) = J2i<j< n ®j a j ~ 111 <j<n a j J > we 
note that ip is non-negative and we may assume that the numbers 9j are all positive 
(if 0j = 0, the function ip does not depend on aj). If that smooth non- negative 
function is vanishing at some point of (R^) n , then its differential should be 0. As 
a result, we have 


0 = 


dip 

da 0 


= 0j-' 


tT 1 V 




l<k<n 


= E 


l<k<n 


since 9j > 0, proving the last result. 


□ 


In the sequel to this book, we shall use the following notation: Let 1 < p < 
+oo be a real number. We set p' = and we shall say that p' is the conjugate 
exponent of p , characterized by 

- + T = 1- (3- 1 - 8 ) 

P P 


When p = 1 (resp. p = + 00 ) we define p' = +00 (resp. p' = 1). 

Theorem 3.1.6 (Holder & Minkowski inequalities). Let (X,A i,p) be a measure 
space where p is a positive measure. Let f,g:X—tC be measurable functions, let 
1 < p < +00 and p' its conjugate exponent. Then, 


( 1 ) 


J x I fg\dp < ^ \ f\ p dp^j ^ \g\ p ' dp^j (Holder), 


(2) ( [ I f+g\ p dp] /P <( f \f\ p dp ) /P +( [ \g\Pdp) A (Minkowski). 


l/p 


\ !/p 
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Proof. We may assume that f,g are valued in R + . We can also suppose that 
f x f p dg > 0 and f x g p dg > 0. Otherwise, from Proposition 1.7. 1(1) we would 
have / = 0 g-a.e. or g = 0 g-a.e., so that fg = 0 g-a.e., trivializing (1) since the 
lhs is 0. Also, we can assume that f x f p dg < +oo and J x g p dg < +oo: otherwise 
since these quantities are both positive, their product would be +oo, trivializing 
(1) since the rlis is +oo. Under these assumptions, we define 


A = 


(/ f p dg^j , B = g p dg^j (we have 0 < A, B < +oo) 


i Ip 


and 


F = 4, G = -§ so that [ F p dg = [ G p ' dg = 1. 
A B 


ix 


lx 


From inequality (3.1.7), we get 

FG = (F p ) 1 / p {G p ') 1/p ' < -F p + -i G p ' , 

m on! 

entailing 


V P 


lx 


FGdg < I ( -F p + - -G p ' ) dg = 1, i.e., I fgdg < AB, 


x \P P 


ix 


proving (1). Let us now prove (2), assuming as we may that / and g are non- 
negative such that f x f p dg and f x g p dg are finite. We have 

(f + 9) p = n.f + g) p - 1 + 9(f + g) p -\ 


and applying (1), we find 

Jjf + g) p dg< [J x f Pd ^j /P (^(/ + ff) (p ' 1)p '^) ^ 

+ (j x g p d») /P (J x (f + 9) {P ~ 1)P ' dp) /P ■ 

Since (p —l )p' = p, we get 


J {f + g) p dg< (^j f p dg^j + g p dg 


i/p 


(/ + g) p dg 


'X 


i Ip' 


(3.L 9 ) 

The mapping t t p from R + into itself is convex since p > 1 (increasing deriva- 
tive) and this implies < \ f p + \g p . As a result, the lhs of (3.1.9) is finite 

and we obtain the sought result 


i-A=i 


(. f + g) p dg 


lx 


< 


f p dg 


' x 


i/p 


g p dg 


i x 


i/p 


□ 
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3.2 L p spaces 


Definition 3.2.1. Let be a measure space where p is a positive measure 

and let 1 < p < +oo be a real number. The space C p {p) is the set of measurable 
functions / : X — > C such that 


[ I f\ P dp < +oo, 

Jx 


(3.2.1) 


i.e., such that \f\ p £ P l {p) (cf. Definition 1.6.6). As in Definition 1.7.2, we define 
L p {p) = C p (p)/ ~ where ~ stands for the equality p-&.e. For / £ £ p (/z), we set 


\\fh* M = / I/Rm 


'x 


i/p 


(3.2.2) 


Notation. We shall note L p (R d ) the space L p {\d) where A d is the Lebesgue mea- 
sure on R d and £ P (N) the space of complex-valued sequences (ak)ken such that 

Ea^nM^ < + 00 - 

Lemma 3.2.2. The quantity (3.2.2) depends only on the class of f in C p (p) and 
L p (/j,) is a normed vector space for the norm (3.2.2). 

Proof of the lemma. We prove first that C p (n) is a vector space on C. Let /, g : 
X — > C be measurable functions and a , /3 be complex numbers. Minkowski’s in- 
equality implies for f,g £ £ p (/r). 

II a f + /^IIl+m) ^ II'T/'IIl+m) + \\P9\\LP(ti) = HII/IIlp(/x) + |/3|||0|| L p(„) < +oo. 

The space L p (qi) is the quotient of C p (g) by the subspace {/ £ C p (fi),f ~ 0}. 
Moreover (3.2.2) depends only on the class of / (cf. Proposition 1.7. 1(1)) and is a 
norm on L p {[f): The separation property follows from Proposition 1.7. 1(1), homo- 
geneity from Proposition 1.5. 4(2) and triangle inequality from Theorem 3. 1.6(2). 

□ 


We want now to define the spaces C°°(p) and L°°(p) of (essentially) bounded 
functions. Before we give such a definition, let us check the following example: we 
define 


f(x) 


1 for x Q, 
x for 


easily seen to be measurable 1 . Although that function is not bounded, it is “essen- 
tially” bounded in the following sense: with Ai standing for the Lebesgue measure 
on K, we have 


Aid* e M, \f(x)\ > 1}) < Ai(Q) = 0. 


have f(x) = ailQ(fr) + Iqc(it), so that Theorem 1.2.7 implies the measurability of /. 
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Lemma 3.2.3. Let (X,M, p) be a measure space where p is a positive measure and 
let f : X — > C be a measurable mapping such that there exists M G R + such that 

p({x G X, \f(x)\ > M}) = 0. (3.2.3) 

Then we shall say that f belongs to C°°(p). The set £°°(p) is a vector space on 
C. The quantity 

||/|| = inf{M G K+,M{I/I >M}) = 0}, (3.2.4) 

is a semi-norm on £°°(p) ( i.e satisfies homogeneity and triangle inequality). If 
fi,h belong to £°°{p) with /i = f 2 p-a.e., then ||/i|| = ||/ 2 ||. 

Proof. We have 

Vfc > 1, p (j|/| >j + ||/|| |^ = 0, 

and since {|/| > ||/||} = Ufe>i{|/| > ^ + ||/||}, we find (a countable union of 
negligible sets is negligible) 

T({\f\>\\f\\})=0- (3-2.5) 

Let f,g be in C°°(p). The inclusions 

{|/| < 11/11} n {|flr| < ||p||} c (1/ + g\ < ll/ll + \\g\\} 
imply {|/| > 11/11} U {\g\ > ||g||} D (|/ + g\ > ||/|| + \\g\\}, so that 

T({\f + 9\ > ll/ll + llfllll) = 0 

and thus / + g € £°°(p) along with ||/ + g\\ < ||/|| + ||g||. Also for a £ C and 
/ € £°°(/x), we find readily af € £°°{p) and ||a/|| = |a|||/||. To prove the last 
statement, we write with N £ A4, p(N) = 0, |/i|l 7 v c = I/ 21 1 jv c which implies for 
M > 0, 

M({|/i| > M}) = p({\h\l N c > M}) = p({\f 2 \lNo > M}) = p({\h\ > M}), 

entailing || /i|| = H/ 2 1| . □ 

Definition 3.2.4. Let (X, A4, p) be a measure space where p is a positive measure. 
We define L°°{p) as the quotient of £°°(p) by the relation of equality p- a.e. For 
/ G £°°(p), we have 

II/IIl“(^) = inf{M G R+, p(\f\ > M) = 0} := esssup|/|. (3.2.6) 

This quantity depends only on the class of / in C°°(p) and L°°(p) is a normed 
vector space for the norm (3.2.6). We shall denote by L°°(M. d ) the space L°°(Xd ) 
where A d is the Lebesgue measure on and £°°(N) the space of complex- valued 
sequences (ak)k£N such that sup fcgN \ak\ < +00. 
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Using the previous lemma, we have only to verify the separation axiom of 
the norm: if ||/|| = 0 for some / G £°°(/i), then for any k € N*, we have 

m({|/I > 1/*}) = 0 =► g{{f ± 0}) = M(u fc >t{|/| > 1/A:}) = 0 

so that (3.2.6) is a norm on the vector space L°°(g). 

Remark 3.2.5. Let / be in L°°(g). We have 


| L oo ( ) = inf sup | f(x ) | 
v AeM \ xe A 

M (A c )= 0 x 


In fact if / £ L°°(g), A £ A i,g(A c ) = 0, we have / ~ fl a and thus 


\\J\\loo M = ||/1a||l~( m ) < sup \f(x)\. 

xeA 

Conversely if / G L°°(/z), we saw that g ({|/| > ||/||l°°( m )}) = 0. Defining 

^ = {|/|<||/||loo W } 

we find g(A c ) = 0 and ||/||z/*, (([l) = ||/1 a||l°°( m ) < sup xeA |/(a;)| < ||/||l°°( m )- 

Proposition 3.2.6. Let (X,M, g) be a measure space where g is a positive measure. 
Let 1 < p,p' < +oo be conjugate exponents (i.e., + jjr = 1), / G L p (g) and 

g G L p (g). Then the product fg belongs to L 1 (g) and we have 


Wfah^) < II/IIlp(^)IIsIIlp' M - 

Proof. For 1 < p < +oo, it is Holder inequality (Theorem 3. 1.6(1)). If p = 1, then 
p' = +oo and we have 


\f(x)g(x)\ < |/(a:)|||p||ioo M g-a.e., 


which gives the result by integration using Theorem 1.7.4. □ 

Remark 3.2.7. Although the spaces L p (g) are quotients and its elements are classes 
of functions in C p {g), we shall speak about functions of L p (g), keeping in mind 
that they could be modified on negligible sets. 

Theorem 3.2.8. Let (X,fA,g) be a measure space where g is a positive measure 
and let p G [1, +oo]. Then L p (g) is a Banach space ( complete normed vector space ) 
and L 2 (g) is a Hilbert space ( complete pre-Hilbertian space). 

Proof. We assume first 1 < p < +oo and consider a Cauchy sequence (f n )n> l i n 
L p (g), i.e., such that 


Ve > 0, 3N e , Vn, m > N e , \\f n - f m \\LP{g) < £• 


(3.2.7) 
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We claim that there exists a strictly increasing sequence of indices 

1 <m <n 2 < ■■■ <n k < n k+ i <■■■ such that ||/ nfc+1 - f nk || < 2~ k . (3.2.8) 

In fact, using (3.2.7), we can hnd m > 1 such that \/p > 0, ||/ p+ni — f ni || < 2~ 1 . 
Let us assume that we have found 1 < n\ < ri 2 < ■ ■ ■ < n k such that 

Vp>0,Vj€{l,...,fc}, ||/ p+ n, -f nj \\ <2~L (3.2.9) 

From (3.2.7), we can find m k such that \/p > 0 ,Vm > m k , || f p + m — fm\\ < 2~ k ~ l . 
We define now 

rifc+i = max(l + n k , m k ), 

and we check n k < n k+ i and \/p > 0, \\f P +n k+1 — fn k+1 \\ — 2.~ k ~ l . This allows us 
to construct a strictly increasing sequence (n k ) k > i satisfying (3.2.9) which implies 
Claim (3.2.8). For k > 1, we define now the non-negative measurable functions 

9k = \fn j+ i — fnj |) 9 = l/ra.j + 1 ~ fn-j |- (3.2.10) 

1 <j<k j > 1 


Using (3.2.8) and the triangle inequality for the norm L p (g), we find 
\\9k\\L^) < ^2 ll/rij +1 - /rajIUpqq < 2_J - 1 > 

so that Fatou’s lemma 1.6.4 implies 

[ (\g\ p = lim \g k \ p = lirninf | 5 fe| p )d/i < liminf [ \g k \ p dg < 1, 

J x k k k Jx 

proving g £ L p (g), ||<7||ip( /i ) < 1 and 0 < g < +oo p-a.e. (cf. Proposition 1.7.1 
(4)). As a consequence, the telescopic series Ylj>i{fn J+ i ( x ) — f nj (a;)) is absolutely 
converging g-a.e., i.e., on a measurable set A such that p(A c ) = 0. Let us define 

f(x) = +^2(f nj+1 (x) - f nj (x))^l A (x). 

j> i 

Since f ni (x) + J2i<j< k (fn j+1 (x) - f Hj {x)) = f nk+1 (x ), we find 

f(x) = lim f nk (x), p-a.e. 

k 

Let e > 0 be given and N e be an integer such that (3.2.7) is fulfilled. Fatou’s 
lemma implies for m > N e , 

J (j/ - fm\ p = linr inf | f nk - f m \ p ^dg < liminf J |/„ fe - f m \ p dg < e p . 
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As a result, / — f m belongs to L p (p) as well as / = / — f m + f m and we have 
\\f - fm\\LP(n) — f 0, qed for 1 < p < +oo. 

m— >•+ oo 


In particular, L 2 (p) is complete for the norm 


MU 2 (m) = (yj uud/j'j 


\ 1/2 


(3.2.11) 


For u,v £ Proposition 3.2.6 implies that uv belongs to L l (p) so that 


L 2 {p) x L 2 (p) 9 (u, v) / uvdp = B(u,v) (3.2.12) 

Jx 

is a sesquilinear Hermitian form, i.e. , for Ai, A 2 € C, u,v € L 2 (/r), 

B(Xim + \2U2,v) = + A 2 B(u2,u), B(v,u) = B(u,v). (3.2.13) 

The vector space T 2 (/r) equipped with the norm (3.2.11) is thus a Hilbert space. 
We need now to check the case p = + 00 . Let (f n ) n e N be a Cauchy sequence in 
L°°(/x). We define for n,m £ N the sets 

A n = {x€ X , \f n (x)\ > \\f„\\ L ~ w }’ (3.2.14) 

B n ,m ={X£X, | f n (x) - f m (x)\ > \\f n - frah^}, (3.2.15) 

and we note that they are both negligible (from (3.2.5)). Let us define 

E = UngwAn U U k,l€nBk,l- 

As a countable union of negligible sets, E is negligible and for x £ E c , n, m £ N, 

I fn{x) - fm(x) I < Wfn ~ /m|U»( M ), (3.2.16) 

\fn(x)\ < ||/n||L=°( M ) < SUp ||/„||loo ( m) = M 0 < +0O. (3.2.17) 

N 


The very last inequality follows from the assumption (3.2.7) since the triangle 
inequality implies in a normed space 

ll/nll < || fn - fm\\ + \\fm\\, \\fm\\ < Wfn - fm\\ + ||/J, 

so that 


I ll/nll - 1 1 fm 1 1 1 = max(||/ n || - ||/ m ||, ||/ m || - ||/„||) < ||/„ - / m ||, (3.2.18) 

proving that the sequence of real numbers (||/ n ||)neN is a Cauchy secpience, thus 
is bounded. For x £ E c , the sequence of complex numbers (/„ ( a ’)) nG N is a Cauchy 
sequence, thus converging (with a limit < Mq in modulus). Let us now define 


f{x) = 


lim„ f n (x) for x£E c , 
0 for x £ E. 
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The function / belongs to L°°(/x) (note that / is measurable as a pointwise limit 
of the measurable f n ^-E c ) and ||/||l°°( m ) < M 0 - Moreover, using (3.2.7), for e > 0 
and n > N e we have 

I fn(x) - f(x)\l E c(x) = lim| fn(x) - fm(x)\l E c{x) < limsup||/„ - / m ||L~( M ) < e. 

m m 

Since p,(E) = 0, we find ||/„ - f\\ L °°(ri < sup xGE c \f n (x) - /( x)\l E c(x) < e, 
proving the convergence in L°°(p.) of the sequence (f n )nen- The proof of Theorem 
3.2.8 is complete. □ 

Along the proof of the previous theorem, we have obtained the following 
result, which is of independent interest. 

Lemma 3.2.9. Let (X,Ai, p.) be a measure space where p is a positive measure, let 
p € [l,+oo) and let (f n )n£ N be a convergent sequence in L p (p). Then there exists 
a subsequence (f nk )ke N converging pointwise p-a.e. 

We have seen in Exercise 2.8.23 that a sequence (/„) ne N can be converging in 
L 1 (M.) and nevertheless be such that for all ieR, the sequence (/„ 0*0) „ eN is di- 
vergent, proving that extracting a subsequence is necessary to get a.e. convergence 
from convergence in L 1 . 

The following theorem is an extension to L p of Proposition 1.7.8. 

Theorem 3.2.10. Let (X,JVi,p) be a measure space where p is a positive measure 
and let p £ [l,+oo). Let f n : X — > C be a sequence of measurable functions 
converging p-a.e. towards f . 

(1) Let us assume that for all n £ N, f n £ £ p (p) and the numerical sequence 
\\fn II L p (^i) bounded above. Then f 6 C p (p). 

(2) We assume that lim^oo \\f n \\LP(^) = ||/||lp( m )- Then the sequence (/„)„ 6 n 
converges in L p (p) towards f , i.e., 


lim [ | f n - f\ p dp = 0. 

t->°o J x 


I. X 

Proof. The function / is measurable as a simple limit of measurable functions. 
Moreover, Fatou’s lemma implies 

[ \f\ p dp = I lim inf \f n \ p dp < lim inf [ \f n \ p dp < sup [ \f n \ p dp < +oo, 

J X Jx n n Jx n Jx 

which proves (1). Let us prove (2). We define 

9n = \fn-f\ P ~\fn\ P + \f\ P , (3.2.19) 

and for a given A > 0, we find 

\g n \dp = \9n\l{\f n \<\\f\}dn+ \9n\l{\f n \>x\f\}dn. 

Jx Jx 


lx 


e\(n) 
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We note that | |1{|/„|<A|/|} converges pointwise to 0 since g n converges pointwise 
to 0. Moreover we have 

1 {|/n|<A|/|}lfl , n| < 1 {|/„|<A|/|}(l/n| P + I f\ P + \\fn\ + l/l| P ) 

<|/| p (A p + l + (A+l) p )e£ 1 (/r). 

Lebesgue’s dominated convergence theorem implies then lim„£,\(n) = 0. More- 
over, we have, noting that f n ^ 0 on {|/„| > A|/| }, 

\dn\ 1 {|/n|>A|/|} = 1 1 fn - f\ P - \fn\ P + I / 1 P 1 1 { | /„ | > A| / 1 } 

= l/,r||l - f/fn\ p ~ 1 + l///n| P |l{|/„|>A|/|}. 

For a complex number z such that \z\ < 1, we have 

||l-2| p -l| < p2 p_1 ||l — z| — l| <p2 p ~ 1 \z\ : 

the first inequality comes from the mean value theorem for the function t i— >• t p 
between 1 and |1 — z |, and the next one follows from the triangle inequalities 

|1 — z\ < 1 + \z\ and 1 < |1 — z\ + \z\. 


As a result for A > 1, we find 


lfl , n|l{|/ n |>A|/|} ^ l/n| P ( 1 +P 2P l )/\ 


which implies f x | g n \dg < e n ( A) + 1+p ? 

we get 


lim sup 

n — >+oo 



\gn\dg, < 



fx \fn\ P dg- Consequently, for all A > 1, 


+ 1 


lim / 

n^+ooJx 


\fn\ p dg , 


implying lim„ f x \g n \dg = 0, and thus lim n f x g n dp, = 0. Going back to the defi- 
nition of g n in (3.2.19) we find now 


0 = lim (J x (\fn - f\ P ~ \fn\ P + \f\ P )df?) 

= lim ^ | f„ - f\ p dg - J ^ \f n \ p dg + \f\ p dpj . 

Since we have assumed that lim„ f x \ f n \ p dg = f x \f\ p dg, we obtain the result 


lim 

n 



I fn - f\ P d/-L 


= 0 . 


□ 


N.B. The statement of the previous theorem does not hold for p = +oo: on the 
real line we may consider the L°° function / = l[-i,i] which has norm 1. It is 
easy to find a sequence of continuous functions f n with compact support in [—2, 2] 
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converging pointwise towards / with L°° norm equal to 1 with norm 1 (take /„ 
continuous piecewise affine, equal to 1 on [—1, 1], equal to 0 on the complement 
of (—1 — 1 + i)). However it is not possible that the sequence (/„) converges 

in the L°° norm towards /, since the continuity of the (/„) must be preserved by 
uniform limit, although / has discontinuity points. 

Proposition 3.2.11. Let (X,ftA, pi) be a measure space where pi is a positive measure 
and let 1 < p < +oo. We define 

S = {s : X — > C, measurable, s(X ) finite with /i({s ^ 0}) < +oo}. (3.2.20) 

The set S is dense in L p (p). 

Proof. Let s be in S and let a±, ... , a m be the distinct non-zero values taken by 
s. We have 


s= ^2 a s 1 A j , Aj = s 1 ({cry}), n(Aj) < p.({s ± 0}) < +oo. (3.2.21) 

l<_7<m 


Since the Aj are pairwise disjoint, we find 



(3.2.22) 


proving the inclusion S C L p {p). Let / be a positive function belonging to L p {p). 
Using the approximation Theorem 1.3.3, we find an increasing sequence of simple 
functions (sfc)fceN converging pointwise to /. Each Sk belongs to S since for s 
simple < /, taking the distinct non- negative values a±, . . . , a m on the pairwise 
disjoint sets Ai,... A m , we have 

s= "S'] a 3 1 Aj , a p .pL{Aj)= / s p dpi < / f p dp,<+ oo, 

, J x J x 

l<j<m l<j<m 

«J>0 


which implies p(A j) < +oo whenever aj > 0 and thus 

M({s^0})= ^2 d{Aj)<+oo, 

1< j<m 

a j >o 

proving s € S. Going back to the sequence (sk)k&Th we have 

0 < (/ — s k ) p = |/ - s k \ p < f p G L 1 (pi) and (/ - s k ) p 0 pointwise. 
Using Lebesgue’s dominated convergence Theorem 1.6.8, this gives 


|/ - s k \ p dp 0, i.e., 


lx 


lim||/- s fe || iP( ) = 0. 

k 
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We conclude the proof by writing / € L p (p) as 

/ = (Re/) + - (Re/)_ +*(Im/) + -*(Im/)_. (3.2.23) 

□ 

Remark 3.2.12. The previous proposition does not hold for p = +oo when p{X) = 
+oo. For instance, the function 1 in L°°(p) cannot be approximated in L°°(p)- 
norm by a function s which is 0 on the complement of a set A with finite measure: 
we have 

||1 - s||l“( m ) > 11(1 - s)1a<=|U~(m) = II 1^4° = 1) 

since p(A c ) = +oo > 0. However, when p = +oo, we always have the following 
property. 

Proposition 3.2.13. Let (X,A4,p) be a measure space where p is a positive mea- 
sure. We define 


Soo = {s : X — > C, measurable, s(X) finite}. (3.2.24) 

The set S oo is dense in L°°(p). In particular, when p(X) < +oo ; we have Soo = S, 
where S is defined by (3.2.20), and Proposition 3.2.11 holds true in that case for 
p = +oo. 

Proof. Let 0 < / € L°°{p)-. we find N negligible such that / = }1n c is bounded 
non- negative. Theorem 1.3.3 implies that there exists an increasing sequence of 
simple functions (sk)ke n converging uniformly towards /. Of course each Sk be- 
longs to Soo and thus to L°°{p) and we have 

II/- Sfc||i~( M ) = II/- s fc || t oo M < sup | f{x) - s fc (ar)| — 4> 0. 

xex fc->+oo 

We conclude by decomposing / as in (3.2.23). □ 


3.3 Integrals depending on a parameter 

Continuity 

Theorem 3.3.1. Let (X,A4,p) be a measure space where p is a positive measure. 
Let Y be a metric space, let yo £ Y and let f : X x Y — > C be a mapping such 
that: 

r X C 

x 

Y C' 

V f{x,y) 

(3) There exists a function 0 < g £ C^ip) such that, p-a.e. in x £ X , for all 
V £Y, \f(x,y)\ < g(x). 


(1) For all y £ Y , the mapping 

(2) The mapping 


^ f(x,y) belongs to C l (p). 
is continuous at yo, p-a.e. with respect to x. 
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Then the function F defined by 

F(y) = f f(x,y)dy{x) (3.3.1) 

Jx 

is continuous at j/o- In particular, if the assumption (2) holds for all y £ Y , we 
find that F is continuous on Y . 

Remark 3.3.2. Assumption (2) means that there exists N £ M such that y{N) = 0 
so that for all x £ N c , the mapping y H > f(x,y) is continuous at z/o - Assumption 
(3) means that there exists N £ M such that y(N) = 0 and 

sup \f(x,y)\l N c(x) £ C\y). (3.3.2) 

yer 

We note also that (1) allows us to define F by (3.3.1). 

Proof. Let (y n )n> l be a sequence in Y converging towards j/o - We check 

F(yn)-F(y 0 )= [ (f(x,y„) - f(x,y 0 ))dy{x). 

U(x) 

Thanks to (2), the sequence {f n )n> l converges pointwise a.e. to 0; moreover (3) 
implies |/„| < 2 g, y- a.e. We can apply Lebesgue’s dominated convergence Theorem 
1.7.5 entailing the sought result lim n _>. +00 F{y n ) = F(yo). □ 

When the space Y is locally compact, the domination hypothesis (3) can be 
localized to any compact subset of Y. 

Corollary 3.3.3. Let (X,M.,y) be a measure space where y is a positive measure. 
Let Y be a locally compact metric space, and let f : X x Y — > C such that (1) 
above is satisfied, as well as (2) for all y in Y. If for any compact subset K ofY, 
there exists a non-negative function gx € C l {y) such that, y-a.e. with respect to 
x £ X , 

sup \f(x,y)\ < g K (x), (3.3.3) 

y&K 

then F defined by (3.3.1) is continuous on Y . 

Proof. Since Y is locally compact, it is enough to check continuity for F restricted 
to any compact set, so we can apply the previous theorem. □ 


Differentiability 


Theorem 3.3.4. Let ( X,Xi,y ) be a measure space where y is a positive measure. 
Let Y be an open subset o/K m , and / :Ixf->Cfc« mapping such that: 


(1) For all y £ Y, the mapping 


X 

x 


C 




/( X y \ belongs to C x (y). 
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fY ->• C 

(2) For all x £ X, the mapping < ^ ^ ^ ^ is differentiable on Y . 

(3) For any compact subset K C Y, there exists a non-negative function gx 
C l (y) such that, for all x € X, 

sup \\d y f(x,y)\\ < g K {x). (3.3.4) 

y£K 


Then the function F defined by (3.3.1) is differentiable on Y , d y f(-,y) £ P l (y) 
and 

dF(y) = f d y f(x,y)dfi(x) (3.3.5) 

Jx 

Remark 3.3.5. The differential d y f(x, y) is a vector in C m (a complex- valued linear 
form on R m ) whose Euclidean norm is taken in (3.3.4). For that vector, to belong 
to C l (y) means that each component belongs to >C 1 (/x). For all T £ R m , the 
mapping from X into C, defined by x >->• d y f(x, y) ■ T belongs to C 1 ^): first of all, 

d y f(x, y)-T= lim k(f{x, y + T/k) - f(x, y )) , 

AC— >-+00 

implying measurability, and also (3.3.4) gives 


/ \d y f(x, y) ■ T\dy{x) < +oo. 

Jx 

Proof. Let y £Y and r > 0 such that the closed ball B(y, r) is included in Y . For 
h £ such that ||Ai|| < r, we check 

F{y + h)-F{y)= f (f(x,y + h)-f(x,y))dy(x) 

Jx 


dyf(x,y)-h + e Xt y(h)\\h\\ dy(x), 


ix L 


where we have 


lim e x y (h) = e x y (0) = 0. 
h-¥ o 


(3.3.6) 


Since the function x e- >• d v f(x,y ) • h belongs to Cr{y), it is true also for e XtV (h) 


and we find 


F(y + h) - F(y) = / d y f(x , y) • hdy(x) + / e XtV (h)dfjt(. 

Jx Jx 


Using the mean value inequality, we get 

\ex, v {h)\\\h\\ < sup \\dyf(x,y + 9h)\\\\h\\ + \\d y f(x, 

ee[o,i] 
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so that from (3.3.4) 

\ e x,y(h)\ < 2 sup \\d z f{x,z)\\ < 2g K (x) G C l {y), (3.3.7) 

zeB(y,r) 

with K = Inequalities (3.3.7) and (3.3.6) allow us to use Lebesgue’s 

dominated convergence theorem to show that, for any sequence ( hk)keN converging 
to 0 in R m , we have lim/^+oo f x \e x<y {hk)\dy{x) = 0. This implies 

F(y + h)-F{y)= f d v f(x,y)-hdy(x) + r] y (h)\\h\\, 

Jx 

with y v (h) = f x e XjV (h)dy(x), and linr^o y y (h) = 0. We find thus that the map- 
ping F is differentiable at any point y G T with dF{y) ■ h = f x d y f(x, y) ■ hdy(x), 
concluding the proof. □ 

Remark 3.3.6. It would be harmless of course to replace f x f(x,y)dy( x) by- 
J X \ N f(x,y)dy(x) where N is negligible and thus to use a.e. assumptions. This 
is in fact a consequence of Theorem 3.3.4 where X could be replaced by X\N. 
However, the situation here is slightly different from the a.e. assumption in The- 
orem 3.3.1: in the latter the hypothesis (3) is uniform with respect to y G Y, 
as expressed by (3.3.2), whereas it is not the case for (1) when it is valid for all 
j/o G Y- hr fact, in that case, (1) requires that for each y 0 G Y . there exists a 
negligible set N (which could depend on y 0 ) so that, for all x G N c , the mapping 
y i y f(x,y ) is continuous at z/o - 


Holomorphy 


Theorem 3.3.7. Let (X,ftA,y) be a measure space where y is a positive measure. 
Let U be an open subset of C, and let f : X x U —> C be a mapping satisfying the 
following properties. 


(1) For all z G U, the mapping 

(2) For all x G X , the mapping 


\X -»• C 
X f(x,z) 

'U -> C 
.2 | -t f{x,z ) 

(3) For every compact subset K of U , there exists a non-negative function gx G 
£} (y) such that for all x G X, 


belongs to £ 1 (/x). 
is holomorphic on U. 


sup \f(x,z)\ < g K (x). (3.3.8) 

z£K 


Then the function F defined by (3.3.1) is holomorphic on U and for all k G N, the 
mapping 
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belongs to C l {ii) and 

F {k \z) = ^ ^(ar, z)dfj,(x). (3.3.9) 

Remark 3.3.8. It is important to note that Assumption (3.3.8) is apparently very 
weak since we require only the local domination of the function itself, and not 
like in (3.3.4) a control of the derivative. In fact, the holonrorphy assumption and 
Cauchy formula allow us to deduce from this some estimates for the derivatives. 
Generally speaking, the oscillations of holonrorphic functions (e.g., the values of 
the derivatives) are controlled by the values of the functions. More precisely, the 
topology on (holonrorphic functions on the open set XJ) is given by the 

countable family of semi-norms 

sup |w(z)|, Kj compact, such that U jenKj = U, 

zeKj 

which makes a Frechet space 2 . 

Proof. Let zq £ U and tq > 0 such that the closed ball K 0 = B(zo, ?’o) is included 
in U. Let (z n ) n > i be a sequence in B(zo,ro/2)\{zoj with limit zq. With z n = 
z$ + h n , let To be the circle with center Zq and radius r o'- we have, using Cauchy’s 
formula 


F(z 0 + K) - F{zo) = J [f(x, z 0 + h n ) - /( x, zo)] dfi(x) 


ix 


1 

2in 


f J- 

lx 2 itt 


r 0 S — z 0 ~ o-n 

f(x,0 ( 


f(x,0 


df 


— hr 


lx 


r 0 £ - z 0 - Z 0 - h n 

j_r / f(x,o i 

2i7r Ur 0 £ - zo £ - Zo - h 


r 0 £ _ z o 

~ A df 


dfj,(x) 

d/j,(x) 


-df 


d/j,(x). 


G n (x) 


We claim that for all x € X, 


lim G n ( x) 

n— >+oo 



f(x,Q 

(t-zo ) 2 


df 


dj_ 

dz 


(x,z 0 ). 


(3.3.10) 


2 A Frechet space is a complete metric vector space where the metric is given by a countable 
family of semi-norms (pj)j^ (a semi-norm satisfies the properties of a norm - see (1.2.12) - 
except for the separation property); the family (pj)j^N 1S assumed to be separating in the sense 
that Pj(u) = 0 for all j E N implies that u = 0, and the metric is given by 


d( u ,v) = 

j>0 


2 ipj(u — v) 
1 + pj ( u — v) 
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Indeed, for £ <E T 0 , we have |£- 2 0 | = r 0 , |£-2 0 -/i„| > \£-z 0 \-\h n \ = r 0 -\h n \ > 
Tq/2, which implies for all x £ X, 


l/( a: >£)l 


|£ - A>||£ - z 0 - h n 


< 


2 |/(x,£)| 


so that for £ = zo + r 0 e iS , 

\ir 0 e ie \ \f(x,Zo + r 0 e w )\ ^ 1 \f(x,z 0 + r 0 e ie )\ , 0 

r» = «(*>£ MM). (3.3.11) 

Since for 9 £ [0, 2n\, we have 

li m ir ° e ’ e f( x ' z o + r o e?g ) _ ir o et6 f( x > z o + roe td ) 

n->+ oo 2in roe * 0 (roe * 0 — h n ) 2in r^e 116 

this implies from (3.3.11) 

v n r \ v 1 I / 0 ,£) 

Inn G n (x) = lim — (b — — — 

n-).+oo n-H-oo2i7T./ r (£- 2 0 )(£- 2 0 -/l n ) 


dl l 


= lim 


1 


f{x,z 0 + r 0 e ie ) . i0 

n'oe dO 


«-H - oo 2in J 0 roe z8 (roe‘ e — h n ) 




f(x, z 0 + r 0 e ie ) . 


2in 


„2„2 iff 
' o e 


iroe lB dO 


It 0 (£ - z 0 ) 2 


/(z,£) 

a£ = Tr(2!,2o), 


92 


which proves Claim (3.3.10). Moreover, we have 
|G„((c)| < 


27t?’o 2 


sup |/(x,£)| < 2g Ko (x) £ L l {^). 
2 tt r 0 £ 6 r 0 


Applying Lebesgue’s dominated convergence to the sequence G n , we find that the 
mapping x K > § 7 ( 2 :, 2 ) 0 ) belongs to L 1 (/i) and 

lim h~ 1 (^F)zo + h n ) — F(zo)) — [ ^f(x,z 0 )dn{x), 

n-t+oo J x OZ 

for all zo £ U. We get then (1), (2) for as well as (3) using Cauchy’s formula. 
We conclude by a trivial induction argument. □ 

Let us end this section with a couple of examples. In the first place, we 
consider the Gamma function , defined a priori on Ho = {z £ C, Re 2 > 0} by 

r+00 

r( 2 ) = / t z ~ 1 e~ t dt. (3.3.12) 

Jo 
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Thanks to Theorem 3.3.7, we prove that T is holomorphic on Hq, and is such that 

Vz£H 0 , r(* + l) = *r(*), (3.3.13) 

a functional equation allowing us to extend T meromorphically to C with simple 

poles at {— fcjfcgN with residue ^ fc! ’ . We note that for n € N, we have T(n+1) = n! 
as well as T(l/2) = y/n. 

The Zeta function is defined a priori on Hi = {s £ C, Re s > 1} by 

as) = E A- (3.3. i4) 

n s 

n> 1 

Theorem 3.3.7 implies that ( is holomorphic on H i. This function can be extended 
meromorphically to C with a single pole at 1 with residue 1. It can be proven also 
that for Res > 1, 

<00 =n U-P" 8 ) -1 , (3-3.15) 

p&V 

where V stands for the sequence of prime numbers. Most notably, the distribution 
of prime numbers has an intimate connection with the location of the zeroes of 
the f function, as pointed out first by Riemann. In particular the Hadamard-de 
la Vallee-Poussin Theorem 

card{p € V,p < x} = f -k(x) ~ 7 —> (3.3.16) 

a;->+oo In X 

follows from the fact that the £ function does not vanish on H\. The Riemann 
hypothesis, a most famous unsolved mathematical problem (November 2012 speak- 
ing) stated by Riemann in 1859, asserts that the non-real zeroes of the ( function 
are located on the critical line {s £ C, Res = |}. Another important function is 
the so-called function £, which is entire (i.e. , holomorphic on C), defined by 


<(s) = <(s)r(s/2)7T s/2 is(s-l), 

(3.3.17) 

and which verifies the functional equation 


<(s) = <(1 - s). 

(3.3.18) 

The Jacobi function 9j, is defined for Re z > 0 by 


9 J {z) = Y J ^ n2z - 

(3.3.19) 




Theorem 3.3.7 implies that 9j is holomorphic on Hq. The Modular Property of 9j 
is expressed as 


9j{l /z) = z 1 ' 2 ej(z). 


(3.3.20) 
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The Beta function is defined for x, y € Hq by 

B(x,y)= [ t^il-ty-'dt, (3.3.21) 

Jo 

and the following formula is easily proven: 

r>r„ r ( x ) T (y) to o oo\ 

B{x,y) = . (3.3.22) 

T [x + y) 

Manifold other examples of applications of Theorem 3.3.7 occur in the mathemat- 
ical literature and we refer the reader to the exercises sections as well as to our 
Appendix 10.5 for examples related to the Airy functions, Bessel functions, elliptic 
integrals, Fresnel integrals. . . 


3.4 Continuous functions in L p spaces 

Theorem 3.4.1. Let 1 < p < +oo and let Q be an open subset ofM m . The space 
C c (fl) of complex-valued continuous compactly supported functions in Q is dense 
in L P (Q). 

Proof. From Proposition 3.2.11, we know the density of S (see (3.2.20)) in L p (Ll). 
Thus we need only to consider a Borel set A C LI with finite measure and prove 
that we can approximate 1^4 in L p - norm by a function of (7 c (f2). 

Let e > 0 be given. From Theorem 2.2.14, we find a closed set F and an open 
set V of U such that 

FcAcV, \ m (V\F)<e p /2 p , (3.4.1) 

which implies 

[ \l A ~l v \ p d\ m = f l p d\ m = X m (V\A)<e p /2 p . (3.4.2) 

Jn Jn 

Moreover we have 

A m(V) = X m (A) + X m (V\A) < X m (A) + X m (V\F) < X m (A) + e p /2 p < +oo. 
Using (2.4.3) in the proof of Theorem 2.4.2, we find \ 6 C c (V; [0, 1]) such that 

A m (V) - e p /2 p < / xdX m < X m (V) = sup / ydA m < +oo, 

Jn xec , c (y ; [o,i]) Jn 

so that 

[ \l v — x\ p dX m = f \l- X \ p dX m < [ (l — x)dX m = X m (V) — f X dX m <e p /2 p . 
Jn Jv Jv Jv 

(3.4.3) 

We get then from (3.4.2), (3.4.3) the inequality ||1a — xllz,p(fJ) < e an d the result. 

□ 
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Remark 3.4.2. Of course Theorem 3.4.1 does not hold for p = +oo since for all 
X G C'c(fi), || In — xIIl“( 0 ) = 1- On the other hand, thanks to Proposition 3.2.13, 
the space Soo is dense in L°°( Cl). 

Theorem 3.4.3. Let 1 < p < +oo and let be an open set o/K m . The space 
C%°(£i) is dense in L p (Ll). 


Proof. Let x be in C c (Ll) and po £ C'^°(K d ;K+), supppo = B( 0, 1), f Rd po(x)dx = 
1 (we may for instance consider the function p of Exercise 2.8.6 divided by its 
integral). For e > 0, we define 


Xe(x) = [ Po({x — y)e 1 )e m x(y)dy. 

J R m 


(3.4.4) 


Theorem 3.3.4 implies that Xe is a C°° function on K m . Moreover we have 

suppxe C suppx + eS(0, 1) C Ll for e small enough (cf. (2.1.4)). 

Using a dilation-translation change of coordinates in this integral of a compactly 
supported continuous function (see Lemma 2.4.5), we get 

Xe(x)~x(x)= / p 0 {z)(x{x + ez)-x{x))dz 

J R m 

and since x is uniformly continuous we find 

\Xe{x) - xO)l < sup \x{x 1 )-x{x 2 )\ = 0(e) 

|X1-X 2 |<€ £ ^° 

so that f Rd \Xc{x) - x{x)\ p dx < 6'(e) p A m (suppx + eB( 0, 1)) ^ 0. □ 

Remark 3.4.4. For 1 < p < +oo, the space L p (Ll) is thus the completion of C c (Ll) 
for the norm L p . We could have defined L p { fl) using that completion argument, but 
we would have to manipulate classes of Cauchy sequences of continuous functions 
and this would be inelegant as well as complicated. Instead, we were able to realize 
L p as a space of functions modulo the equality a.e. and it is much simpler this 
way. We shall see in Exercise 3.7.26 that the completion of C c (K m ) for the L°° 
norm is not but C'( 0 )(R m ), the space of continuous functions going to 0 

at infinity, i.e. , continuous functions / on R m such that 

lirn { sup \f(x)\] = 0. 

We shall end this chapter with an important consequence of Theorem 3.4.3. 
Lemma 3.4.5 (Riemann-Lebesgue Lemma). Let u be in L 1 (] R m ). We define 

u(£) = / e^ 2lvx '^u(x)dx (Fourier transform of u) . (3.4.5) 

J R m 

Then we have u(£) — ► 0. Moreover the function u is uniformly continuous 

ls|->oo 
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Proof. We note first that (3.4.5) is meaningful as the integral of an L 1 function 
and we have also 

sup |u(£)| < ||w||ti(Rm). (3.4.6) 


£gR” 


^oo m>m 


). With a = (on, . . . ,a m ) G N m , we dehne 
1 d 


Let ip G C° 

1 F) 

£Oi _ ^1 £OLm 

AC/i UJyj 

Theorem 3.3.4 implies the identities 

= =?*$(€), 

entailing (l + |£| 2 )£>(£) = Fourier^ + Xa<j< m • We find thus 

(l + IC| 2 )lV ? (^)l < \\P + ^2 D‘*(p\\ L l( R m' ) , 

1< j<m 

which implies lini|t|_ ) . +00 ^(£) = 0. For u € L 1 )®" 1 ), we have 

l«(£)l < l(w - ¥>)(0I + l£(OI < Ik - <klz4(R m ) + l£(OI> 

so that for all ip £ C° 


OO nam\ 


(3.4.7) 


(3.4.8) 


lim sup |w(£)| < ||u-^|| L i( R m) => lirnsup |u(£)| < inf ||u - V?||li(r™) = 0. 

|£[-Kx> |£|-kx> V eC~(R™) 

We have also u(£ + rj) — u(£) = f Rm e ~ 2inx < ( e - 2inx -y _ 1 }u(x)dx, so that 


m + ri)~ «(0I < / K®)| le- 2 '^ - 1| dx, 

J R m ' v ' 

<2 

and Lebesgue’s dominated convergence theorem shows that, for all £ S K m , 

hmlu^ + T?)-^)! =0, 

77— >-0 

proving continuity, which is also a consequence of Theorem 3.3.1. We have also for 

R> i, \v\ < i, 

k(£ + ??) - u(0\ < sup k(? + ??) - u(0\ + 2 sup |w(OI 
k <k t >« i 

so that for 0 < e < 1, if oj p is a modulus of continuity 3 of the continuous function 
u on the compact set {|a;| < p} 

sup \u(£ + r}) - u(£)\ < u) R+1 (e)+2 sup |u(£)|, 

N<£,?6R m |£|>fl-l 

3 For a continuous function v defined on a compact subset K of R m , the modulus of continuity 
lj is defined on R_|_ by cj(p) = sup x ,yeK \ v ( x ) ~ v (y)\- We have lim /9 _>.o+ ^(p) = 0. 

\x-y\<p 
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proving that the lim sup of the lhs when e goes to 0 is smaller than 
2 sup \u(£)\, for all R > 1. 

Since that quantity is already proven to go to 0 when R goes to +oo, we obtain 
the uniform continuity of ft. □ 

The next result shows that, on a measure space X with finite measure, point- 
wise convergence of a sequence of (measurable) functions induces uniform conver- 
gence on a set with measure arbitrarily close to /i( X ). 

Theorem 3.4.6 (Egoroff’s theorem). Let (X, M.,p) be a measure space where n 
is a positive measure such that p{X) < +oo. Let f n : X — > C be a sequence 
of measurable functions converging pointwise towards a function f . Then for any 
e > 0, there exists A t £ M with p(A e ) < e and such that the sequence (f n ) ne N 
converges uniformly on X\A e . 

Proof. For k > 1 ,n, integers, we define 

E n = L\ p > n {x € X , | f p (x) - f(x ) | < 1/k}. 

Claim. For all k > 1, X = U ne -^E k . In fact, for any x £ X, we have lim m f m (x) = 
f{x) so that for all k > 1, there exists an integer n such that for all p > n, 

I fp{x) - f{x ) | < 1/k, 

i.e., x £ Ejf, proving the claim. We note also that E !/ C E!/ +1 and from Proposition 
1.4. 4(2), this gives lim n p{E^) = p{X). Since p{X) < +oo, for all e > 0 and for 
all k > 1, there exists TV j- such that 

\/n > N k , p[E k n ) > p(X) - e2~ k . 

We may thus assume that there exists a sequence {n k )k > l strictly increasing such 
that 

p(E k nk ) > p(X) - e 2~ k . 

Indeed, we may dehne n k = k — 1 + maxi<j<fc Nj: we have then 
N k < n k = k — 1 + max Na < k — 1 + max Nj < k + max TV,- = n k +i- 

1 <j<k J l<j<fc+l J l<j<k+l 

Let e > 0 be given. We define F = Ufc>i F k with F k = (E k k )°. We have 

p(F k ) = p(X) - p(E k k ) < e 2~ k 

and thus p(F) < J2k > l Ti^k) < £• With B = F c and thus p(B c ) < e, we get 

B = C\k>\Fk = ^k>iE k k , 

providing sup x6B | f n (x) - f(x)\ < sup xeE k \f n (x) - f(x)\ < 1/k if n > n k . The 

n k 

sequence (sup xgB \fn(x) — /(a;)|) ne j!j is thus converging with limit 0. □ 
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Remark 3.4.7. The assumption p{X) < +oo is not dispensable. We consider the 
Lebesgue measure Ai on R. and the sequence converging pointwise to 0 given by 
fn(x) = l[o i i](x — n). If A is measurable with the Lebesgue measure <1/2 and f n 
converges uniformly on A c , we must have 

0 = lim( sup 1 [o,i] ~ n )) 

n xGA c 

which implies A c (~l [n, n + 1] = 0 for n > N , and thus 

A D [ n,n+ 1] =+• Ai(A) > 1, contradicting the assumption. 

Theorem 3.4.8 (Lusin’s theorem). Let ( X , d) be a locally compact metric space and 
let p be a Borel measure on X such that Properties (1), (2), (3) in Theorem 2.2.14 
are satisfied ( this includes the case of the Lebesgue measure on R m ). 

Let f : X — > C be a measurable function and let A be a measurable set such 
that p(A) < +oo and f vanishes on A c . Let £ > 0 be given; then there exists 
4> £ C c (X; C) such that 

p({x £ X, f(x) ± <f{x)}) < e. (3.4.9) 

Proof. We assume first that 0 < / < 1 and A is compact. We define Sk by (1.3.1) 
and we have so = 0, 2E(2 k ~ 1 f) < E(2 k f) < 1 + 2E(2 k ~ 1 f) so that for k > 1, 

2 k (s k - s fc _!) = E(2 k f) - 2E(2 k ~ 1 f) £ {0, 1} = l Ak , 

and from Theorem 1.3.3, / = 5^fc>i 2 -fe ly+ • This implies in particular that 
Ufc>iAfc C A , since x £ Ak>\Ak =+ f{x) > 0 => x A c . For each Ak and 
£k > 0 we can find 

F k closed C A k c V k open, p(V k \F k ) < e k - 

We may assume that A compact C Vo open c Vo compact. Note that F k is com- 
pact as a closed subset of the compact set A , so that we can find ip k £ C c ( V k ; [0, 1]) 
with (fk = 1 on F k ; we may also assume that Vk C Vo since A k c A c Vq. We set 
now W = Ak>i(Vk\F k ), and choosing £k = e2~ k for some positive number e, we 
have 

< g. 

fc>i 

We define </> = 2 ~ k <fi k , which belongs to Cy o (X) and we have 

(f(x) - f(x) = ^2~ k (<p k {x) - lA k {x)) => {</>- f)l W ° = 0, 

k> 1 

=0 on Fi U Vf 

proving the result in that case and also in the case where / is bounded measurable 
and A compact. 
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Case f bounded and g{A) < +oo. The inner regularity of g implies that for any 
e > 0, we can find K compact C A such that 

g(A) — e < g{K) < g(A) => g(A\K) < £. 

We can find \ G C c (X) equal to 1 on K, supported in a neighborhood V of K 
such that g(V\K) < e and V is compact. The function \f vanishes on ( V) c and 
we may apply the previous result. Since % = 1 on K, we obtain the result in that 
case. 

General case. We consider B n = {x £ X, \f(x)\ > n} C A and we note that 
C n B n = 0. This implies from Proposition 1.4. 4(3) that lim n g(B n ) = 0. Since / 
coincides with the bounded function 1 B°f, except on B n , whose measure goes to 
0, this gives the result. □ 


3.5 On various notions of convergence 

We collect in this section the various properties linked to the several convergence 
modes met in the text. 

Definition 3.5.1. Let (X,A4,g) be a measure space where /i is a positive measure 
and let (f n )n& n be a sequence of measurable functions from X into C. 

(1) The sequence {f n )ne N converges almost everywhere towards / if there exists 
N £ M, such that n(N) = 0 and 

Vx £ N c , lim f n (x)=f(x). 

n 

(2) The sequence (/ n )neN converges in measure towards / if 

Ve > 0, lim/r({a; £ X , | f n (x) - f(x)\ > e}) = 0. 

(3) The sequence (f n )ne N converges in the space L l (p) towards / £ L 1 (p.) if 

lim ||/„ - /|| l i ( m) = 0. 

n 

(4) The sequence (f n ) n e N satisfies the dominated convergence criterion if (1) 
holds and if g{x) = sup ragN \ f n {x)\ is such that g £ L 1 (g). 

Theorem 3.5.2. Let (X,M.,p) be a measure space where g is a positive measure 
and let (/ n ) n gN he a sequence of measurable functions from X into C. With the 
notation of Definition 3.5.1, we have the following properties. 

(i) (4) =► (3) n (l). 

(ii) (3) =► (2). 

(iii) (2) does not imply (1) in general, but it is true for a subsequence. 

(iv) (3) does not imply (1) in general, but it is true for a subsequence. 

(v) (1) => (2) if g(X) < +oo and not in general without this condition. 
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Proof. Assertion (i) is the Lebesgue dominated convergence Theorem 1.7.5. State- 
ment (ii) follows from the inequality 

H({X G X, | f n (x) - f(x ) | > e}) < [ ~\fn - fW = £ _1 || fn - 

a A' e 

The first part of (iii) follows from the example in Exercise 2.8.23 in which is 
displayed a sequence (/„) of non- negative measurable functions converging in 
L 1 ([0, 1]) towards 0 (thus in measure from the already proven (ii)) such that se- 
quence (/„(i)) n gN diverges for every x 6 [0,1]. Let us prove the second part of 

(iii) : let (/„) be a sequence converging to / in measure. This implies that 

Vfc > 0,3 N k G N,Vn > N k , yu({| /„ - f\ > 2 ~ k }) < 2~ k . 

Let us assume that we have found Nq < N\ < ■ ■ ■ < Ni such that the above 
property is true for k = 0, . . . , l. Then using that 

lim/i({| fn - /I > 2"^ 1 }) = 0, 

we may find IV* + i > Ni such that fi({\f n — f\ > 2~ l ~ 1 }) < 2 ~ l ~ 1 for n > Ni + Let 
us consider the subsequence (/jv fc )fee N- We define E k = {x, \ fN k {x) — f{x)\ > 2~ k }. 
We know that lx(E k ) < 2~ k and | f{x) — fN k (x)\ < 2~ k if x E k . Defining 
F m = U k>mE k we find that /r(F m ) < 2~ m and moreover 

Va: e F^yk > m, \fN k (x) — f(x)\ < 2~ k => Va; £ F^, lim f Nk (x) = f{x). 

K — >+00 

The set F = r\m.>oF m has measure 0 and for each x £ F c = Um^oF^, we have 
limfc_^ +00 fN k (a;) = f{x), proving the sought result. The first part of statement 

(iv) follows from Exercise 2.8.23 and the second part from Lemma 3.2.9. The first 

part of statement (v) follows from (1) in Exercise 3.7.12 and the second part from 
Remark 3.7.13. □ 

Theorem 3.5.3. Let (X,A4,fx) be a measure space where p is a positive measure 
and let (f n )ne N be a sequence of measurable functions from X into C. With the 
notation of Definition 3.5.1, we have the following properties. 

(j) Forp G [l,+oo), (1) and lim„ ||/„||lp( m ) = ||/||lp( m ) imply convergence in the 
space L p (p). 

(jj) Local convergence in measure ( see (2.8.14)) and domination (sup n |/„(a;)| G 
L x {p)) imply (3). 

Proof. Statement (j) is Theorem 3.2.10. Statement (jj) follows from Ex. 2.8.14. 

□ 
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3.6 Notes 

Much more on the topic of convexity can be obtained from L. Hormander’s mono- 
graph, Notions of Convexity ([33]). 

Let us follow alphabetically the names of mathematicians encountered in the 

text. 

George Airy (1801-1892) was an English mathematician and astronomer. The 
intensity of light near a caustic was the initial reason for his invention of the 
now called Airy function. 

Friedrich Bessel (1784-1846) was a German mathematician, astronomer. 

Dmitri EGOROFF (1869-1931) was a Russian mathematician. 

Augustin Fresnel (1788-1827) was a French engineer who contributed signifi- 
cantly to the establishment of the theory of wave optics. 

Jacques Hadamard (1865-1963) was a French mathematician of extraordinary 
breadth and depth. He proved the Prime Number Theory at the same time 
as Charles de la Vallee-Poussin (1866-1962). 

Otto Holder (1859-1937), a German mathematician who proved his inequality 
in 1884. 

Carl Gustav Jacobi (1804-1851) was a German mathematician, creator of the 
theory of elliptic functions. 

Johan Jensen (1859-1925) was a Danish mathematician, who proved in 1906 the 
fundamental inequality bearing his name. 

Nikolai Lusin (1883-1950) was a Russian mathematician, a Ph.D. student of 
Dmitri Egoroff. 

Hermann Minkowski (1864-1909) was a professor at the university of Gottingen. 
He also taught in Zurich where Albert Einstein attended his lectures. 

Thales of Miletus lived from 624 BC to 547 BC. Miletus is a city in Asia 
Minor (now located in Turkey). Thales seems to be the first known Greek 
philosopher as well as a scientist, mathematician and a professional engineer. 
Thales’ theorem is now in fact one of the axioms in the definition of vector 
spaces: 

X-(x + y) = X- x + X- y 

where A is a scalar (e.g., a real number for real vector spaces) and x,y are 
vectors. 
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3.7 Exercises 

Exercise 3.7.1. Let ( Cbj)i<j< n and (0j)i<j< n be as in Lemma 3.1.5. Prove the 
harmonic mean - geometric mean - arithmetic mean inequality 

( E °'".i ) II 

'1 <j<n ' l<_ 7 <n 1 <j<n 


and also that, if any of the inequalities above is an equality, we have a\ = ■ ■ ■ = a n . 

Answer. The second inequality is proven in Lemma 3.1.5; also proven there is the 
fact that the equality holds iff all aj are equal. With bj = a~ , the first inequality 
is equivalent to the second one, completing the answer. 


N.B. The above inequality will be called HGA inequality and the second one GA. 

Exercise 3.7.2 (Logarithmic convexity). Let f : I — > M!j_ be a function defined on 
an interval I of the real line. The function f is said to be log-convex when In / is 
a convex function. 

(1) Prove that a log- convex function is convex. 

(2) Give an example of a convex function valued in M^ which is not log-convex. 

(3) Prove that the T function is log-convex on M + . 

(4) Prove that the Gamma function is the only positive valued function f defined 
on Ml such that 

• /( 1 ) = 1 , 

• Va; > 0, f(x + 1) = xf(x), 

• / is log- convex. 


Answer. (1) In the case where / is twice differentiable and log-convex, we have 
with (f> convex twice differentiable 

f = e+, f' = eW, f" = + </>") > 0, (3.7.1) 


implying convexity for /. Without the assumption of differentiability, we find with 
Xq, X\ € 1, 9 € (0, 1), xg = (1 — 9)x o + 0x\, 


f(xg) = e^ xe ^ < 



(1 -9)e^ Xo) +9e 4 ’ {xi) , 


GA inequality 


proving convexity for /. 
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(2) The function R 9 a: i— > x 2 + 1 £ is obviously convex but not log-convex. 
With <J)(x) = ln(l + x 2 ), we have 




2x „ . 2(1 + x 2 ) — 2x2x 

T+l?’ * w = (i + ^ 


2(1 — x 2 ) 
(1+x 2 ) 2 ’ 


and since <j>" takes negative values, Proposition 3. 1.2 (2) implies that 4> is not 
convex. 

(3, 4) See Lemmas 10.5.4 and 10.5.5 in Section 10.5. 


Exercise 3.7.3 (Hermite-Hadamard inequality). Let a < b £ R. and let 4> '■ [a, b\ 
be a convex function. Prove that 


a + b 


< 


1 


b-. 




(3.7.2) 


Answer. Using an affine rescaling, we may assume that [a, b] = [0, 1]. We have for 

[0,1/2], 


i n 


2 \ 2 


1 /I 


2 V 2 




i , n 


i , /i 


so that, integrating for 6 £ [0, 1/2], we get 


i . n 


< 


i f 1/2 . ( i 


-e)de + 


- 1/2 i , n 


9 d6 


1 [ 1/2 If 1 If 1 

2 / +2 ^ dt = 9 / ^ dt ’ 

JO J \ / 2 J 0 


which is the first inequality. On the other hand, for t £ [0, 1], we have 
= </>((l — t ) 0 + tl) < (1 — t)(j>( 0) + t<j>( 1), 
so that, integrating for t € [0, 1], we get 

[ *m < ® [(1 - <) 2 i; + = M±m. 


Exercise 3.7.4 (Karamata’s inequality). Let (f> : I — > R be a convex function de- 
fined on an interval of the real line. Prove that for (xj)i<j< n , ( Vj)i<j<n decreasing 
finite sequences in I such that 

for all i with 1 < i < n, E yj < E x p E % = E x j, 

1 <j <2 1 <j<£ l<j<n l<j<n 


we /iaw tiVj) < Ei<j< n <t>( x j)- 
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Answer. With ci\ < a 2 < (13 < 04 and [ij\ = , we h ave f rom the 

convexity of <fi 

[12] < [13] < [14] < [24] < [34], 

This implies that for x" < x',y" < y' , we have, assuming all four points distinct, 

<t>(y") - H x ") fi(y') - . 

y " — x" ~ y' — x' 

since one of the following situations occurs: 

• x" < x’ < y" < y' so that (3.7.3) means [13] < [24], 

• x" < y" < x' < y' so that (3.7.3) means [12] < [34], 

• x" < y" < y' < x' so that (3.7.3) means [12] < [34], 

• y" < x" < y' < x' so that (3.7.3) means [12] < [34], 

• y" <y' < x" < x' so that (3.7.3) means [13] < [24]. 

Assuming all the points are distinct, this proves that 

<j>(Vi+ 1 ) - <l>(Xi+l) , 4>{Vi) ~ <l>(Xi) 

&i + 1 — S ~ 

Vi-\- 1 1 Vi 

and thus, with T) = J2j<i Vh x i = J2j<i x j 

y. - 4>(yi)) = y <ri(xi-yi)= y afiXi-X^-Yi+Y^) 

l<i<n l<z<n l<z<n 

= y (Ji(Xi - Yi) - y a i+ 1 (Xi-Y) 

l<i<n 0<i<n— 1 

= y (<?i - Ci+l){Xi - Y) + &n(X n - Y n ) 

l<i<n— 1 

= y (ct» - <T i+ i)(Xi ~Yi) >o. 

l<i<n-l 

We can get rid of the assumption that all points are distinct since we have only 
used the expression ai(xi — yf) = — 4>(yi), which is 0 whenever Xi = yi . 

Exercise 3.7.5. Let <p : I — »• R. be a convex function defined on an interval I o/K. 
Let [a, b] C I and a < x 1 < x 2 < b. Show that 

<p(xi) - ( Nl ( \ ^ ( \ ^ fu\ n. ^ ^ P( b ) ~ <P(xi) 

(X 2 - a) + ip{a) < <p(x 2 ) < <p{b) - (b - x 2 ) 7 ■ 

X\ — a b — x 1 

Prove that <p is continuous on I. Give an example of a convex function defined on 
[0, 1] and continuous only on (0, 1). 
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Answer. Continuity of ip is proven in Proposition 3.1.2. On the other hand the 
function 


1 if are {0,1}, 
0 if x £]0, 1[, 


is convex on [0, 1]: Property (3.1.1) is verified for 9 £]0, 1[ if 0 < Xq < X\ < 1 since 
xg £]0, 1[; also (3.1.1) holds for 9 £ {0, 1} and for xq = X\. 


Exercise 3.7.6. Let u, v be positive log-convex functions defined on some interval 
I of the real line. Prove that u + v is log- convex. 

Answer. We calculate for 9 £ [0, l],a;o,a;i £ /, setting u = e^ ,v = e^, with </>, if 
convex on I, 


ln(u((l — 9)x 0 + 9x i) + i>((l — 9)x 0 + 9x i)) 

_ l n ( e m-0)xo+0xi) _|_ e ^>((l-6)x 0 +6xi)^ 

< ln(e( 1 ^ 6 '^ Xo ) +0< ^ Xl ) -\- e^ 1 ~ e ^^ Xo ' >+e ^ < ' Xl ' > ) . 


With a o = u(x o) 1 e ,a\ = u(xi) e ,bo = f(xo) 1 e ,bi = v(xi) e we have from 
Holder’s inequality, 


a 0 a 1 +b 0 b 1 < (al /{1 6) +b l J (1 e) ) x 0 {a\ /9 + b\ ,9 )\ 


so that 


l n ^ e A-8)4>(xo)+9<t>(.xi) _|_ e (l-9)i/>(x 0 )+8il>(.xi)^ 

< (1 -0) ln(aj /(1 " 0) + &o /(1_e) ) + 9\n(a\ ,e + b\ /9 ) 

= (1 — 0) ln(u(x 0 ) + n(xo)) + 01n(u(xi) + u(xi)). 

We have thus proven 

ln(u((l — 9)x o + 9x i) + u((l — 9)x 0 + Oxfij) 

< (1 — 9) ln(w(x 0 ) + v(x 0 )) + 01n(w(xi) + v(xi)), 

which is the log-convexity of u + v. 

Exercise 3.7.7. Determine the set of real numbers a , /?, 7 such that 
« ■«(*) = (1 + fl/2) £E 1 (M + ), vp(t) = £ L 1 (K + ), «, 7 (i) = &L\[- 1, 1]). 

Answer, a > — 1: if that condition is fulfilled, u a belongs to L 1 (K + ) and conversely 
if u a £ L 1 (K + ), then u a £ L 1 1 oc (K + ) and thus t a £ L 1 1 oc (K + ), implying a > — 1. 

(3 < 2: if that condition is fulfilled, vp belongs to £ 1 (R + ) since vp £ 
L 1 ([?’, +00)) for all /3 £ K, all r > 0 and vp(t) ~ t 1_/3 in a neighborhood of 
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0. Conversely, if vp G L 1 (R+), then vp G L 1 1 oc (R+) and thus t 1 P G L 1 1 oc (R+), 
implying 1 — /3 > — 1, i.e. , /3 < 2. 

7 < 1: using the parity of u > 7 setting t = 1/x, we find that tu 7 G L 1 ([— 1, 1]) 
is equivalent to £ 7 - 2 ln:r G L 1 ([l,+oo)) which is equivalent to 7 — 2 < —1, i.e., 

7 < 1. 

Exercise 3.7.8. 

(1) Let E be a normed vector space. Prove that E is complete iff the normally 
convergent series are convergent ( a series Y u n is normally convergent when- 
ever Y ll^nll < +00). 

(2) Let (X,A4, 1 u) be a measure space where p is a positive measure and let Y u n 
be a normally convergent series in L l (p). Prove that Y u n(%) converges p- 
a.e. 

( 3 ) Let (f n )n> 1 be a sequence in L 1 (p) such that X}„>i \\fn+i - /nllzPQi) < +00. 
Prove that the sequence (/„) converges in L 1 (p) and also p-a.e. Compare this 
with Exercise 2.8.22. 

Answer. (1) Let us assume first that E is complete; let Y u n be a normally 
convergent series. We define S n = Yo<k<n Uk > an b we have for p > 0, 

||5 n+p -5 n || = || Uk W ^ IMI < IKII = £n- 

n<fe<n+p n<fc<n+p n</c 

Since the numerical series ^||«fc|| converges, we have lim„ e n = 0 and ( S„ ) is 
a Cauchy sequence, thus converges. Conversely, let E be a normed vector space 
in which normally convergent series are convergent. Let (u ra ) n eN be a Cauchy 
sequence. For all e > 0, there exists N e such that, for n > N e ,m > N e , 

|| U n - Ujn || < e. 

Using that property, we may find n\ G N such that, for all p > 0, 

||^ni-f-p u n.i || — 1/2. 

Also, we may find ri 2 > n\ G N such that for all p > 0, 

|| M «2+P 1 1 — 1/2 ; 

and more generally, we may construct a strictly increasing sequence of integers 
ni < ?i 2 < • • • < Uj such that for all p > 0, 

ll'arij+p || A 2 A 

The series Yj>i( u n j+ i ~ u « 3 ) is normally convergent, thus converges. Since 

'y \ ( u n wl Unj) = u n , u ni , 

1 <j<l 
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the sequence ( u ni )i is convergent. As a subsequence of a Cauchy sequence, this 
implies that (u ra )neN is indeed convergent: let w be the limit of (it ni )ieN- We have 

|| U n - HI < II U n - U ni || + \\u ni - HI . 

Let e > 0 be given and n > N e . Since ni goes to infinity with l, we get 
||u ra — HI < limsup || u n — u ni || + limsup ||u ni — tu|| < e + 0 = e, 

l — ^-|-00 l — ^-|-oo 

entailing convergence for the sequence ( u n ). 

(2) Since L 1 ^) is complete, the series converges in L l (g). Moreover, since 

y / \u n \dg < +oo, 
ne 

Corollary 1.6.2 implies f x (]T) ngN |«n|) dg = X) ngN f x \u n \dg < +oo, proving that 

JHeN l u n| belongs to L r (g). As a result, that function is g-a.e. finite, i.e., for 
N G M, with g(N) = 0, 

Vx € N C , ^2 \ u n{x)\ < + 00 , 
nSN 

so that for all x € N c , the series ]C„ gN u„(a:) converges. 

N.B. Let (fn)ne n be a convergent sequence in L 1 (/i); we may find a subsequence 
converging /z-a.e. (Lemma 3.2.9). Extracting a subsequence cannot be dispensed 
with, as shown by Exercise 2.8.23. Moreover if lim,, f n = f in L 1 and (/„) converges 
g-a.e. towards g, then g = f /i-a.e.: for e > 0, n € N, 

d({x, | f(x) - g{x)\ > e}) 

< n({x, | f(x) - f„{x ) | > e/2}) +n({x,\g(x) - f n (x)\ > e/2}), 

so that 

d({x, \f(x) - g(x)\ > e}) < 2e _1 [ \f - f n \dg + g({x, \g(x) - f n (x)\ > e/2}), 

Jx 

proving 

d{{x, | f(x) - g(x)\ > e}) < limsup g({x, \ g(x) - f n (x ) | > e/2}) = 0, qed. 

n 

(3) The series J2 k (fk — fk-i) is normally convergent thus convergent in L 1 
from (1). Since 

S n = Y. ( fk - fk- 1) = fn~ fo, 

1 <k<n 

the sequence (/„) converges in L 1 . Moreover from(2), J2 k (fk{x) — fk-i(x)) con- 
verges g- a.e., so that (f k (x)) converges g-a.e. 
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N.B. Convergence /z-a.e. does not imply convergence in L l as shown by Exercise 
2.8.22. See however Exercises 2.8.15 and 2.8.14 for the weak notion of conver- 
gence in measure , weaker than p-a.e. convergence, which along with a domination 
assumption, implies convergence in L 1 . 


Exercise 3.7.9. Let (X,ftA,pi) be a measure space where p, is a positive measure. 
(X,A4,pi) is said to be a-finite whenever there exists a sequence (X n ) n& ti of ele- 
ments of Ai such that for all n, p(X n ) < +oo and X = U n gNX n (see Exercise 
2.8.14). Show that (X,A4,pi) is a-finite iff there exists f £ L l (p) such that for all 
x £ X, f(x) > 0. 

Answer. We suppose first that (X,M 1 p) is cr-finite. We consider 


/(*) = 

ne N 


l.Y n Qe) 

2«(/x(X n ) + l)' 


(3.7.4) 


For all x £ X, we have /( x) >0 (since x belongs to one X n ) and 


lx 


\f\dpi < 


l-i(X n 


neN 


2"(m(X„) + 1) 


< 2 . 


Conversely, if there exists / £ C 1 ) pi ) such that for all x £ X, f(x) > 0, we define 
for n £ N, 

X n = {x £ X, f (x) > l/(n+ 1)}. 

We have X = U ne ^X n since for x £ X, f(x) > 0, so that f(x) > 1 /(n + 1) for 
n > E{\/ f{x)) . On the other hand since / is positive and belongs to £ 1 (/r), 


pi{X n ) < f (n + 1 )fdpi = (n + 1) [ f dp < +oo. 

Jx Jx 

Exercise 3.7.10. Let (X,J\A,p) be a measure space where pi is a positive measure. 
Let f : X — > C be a measurable function such that p(\x £ X, f{x) 0}) > 0. For 
pS [1, +oo), we define 

<p{p) = / \f\ p dp and J = {p £ [1, +oo), tp(p) < +oo}. 

Jx 

(1) Let po < pi £ J ■ With 6 £ [0, 1] and pg = (1 — 9)po + Qpi, show that pg £ J 
(hint: use Holder’s inequality). 

(2) Prove that ip is positive on J and lm p is convex on J . 

(3) We assume that there exists vq £ [1, +oo)sitc/i that f £ L r °(p) (~l L°°(p). 
Prove that f £ L p (pi) for p £ [ro,+oo]. Show that 


]im ll/IUnfo = ll/IU~(fo- 
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(4) We assume that there exists ro £ [l,+oo) such that f £ L p (p) for p £ 
[ro,+oo). Show that if f £ L°°(p) we have 

lim ||/||lp( m ) = +oo. 

p —>+ OO 

Answer. The assumption A* ({ |/| > 0}) > 0 implies tp(p) > 0 for all p > 1 (ip(p) = 0 
would imply / = 0, g-a,.e.). For 9 £ (0, 1), using Holder’s inequality, we have 

0 <<p(pe)= [ '[ff^Updn 

Jx 

<(J x \f\ p ° d ^ (j\f\ Pld *) =v(P0 ) 1_ V(Pi)®, 

proving (1), (2). 

(3) We have |/| < ||/||l~ p- a.e., so that f x \f\ p dp < f x \f\ ro dp\\f\\ P j~f 0 < +oo 
for p> ro and thus 

0 < ip(p)* < ^(?’o)^||/|ll=o p — > ||/IU°°- 

p — >+oo 

We have also ||/||l°° > 0 (otherwise / = 0 p- a.e.). Let e such that 0 < e < || /|| z.°° ; 
we note that 

+oo > [ \f\ p dp > ( \f\ p dp > (||/||loo — e) P /x({|/| > ||/||l°° — e}) , 

entailing 


P(p) 1/P > ‘p({\f\ > if/lk- - e}) 1/p (||/|| L - - e) — > 11/llLcc-e. 

p — t + OO 

Finally, we obtain lim p _>. +00 ||/||lp = ||/||l°° since 

Ve > 0, ||/||l=o - e < liminf ||/|| L p < lim sup ||/||lp < ||/||l=°. 
v p 

(4) Since / ^ L°°, for all n £ N, A*({|/| > n}) > 0 and thus 

> [ \f\ P dp > n p p({\f\ > n}) => \\f\\ L p > p({\f\ > n}) 1/p n, 
which implies Vn £ N, lim inf p _>. +00 ||/||lp > n, and thus liiUp^+oo ||/||lp = +oo. 


Exercise 3.7.11. Let (X,M,p) be a probability space. Let f,g be measurable func- 
tions from X into ]0,+oo) such that for all x £ X, f(x)g{x) > 1. Show that 
f x f dp f x gdp > 1. 

Answer. We have 1 = p(X) < f x f x l 2 g x l 2 dp < (f x fdp) 1 ^ 2 ( f x gdp) 1 ^ 2 . 
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Exercise 3.7.12. Let (X, A 4,/f) be a probability space. Let (/ re ) n e n be a sequence 
of measurable functions from X into R. Let f : X — > R. be a measurable function. 
The sequence {f n )ne N sa id to converge in measure 4 towards f if for all e > 0, 

\imp({\f n - f \ > e}) = 0. 

n 

(1) Show that, if f n converges towards f p-a.e., then f n converges towards f in 
measure. 

(2) Letp € [1, +oo] and /„, f € L p (p) such that f n converges towards f in L p {p). 
Show that f n converges towards f in measure. 

Answer. (1) If (/„) converges towards / /z-a.e., there exists N £ M such that 
p{N) = 0 and Vx £ N c , lim n _ ) . +(X) | f n (x) — f{x) \ = 0. As a result for e > 0, 
Lebesgue’s dominated convergence implies 

hm/z({|/ n - / 1 > e}) = lim / l { |/„-/| >£ }^ = 0, 

J X 

since = 0 when \f n (x) — f(x)\ < e and thus the sequence 

converges towards 0 fa- a.e. and is bounded above by 1, which is in L 1 since p is a 

probability. 

(2) If p < +oo and e > 0, we have 

h({\ fn - /I > e}) = / 1 {|/„-/|>e} £ ^ 

J x 

<e- p [ \fn- f\ p diu = e- p \\f n - f\\ p LP — > 0. 

J X n— >+oo 

If p = +oo, we note that for a > 0, 

llffll L“( m) < « => h({\g\ > a}) = 0. 

As a result if lim„ ||/„ — = 0 and e > 0, we have 

for n > N e , \\f n - /|| i=c (<j) < e 

and thus At({|/ n — f\ > e}) = 0. The sequence ( t l ({\fn~ f\ > e}) ) is stationary 

V J nG N 

equal to 0 for n > N e . 

N.B. Let (X, A i,n) be a measure space where p. is a positive measure. Let 1 < 
p < +oo, and let (f n )n& N be a sequence converging towards / in L p (p): then it 
converges as well in measure, as proven by the previous inequalities and there is 
no need here to assume p{X) < +oo. 

4 See also Exercises 2.8.15 and 2.8.14. 
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Remark 3.7.13. On the contrary, the assumption n(X) < +oo cannot be dispensed 
with for (1) since for instance the sequence f n defined on R. by f n {x) = ^l[o, n 2](a0 
goes to 0 pointwise although 

> e}) = /x({n 2 > x > ne}) = n 2 — ne — > +oo. 

V ' V ' n— >-+oo 

We may note that this sequence belongs to n p >iL p (R), without converging in any 
L p since it would contradict (2) . 

Exercise 3.7.14. Let (X,M, n) be a probability space and let f € L°°(/x) be different 
from the zero function. We set a n = ||/H2~( M )- Prove that a n +i/a n tends towards 
II/IIl<~(a») {hint: use Exercise 3.7.10). 

Answer. We note first that 0 < a n < +oo since on the one hand 
an < \\f\\ n L oo M KX) = H/||2« (f0 < +oo, 

and on the other hand a n = 0 would imply / = 0 p- a.e. and thus / = 0 in L°°(/x). 
For n G N, we have 

a n+l = ( \f\ n+1 dp < ||/|U=o M [ \f\ n dv = \\f\\ L ~ M a n 
JX J X 

and thus using Jensen’s inequality (Theorem 3.1.3), we get 

= (/y ^ nd ^) - J x = a "+i ^ \\fhoo M a n , 

so that 1 

||/||L-( M ) = a^<^±i<||/|| L « (M ). 

Using Exercise 3.7.10 (3), we get lim„^ +00 ||/||l«( m ) = ||/||l~(^), and the previous 
inequalities imply the result. 

N.B. The same statement is true for a measure space (X,A4,p) where /.t is a 
positive measure and / such that 

o + f e r\ P >xL p {p). 

In fact, we have as above a n +i < a n ||/||l~( m ) and 

a n = f \f\ n dp=\\f\W w [ 

Jx Jx II/IIl 1 ^) 

Using Jensen’s inequality, we obtain with the probability measure dv = 

*n + ^ = WfCt {j x \fr ld ") " _1 < WfWti) j x \f\ n d- 
= 11/11^7 i/r +i ^=«n + iii/n7)’ 

j x 
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so that 


(o+, ) 


nt5r=T||f|| n-1 _ „ ,n-l II j|| n-1 ^ Q W+1 


iLH/x) 


= a 


L1 M ~ a r 


< II /II • 


Using Exercise 3.7.10 (3), we get lim„^ +00 \\f\\ L p^) = II/IIl“(m)> and the previous 
inequalities imply the result. 


Exercise 3.7.15. Let p £ [l,+oo[ and h £ M rf . For u £ L p (M. d ), we define 
(■ Thu)(x ) = u(x — h). Show that ||rftit||iP = ||m||lp and 

lim || r h u - u\\ L p = 0. 
h — >o 

Answer. The equality of L p norms is due to the translation invariance of Lebesgue’s 
measure. Let ip £ C°(K d ). Considering the compact set K = {x + t} x esupp¥>,|t|<i> 
and \h\ < 1, we have 

|| ThV - p\\ p LP = [ \<p(x - h) - p(x)\ p dx < A d (K) sup \<p{x - h) - <p(x) \ p — > 0, 

Jm d xEK h^>-0 

from the uniform continuity of ip. This gives 

Ht/jU-uIIlp < \\T h u-T h (p\\ L p + \\T h p-p\\LP + \\p-u\\ L p = ||t/ 1 (£-¥>||z,p+2||(£!-u||z / p ) 

so that for all functions tp £ C°(R d ), 

lim sup || r h u - u\\ L p < 2||v? - u||lp. 
h-v 0 

We get limsup^o \\r h u - it|| L p < 2 inf^gc-o^d) \\p - u\\ L p = 0, since is 

dense in L p (R d ) for all p £ [1, +00 [. 


Exercise 3.7.16. Find the values of p £ [l,+oo] for which the following functions 
are in L P (R + ): f x (t) = 1/(1 + t), f 2 (t ) = l/(\/t(l +t)), f 3 {t) = 1/ (Vt(\nt) 2 + 1), 
h(t) = t~ 1/2 sm{t~ 1 ). 


Answer. We have the following equivalences, justified below: 

r+°° r+°° dt 

L mwit = L ti+iy < +0 ° 

r+°° r +00 1 . 

Jo lhm Pdt = l t^T+typ < +0 ° 

r+°° r+°° dt 

/ I Mt)\ p dt = I — p— ^ < +00 


' 0 


/ 0 (l + v / t(lnt) 2 ) P 


r +00 


r+00 


m)\ p dt = 


sin(i _1 )| p 
tP /2” 


< +00 


1 < P, 

2 


<P< 2, 


3 

2 <p, 


- < p < 2 . 
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We note that for / 3 , the square of the L 2 norm is bounded above by 

,+°o dt ,+oo 


s 4 ds < +oo. 


f(lnf) 4 


Since t p ^ 2 (lnt) 2p > 1 for t > e, the pth power of the L p norm of / 3 for 1 < p < 2 
is bounded below by 


2 - p 



dt 

t p / 2 {\nt) 2p 



e s(l-f) s -2 p ds = +00 _ 


Moreover we have 



|sin(r 1 )| p 

tpJ 2 


dt 



sins p , 

— E ds < +oo 

S Z 2 


if 2 — |>1, ^ — 2> — 1, i.e., if | < p < 2. Moreover if p = 2, the same 
computation gives for e > 0, 



| sin(i 1 )| p 
Tp 72 


dt = 



• 2 
sm s 


ds > 



■ 2 
sm s 


ds — > 

S e— >0+ 


+oo, 


by an argument similar to Exercise 2.8.20 (4): we note that S1 ” s = 1 c ^( 2s ) and 
the integral f ’ 1 +0 ° cos |E ds converges. On the other hand, if p > 2, p = 2 + 29, 

e> o, 


i r 

t p ! 2 ~ J i 


(sin s ) 


2 + 2 # 


0 i-e 


-ds 


> 2 


- 2 - 2 # 


S^ds 


J {l<s<e -1 ,| sins|>l/2} 

since sins > 1/2 on Ufc e z[|- + 2kn, ^ + 2fc7r] and consequently 

e 


>o+ 


+0O, 


„e-l 


ds >l E 


' { 1 , | sin s|>l/2} 


k> 1 

■^? L +2/c7r<e — 1 




E 2 tt / 57 r 

y(ir + “’ r 

fe>l V 

^■+2AJ7T<€ — 1 


< 9-1 


6 — ^0-(- 


+oo. 


For p < 2/3, the integrand is equivalent near 0+ to s' 2 and ^ — 2 < —1, so 
that the integral diverges. 
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Exercise 3.7.17. Let n > 1 be an integer and f n defined on R by 


fn(x) 


(|x| + n)P ’ 


with (3 > 1. 


(1) For 1 < p < +oo ; show that f n € L P (R) and calculate ||/„|| p . 

(2) Prove that g n defined by g n (x) = n 7 e -n l x l belongs to L P (R) for all p> 1. 

(3) Deduce from the previous questions that for 1 < p < q < +oo the topologies 
on L p D L q induced by L p and L q cannot be compared. 


Answer. (1) For p > 1, > 1, 


II fn\\ P p = 2 



n ctp r+ oo n ( a -P)p + 1 

(x + n)P pdX ~ 2 Jo (y + l)hp dy 


= 2 n ( «-/ 3) P+ 1 


(y + i) 


—Pp + 1 


I +oo 


-Pp + 1 


J o 


2 7 i(«-/3)p+ 1 

Pp- i 


so that 1 1 fn 1 1 p = 2p([3p — 1) f(!° /3+ p . Moreover we have ||/n||oo = n Q ^ . 
(2) We have Us'nlloo = n 7 and for p > 1, 


+oo 7 p 2 

e~ npx dx= , 


\\g n \\ p p = n^2 

Jo 

(3) We calculate for 1 < p < q < +oo, 


np 


he., Hffnllp = ri 1 p 2 pp p. 


depends only 
on p, q, f3 


depends only 
on p, q 


WfnWp 

II /nil. 


1 

= UP 


1 

1 


Ci(p,q,P) 


>+oo 


+oo, 


l|gra ll p =n«~p 

\\9n\\ q 


C2(p,q) 


>+oo 


0. 


If the topologies on L p D L q induced respectively by L p and L q were comparable, 
we would have for instance for a sequence (<p n ) of L p D L q , 


\im ip n = 0 => limtp n = 0. 

LP Li 

This is contradicted by the choice ip n = n~ 1+ pg n since 

lim||<^„|L = Iim?i7 _ p2 1 / p p~ 1 / p = 0, 

n n 

whereas ||y>„|| 9 = 2 1 / q q~ 1 /i > 0 which is independent of n (true also for q = +oo). 
It is not possible either to have for a sequence (ip n ) in L p (~l L q , 


lim<p„ = 0 =>■ lim(p n = 0. 
lp lp 


Choosing (p n = n a+/3 p f n gives 

lim||c/?„|L = limn _a+,3 ~p +a ^ /;i+ 72 1 / <? (/Ig — \)^ 1 ^ q = 0 

n n 

whereas \\p n \\ p = n -«+^|+“++? 2 1 /!>(^ - l) -1 / p = 2 1/p (Pp - l)~ 1/p > 0, is 
independent of n. 
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Exercise 3.7.18. Let be a measure space where fi is a positive measure. 

Let p,p' G]l,+oo[ such that 1 /p+ 1 /p' = 1. A sequence (f n )ne n L p (p.) will be 
said to converge weakly towards f £ L p (g) if for all g £ L p (g ) , 


lim 

n 



fngdp, 



fgdii. 


(1) Show that convergence in L p implies weak convergence. 

(2) Show that the converse is not true. 


Answer. (1) Let (/„) be a sequence in L p converging towards / in L p . Then for 
all g £ L p , using Holder’s inequality 


(fn - f)gdn 


IX 


< II fn /|| Lp | 


I Lp' 

n — >+oo 


(2) The converse is untrue since f n (x) = l[o,i] {x)e mx has norm 1 in L P (M.) and 
converges weakly in L p since for g £ L p (K), and <p £ supp ip C [0, 1] 


/ g(x)e inx dx = / (g(x) - ip(x))e inx dx + 

Jo Jo Jr 

Since we have f < p(x)e mx dx = (in) -1 f p(x)-fj^(e lnx )dx = 
we get 


lim sup 




< [ I g(x) - p(x)\dx 


p(x)e inx dx. 

(—in) -1 / (p / (x)e inx dx, 


n— H- oo \Jo | Jo 

< (J \g(x) - tp(x)\ p dx) = ||sfl [0 ,i] - <p\\ L p>, 

for all p £ C£°(R),supp<£ C [0,1]. Since these functions are dense in L p ([0,1]) 
according to Theorem 3.4.3 (here p > 1 and thus p' < +oo), we get 


inf 

<££C£°(M),supp <^C[0,1] 


Il5l[0,i] - 


= 0 


and lim„ f* g(x)e lnx dx = 0. 

N.B. 1. We note that ( e mx ) goes to 0 in L°°-weak*, which means that for all 
functions g in T 1 (K), lim„ f R g(x)e lnx dx = 0: this is the Riemann-Lebesgue lemma 
(Lemma 3.4.5). 

N.B. 2. Let us give another counterexample. Let / £ C c (M) with norm 1 in L P (R); 
we consider the sequence (/„) with norm 1 in L P (R) defined by f n (x) = n l J p f(nx). 
That sequence goes to 0 weakly in L P (R), since for g £ L p (1R), we have for 
P £ C c (R), 


fn(x)g(x)dx = / f n (x)(g(x) - p(x))dx + / f(y)p(y/n)dynr~ 
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which implies, since | f(y)<p(y/n)dyn,p x | < |/(y)|(sup \<p\)n x ! p , 


lim sup 


f n (x)g(x)dx 


< || g ~~ <p\\ LP' lim / fn{x)g{x)dx = 0. 

n Jr 


Note that if / £ L P (R) has norm 1, the result remains the same since for ip £ 

C c (R), 

fn(x) = n 1/p f{ nx) = n 1 /p v>( nx ) + nV*f( nx) — n 1 /p V>( nx). 

For g £ L p (K), we have thus 


lim sup 


f n (x)g(x)dx 


< lim sup 


ip n {x)g{x)dx + lim sup / n x/p ' \f(y) - ip(y)\\g(y/ri)\dy 
{ n Jr 

< hhp'Wf - $\\lp, 

which implies lim„ f R f n (x)g(x)dx = 0. If p = 1 and / is a function in L 1 with 
integral 1, the sequence f n (x) = nf(nx) does not go to 0 weakly: in particular if 
g £ C(R) n L°°(K), we have 

(t) lim [ f n (x)g(x)dx = g(0). 

n Jr 

In fact the function f n is also in L 1 with integral 1 and 

[ f n (x)g(x)dx - g( 0) = [ f n (x)(g(x) - g(0))dx = [ f{y)(g{y/n) - g(0))dy. 
Jr Jr Jr 

Since \f(y)(g(y/n) - 5 ( 0 )) | < \f(y)\2 sup \g\, and by continuity of g at 0, 

lim f(y)(g(y/n) - g( 0)) = 0, 

Lebesgue’s dominated convergence gives the result (f). 

N.B. 3. Another counterexample is given by f n (x) = f(x — n ) where / £ L P (R) has 
norm 1 in L p Each f n has norm 1 in L p and nevertheless for g £ L p , ip £ C c (K), 
we have for a fixed A > 0, 


f n (x)g(x)dx= / f(y)(g(y + n)-<p(y + n))dy 
: Jr 


'{\y\<A} 


f{y)<p{y + n)dy + 


'{\v\>A} 


f(y)<p(y + n)dy, 


which implies 


lim sup 


f n (x)g(x)dx 


< \\g - v\\lp' + lim sup / \f(y)\\<p(y + n)\dy 

n J{\V\>A} 


< llff- v^ILp' + ( [ I f(y)\ p dy] IMIzy- 
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Taking the infimum with respect to A in the rhs, we get 

lim sup / f n (x)g(x)dx < \\g - v\\ LP > , for all ip e C c (R), 
n Jr 

so that lim„ f R f n (x)g(x)dx = 0. 

Exercise 3.7.19. Let p be a positive measure defined on the Borel a-algebra o/R 

such that /z(R) < +oo. We define f(x) = / e ztx d[i{t). Show that f is continuous 

Jr 

on R. Show that if 

p (2/(0 ) -/(/I)- /ho) 

has a limit when h goes to 0, then f R t 2 d/.i(t) < +oo and f is of class C 2 . 

Answer. Let (a;*) be a convergent sequence of real numbers with limit x. Using 
/z(R) < +oo, we have 

\e itXk - e itx \ <2 GL\n), and lime itXk = e itx , 

k 

and Lebesgue’s dominated convergence theorem gives lim/ c f{xk) = fix). We note 
that 

(2/(0) - f(h) - /(-h)) = h~ 2 j (2 - 2 cos th)dn(t) — > L. 

From Fatou’s lemma, we obtain 

/ lim inf (h -2 1 2 — 2costh\)dn(t) 

J K ^ ^ 

< lim inf / (h~ 2 \ 2 — 2 cos th \)du(t) = lim inf h -2 / (2 — 2 cos th)du(t) = L. 

J R V " " h-+ 0 J R 


lim h 2 (2 — 2 cos th) = lim h 2 (2 — 2[1 — 2 sin 2 (fh/2)]) = lim 


4 sin 2 (th/2) 2 


h — >-0 hP 1 


we get 


j t 2 dg,{t) < L < +oo. 

Jr 


We note incidentally that 


f \t\d/j,(t) < ( f t 2 dfi(t) \ ^(R) 1 / 2 < (L/x( R)) 1 ^ 2 < +oo. 

Jr \Jr J 
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Using Theorem 3.3.4, we find that / is twice differentiable and 

/"Or) = - f e itx t 2 dy(i). 

Jr 

That formula and Condition (T) ensure continuity for /", using Theorem 3.3.1. 

Exercise 3.7.20. Show that ^°°(N) and L°°(] R) are not separable. (Hint: reductio 
ad absui'dum.) 

Answer. Assume that £°°(N) contains a countable dense subset (;r„} ne N. Each 
element x n is a bounded sequence (a: n ,fc)fceN, be., such that 

sup \x nt k\ = ||ar„|||oo( N) < Too. 
k> o 

The triangle inequality implies 

2 < |l+x 0i o| + |l — x 0i o| < 2max(|l+a;o,o|, |1— a:o,o|) = 2max(|-l-x 0 ,o|, |l-£o,o|) 

and thus max(| — 1 — xo,o|> |1 — xo,o|) — 1- We may thus find yo € {—1, 1} such 
that | j/o — xo,o| — b- Let us assume that we have found yo, • • . , Vk £ { — 1 , 1} such 
that 

VI £ {0, . . ,,k}, | yi - x\ t i\ > 1. 

As above, we may find ljk+i £ (—1, 1} such that 

\yk+i ^'fc+i,fc+i| 1 * 

We have thus constructed a sequence y = (yk)k & n such that Vfc £ N, \yk\ = 1 (and 
thus this sequence belongs to £°°(N)) such that 

|| y - Z n ||/~( N ) = Sup \yk - X n> k\ > | Vn - X ntn \ > 1. 
fceN 

This contradicts the density of (x n } ne N. 

Let {y>n}ne z be a countable subset of L°°( M). We have 

dm [nr, m T 1[. 


The triangle inequality implies 

2 < ||l + ^|Uoo( 7n ) + ||l-<p n || L cx ) ( 7n ) < 2max(||-l-^ n || L ~ ( / n ), || 1 - Tn||i=°(/ n )) • 
For all n G Z, we may thus find 6 n G { — 1,1}, such that 


|| @n (fn ||L°°(/ n ) ^ 1- 
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The function 

^{x) = ^2e n li n {x)= Y 1 in{x)~ Y 1 in( x ) 

nez neN,e„ = l neN,0„ = -l 

belongs to L°°(]R)and has norm 1 ( if is measurable since it takes two values —1,1 
and -0 — 1 ({ 1}) and t/’ -1 ({— 1}) are countable unions of intervals). Moreover for 
n G Z, 

II V’ ~ || L°°(R) > 11^ “ +«IIl“(/„) = ||#ra ~ <Pn||L°°(J n ) > 1> 

making impossible the density of {+ n }nez- 


Exercise 3.7.21. Here, L p stands for the space F p (p) where /j is the Lebesgue 
measure on ]0, +oo[ and ||it|| p is the L p norm of u. 

(1) Let f :]0,+oo[— > K, be a continuous function with compact support in 
]0, +oo [. For x > 0, we set 

(Hf)(x) = - [ f(t)dt. 
x Jo 

For p > 1, show that Hf belongs to L p . 

(2) For f as in (1), taking non-negative values, show that 

(#) \\Hf\\ p <^\\f\\ p , 

(hint: F = H f is also a non-negative function, integrate by parts in 

f+°° d 

/ F(x) p — (x)dx. ) 

Jo dx 

(3) For f as in (1), show (j)). 

(4) Show that the mapping H : C c (]0,+oo[) — > L p is uniquely extendable to L p 
and verifies (j)) for all f € L p . 

(5) Show that the constant in (ft) cannot be replaced by a smaller constant 
(hint: take f(x) = x on [1, A], 0 elsewhere and let A go to +oo). 

Answer. (1) Since / is supported in [a, b] with 0 < a < b < +oo, Hf vanishes on 
]0, a] and is bounded above by | f \f(t)\dt elsewhere. As a result, 

r+oo r+oo ( rb \ P 

/ \Hf(x)\ p dx < / x~ p dx I / \f{t)\dt\ < +oo, since p > 1. 

J 0 J a \J a J 


(2) With / as in (1), taking non-negative values, the function F = Hf is also 
non-negative. Thus 

r+oo 

ll*1l£= / 


F(x) p dx. 
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Since xF(x) = f(t)dt , the function x xF(x) is differentiable on ]0, +oo[ with 
a derivative /. Thus on ]0, +oo[, F is differentiable and xF'(x)+F(x) = f(x). For 
N > a, we have 


/ F(x) p dx = [xF( x) p ]a — / xpF(x) p ~ 1 F' (x)dx 
J a J a 

pN 

= NF(N) P - / pF(x) p ~ 1 (/(*) - F(x)) dx, 
J a 


so that for N > b 
r b 


pb pN pN 

p / F{x) p ~ 1 f{x)dx = p / F(x) p ~ 1 f(x)dx = (p — 1) / F(x) p dx + NF(N) P . 

J a J a J a 


From (1) , we know that 0 < F(N) < N 1 f(t)dt, and taking the limit when 
N goes to +oo in the above equality, we get 

pb /*+oo 

p / F(x) p ^ 1 f(x)dx = (p — 1) / F(x) p dx , 

J a J a 

i.e., 


\\F\\ P p = ^- f +C ° F{x) p ~ 1 f(x)dx. 

P — ± J o 

With 1/p + 1/q = 1, i.e., q = p/(jp— 1), Holder’s inequality implies 
11 * 11 ? =-^7 r°° F{x) p - 1 f{x)dx 

V — 1 Jo 

< ^ (l + °° Fix^dx) /q ( l 0 +OO f(x) p dx ) /P = -^ I ||F||P- 1 ||/|| P , 


which is (jj). 

(3) With / as in (1), we set 

f+{x) = max(/(x), 0) = ^(\f(x)\ + f{x)), /_(*) = ^{\f(x)\ - f{xj) 

so that the functions f± are non-negative continuous with compact support and 
/ = /+ — /_ as well as /-/+ = 0, so that H f = H f + — Ft /_. Since the functions 
H f± are non-negative, we have 

p-\- oo 

11^/11? = / |( J H/+)(a ; )-( J H/-)( a; )| p dx 

< J max ([( J H/ + )( a: r,[( J H/_)( a: r)dx 
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< J Q + 0 °([(Hf + )(x)r + [( Hf.)( X )r)dx = \\Hf + r P + \\h/.\\i 

< (^)'(||« + II/-IIS) = l + °° (/+(*) P + f-(x) P )dx 

providing (jj) for continuous functions with compact support in ]0,+oo[. 

(4) Let 1 < p < +oo and let / € L p . Then in L p , f = lim f k where f k is continuous 
with compact support. Since 

the sequence ( Hf k ) is a Cauchy sequence, thus is converging. On the other hand 
if (f k ) is another sequence with limit / in L p , we have 

\Wk-Hf k \\ p <-?-\\f k -f k \\ p , 

p — 1 

and thus Hfk and Hfk are converging towards the same limit. We can thus de- 
fine without ambiguity, Hf = lim Hfk ■ Moreover, if H extends H on L p and is 
continuous, we shall have 

Hf = lim Hf k = lim Hfk = Hf. 

Moreover since ||u|| p < ||u|| p + ||u — i>|| p and ||u|| p < ||u|| p + ||v — u|| p and thus 
I \\ H f\\p - \\ H fk\\p | < II Hf - Hf k \\p, we get 

\\Hf\\ p = lim HJy/fcHp < limsup \\f k \\ p = — \\f\\ p . 

P ~ 1 P ~ 1 

(5) For x > 0, the function 1 1 -»- 1 (o,x){t)f(t) belongs to L 1 since it is the product 
of an L p function with an L q function (l(o,a;) £ L q since / | l(o,£c) (i) = x). Let 
/ G L p . We may set for x > 0, 

Kf(x) = i J f(t)dt = i J l(o , x )(t)f(t) dt. 

GL 1 

Moreover if (f k ) is a seciuence in C c {\0, +oo[) such that lim f k = f in L p , then 
for all x > 0, lim/fc = / in L 1 (0,a;) D L p (0,x) since using Holder’s inequality 
ll/IUqo.x) < x 1/q \\f\\ L p( 0 , x y As a result for x > 0, 

(Kf)(x) = - lim f f k (t)dt = lim (Hf k )(x). 

X M J q M 
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But the sequence (H /*,) converges in L p with limit H f. We may thus extract a 
sequence converging almost everywhere towards H f . Thus for almost all x > 0, 
( Kf)(x ) = ( Hf)(x ) and thus the functions Hf and K f coincide in L p . 

For A > 1, we consider the function j\ defined in (5). Since y = 2=-, we 

have 

for 0 < x < 1, (. Hf x )(x ) = 0, 

for 1 < x < A, ( Hf\)(x ) = x~ x J t~ x l p dt. = qx~ 1 (x 1 ^ 9 — 1) = q(x~ x ^ p — aC 1 ), 

r A 

and for A < x, ( Hf\)(x ) = x~ x J t~ x ! p dt = qx~ x (X x ^ q — 1). 


Consequently, we get 


II^MIp = 


f + OO 


\(Hf x )(x)\ p dx 


i/p 


= q 


= q 


J ( 


x^/P-x-^ 


1/p 


1/p 


) p dx + J + x~ p (X 1/q -l ) p d^j 

(^ j x~ 1 (l-x- 1 / q ) p dx+ ^-^(X 1 / q - l) p j 

= q ^ln X + x- 1 ({l-x~ 1 / q ) p -I)d® + 0(1)^ 

= </(ln A + 0(1)) 1/p . 

We have also ||/ A ||p = ^ x~ x dx^j = (In A) 1 ^ so that, defining 

\\Hf\\ P 


i/p 


/x = sup 


f&LPj^O ll/llp 


w e get = lim A ^ +00 < /z < proving n = ^y. 


\\Hfx\\p 

Exercise 3.7.22. Let u be a function in L X (R). We set for (el, 


f(£) = / u(x)cos(x(;) dx. 

Js. 


(1) S'/low that u belongs to L°° . Show that the function u is uniformly continuous 
on R. 

(2) Show that for <p £ C x , lim|£|_>, +00 £>(£) = 0. 

(3) Show that lim|t|_,. +00 u(f) = 0. 

Answer. An immediate consequence of the Riemann-Lebesgue Lemma 3.4.5. 
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Exercise 3.7.23. For n G N and x > 0, we define f n {%) = n ™i/ 2 +1 cosx. 

(1) Show that f n belongs to L 1 (K + ). 

(2) Show that the sequence a n = f R f n {x)dx converges towards f R f(x)dx for 
some f € L 1 (K + ). 

Answer. (1) For x > 0, we have \f n (x)\ < e~ x x~ 1 ^ 2 = g(x). The functions f n 
and g are continuous on Kt and belong to L 1 (S. + ) since bounded from above by 
1[o,i](a)£ _ 1/2 + l[i,+oo] (x)e~ x . 

(2) For x > 0, we have lim n /„(a;) = f(x) = e~ x x~ 1 ^ 2 cosx. Since \f n \ < g £ 
L 1 (K + ), Lebesgue’s dominated convergence theorem implies / G L 1 (R+) and 
lim„ a n = f R f(x)dx. Note that 


r+oo r+oo 

/ f{x)dx = Re / e- {1+i)x x~ 1/2 dx. 

Jo Jo 


We have for 2 > 0, using Section 10.5 

r+oo /*+oo 


/‘-\-oo p-\-oo 

/ e- zx x~ l ' 2 dx = z - 1/2 / e-H-Wdt = 2~ 1 / 2 r(l/2) = n^z^ 2 . 

Jo Jo 

So with the results of Section 10.5, we obtain by analytic continuation of holomor- 
phic functions on Rez > 0, 


7r i/ 2 e _ 5 Logz = 


r+oo 


-V 2 da 


implying / 0 + °° e~ il+i)x x~ 1/2 dx = L °e(i+i) = n i/2 2 -i/4 e -in/s and thus 


lima„ = 7 t 1 / 2 2 cos(7t/8) = 7T 1 / 2 — 

n 2 

Exercise 3.7.24. Let (X,AA,p) be a measure space where p is a positive measure. 

(1) Let (A„)„ e N be a sequence of elements of At such that ^ ragN PiAn) < +oo. 
For n G N, we set B n = U k> n Ak- Show that p(C\ n ^jqB n ) = 0. 

(2) Let v be a positive measure on (X,AA). We shall say that v is dominated by 
p whenever 

VA G M, p(A) = 0 => v(A) = 0. 

Assuming v(X) < +oo, show that if v is dominated by p, 


Ve >0, 35 > 0, VA G JA, p{A) < 5 => i'(A) < e. 


Answer. (1) We have p(B n ) < Jf,k> n MAfc) which goes to 0 when n goes to infinity 
as the remainder of a converging series. For all n G N, we have 

0 < p(r\kefiBk) < p{B n ) => /x(n feeN R fc ) = 0. 
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(2) Reductio ad absurdum: if the required property is not satisfied, 3eo > 0 such 
that for all n £ N, 3 A n e M. such that 

H{A n ) < 2~ n and v(A n ) > e 0 . 

Since the series ^ n /x(^4„) converges, we find from (1) that 

o = /r(n ne N(Ufc> n A fc )) (=> y(n ne N(Ufc>„dit)) = o). 

Using v{X) < +oo, we have B n = Uk> n Ak, B n D B n+ 1 and limi/(.B n ) = 
v{C\ n B n ) = 0 and thus 

0 = ^(n raeN (U fc > n A fc )) = lim v((\J k> n Akj) > limsup v{A n ) > e 0 > 0, 

~ n—too 

which is a contradiction. 


Exercise 3.7.25. Let (X,A4,/x) be a measure space where p is a positive measure 
such that p{X) < +oo. A family of measurable functions is said to be 

equi-integrable whenever 

lim ( sup / \ui\dp ) = 0, with Ejft) = {x £ X, |uj(a:)| > f}. 

t->+ oo\ iGl ) 

(1) Let (ui)i<zi be a family of measurable functions from X into C. Show that if 
(ui)iei is equi-integrable, then 

Ve > 0, 3<f > 0, \L4 e M , p-{A) < 5 =+• sup / \uf\dp < e. 

iei J A 

(2) Let (u n ) ne N be a sequence of measurable equi-integrable functions from X 
into C, p-a.e. converging towards a function u. Show that for e > 0, we have 

lim n({\u n - u\ > e}) = 0. 

n — >+oo 

Show that the sequence (u ra ) n eN converges in L 1 (p). 

Answer. (1) Let us assume that the required condition does not hold. There exists 
eo > 0 such that for all n € N, there exists A n G M with p,{A n ) < 1/n and 


sup / \ui\dp, > e 0 . 
iei J A n 


Consequently for t > 0 


tp,(A n ) + sup / \ui\dp, 

iei J A n n{\ui\>t} 

> sup / |rtj|(i/i + sup / \ui\dp, > eo, 

iei J A n n{\ui\>t} iei J A n n{\u,i\<t} 
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which implies for t n = ^ —> +oo with n, 


sup / 


\Ui\dn > sup 


£0 


iei J A n n{\ui\>t„} 


\ui\dfi > e 0 - t n n(A n ) > — 


contradicting the assumption of equi-integrability. 

(2) We check for M > e > 0; 

/ \u n — u\d/j = / \u n — u\dfx + / \u n — u\d/i 

JX J\u n —u\<.e J\u n —u\>e 


' \u n — u\>€,\u-n\>M 


< e/t(W) + / \u n \d/-i 

J \u n —u\>e,\u n | <M 

< e/t(X) + M^({\u n - u\ > e}) + / \u n \d^i + / 

J\u n \>M J\i 

Consequently, we have 

limsup / \u n — u\dfj, < efi(X) + Mlimsup 
n—> oo J X n—> oo 


i\dfJ- + 


\u n — u \ >e 


' \u n —u \ >e 


<|d/i 


u n - u > e 


+ sup / 

nGN J \u n \>M 


\u n \dfi + limsup 


n—>oo J\u n —u\>e 


\u\dn. 


But we know that for e > 0, 

JLiin^/j({|u n - u\ > e})) = 0. 

In fact, we have A n = {|u ra — u\ > e} C B n = Uk> n {\uk — u\ > e} and B n is 
decreasing (and n(X) < +oo), so that with 

B = n n ^B n , n(B) = lim (i(B n ). 

n 

Since B = n ne tjB n = n ne N(Ufc>„{|itfc — u\ > e}) for x £ B, for all n £ N, there 
exists k > n such that |itfc(a;) — u(a;)| > e, so that the sequence ui(x) does not 
converge towards u(x). Since we have assumed that the convergence fi-a.e. holds, 
we get that B has zero measure and n(B n ) converges to 0. As a result for all 
M > e > 0, 

limsup / \u n — u\d/j, < e/z(X) + sup / \u n \dfj, + limsup / \u\d[i. 

n->oo J x nGN J \u n \>M n-t oo J \u n -u\>e 

Taking the limit when M — > +oo, we find, by using equi-integrability, that 


limsup / \u n — u\d[i < e/i(X) + limsup 


ix 


n—>oo J | u n — u\ >e 
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But we have proven that n{A n ) goes to 0. From (1), we find that 
sup / \uj\dfi — > 0, for n — > oo. 

j'GN J A n 

Fatou’s lemma implies 

0< / \u\dp = / liminf \uj\dp, < liminf / \uj\dp 
J A n J A n i i J A n 

sup / \uj\dfjL —>0 (n —> +oo), 

ieN J A„ 


< 

je n J a 

and thus lim„ _ , >£ \u\dfj, = 0. Finally for all e > 0 


lirnsup / \u n — u\dp, < ep,(X), 

n— >• oo ,/X 

providing the result lim^oo f x \u n — u\dp, = 0. 

Exercise 3.7.26. Let X be a locally compact Hausdorff topological space. We define 
C(o)(X) = {/ £ C(X;1R),V£ > 0, 3K S compact , sup |/(x)| < e}. (3.7.5) 

x(£K e 

(1) Prove that the functions of C^(X) are also bounded on X. Prove that 
C(ofiX) = C c (X) whenever X is compact. 

(2) Prove that C( o)(X) is a Banach space for the norm ||/|| = sup^g^ 

(3) Prove that C c (X) is dense in C^fiX). 

N.B. This exercise proves in particular that the completion of C c (]R m ) for the L°° 
norm is C'(o)(R m ), a proper subset of L°°{\ R m ). We have seen in Theorem 3.4.1 
that for 1 < p < Too, the completion of C c (R m ) for the L p norm is L p (B. m ). 

Answer. (1) If / belongs to C(o)(X), there exists a compact set K\ such that 
su Pa;^iCi 1/0*01 < 1: as a result, 

sup \f(x)\ < max( sup |/(ar)|, sup |/(x)|) < +oo. 

x£X X$lKi x£K 1 

The last statement of the first question is obvious by taking K e = X. 

(2) The mapping £7(0) (X) 9 / i-»- ||/|| obviously satisfies the axioms of a norm 
(see, e.g., (1.2.12)). Let us now consider a Cauchy sequence {fj)je N in £7(0) (X): 
this implies that for every x € X, the sequence of real numbers (fj(x))j e ^ is 
a Cauchy sequence, thus converges. Let us define f(x) = lim j fj{x). Since X is 
locally compact, each point Xq £ X has a compact neighborhood Kq. Defining 
9j = fj\ Ko ,g = f\K 0 , we see that (gj) je n is a Cauchy sequence in £7(A' 0 ;R) 



180 


Chapter 3. Spaces of Integrable Functions 


converging uniformly towards g: this implies that g is continuous on Kq since, for 
x,x' £ K, the inequality 

\g(x') - g{x)\ < I g(x') - gj(x')\ + \ gj(x') - gj(x)\ + \ gj{x) - g{x) \ 
and the continuity of gj implies 

lim sup \g(x') - g(x)\ < 2 sup \gj(y) - g{y)\ < 21imsup \\fj - f k || = 2ej. 

x'—^x y€K o k 

Since ( fj ) is a Cauchy sequence, lim j Sj = 0, and thus g is continuous on Kq , 
which is a neighborhood of xq\ this implies continuity for / on a neighborhood of 
any point, thus continuity of / on X. 

Let 5 > 0 be given. We have, for 

\fi x )\ < I f{x) - fj(x ) | + \fj(x)\ = lim | f k ( x ) - fj(x)\ + \fj(x)\ 

k 

< lim sup || f k - fj || + \fj(x)\ = £j + \fj(x)\. 

k 

Let j be such that Sj < 5/2 (possible since linij £j = 0) and let Kjj be a compact 
subset such that sup^c | fj\ < 5/2 (possible since fj £ C( 0 )(X)). We obtain 
sup K c |/| < 5 and / belongs to C( 0 )(X). Moreover the inequality 

j,S v ' 

I f(x) - fj{x ) | = lim | f k (x) - fj(x ) | < lim sup ||/ fe - //| = £j 

k k 

implies limj ||/ — /j|| = 0, that is the convergence of the sequence (fj) towards / 
in C (0) (X). 

(3) Let £ > 0 be given and let / £ C( 0 ) (X). There exists a compact set K such that 
sup KC |/| < e. On the other hand, using Urysohn’s Lemma (cf. Exercise 2.8.2), 
we may find a function Lp £ C c (X; [0, 1]) such that = 1. The function g = fp 
belongs to C c (X) and we have 

\g(x) - f(x)\ = l K c(x)\f(x)\(l - ip(x)) < £, 

so that || g — /|| < e, proving the density of C c (X) in C(^)(X). 

Exercise 3.7.27. 

(1) Let (X.Ai.y) be a measure space where y is a positive measure. Show that 
if y(X) < +oo, the assumptions 1 < q < p < +oo imply L p (y) C L q (y) 
continuously. Show that the conditions 1 < q < p < +oo imply Lf oc (K") C 

L i c m- 

(2) Show that the conditions 1 < q < p < +oo imply £ 1 (N) C £ 9 (N) C £ P (N) C 
/°°(N) with continuous injections and strict inclusions. Show that the inclu- 
sion 

£ 1 (N) C n g >i£ <? (N) is strict. 

(3) Let p,q € [l,+oo] be two distinct indices. Show that L p (M. n ) is not included 
in L q (R n ). 
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Answer. Exercise 3.7.10 gives several details related to the present exercise. 

(1) Using Holder’s inequality, we get 

\Mlo = [ \u\ q dp<\\\u\ q \\ LP/q \\l\\ L r, 2 + - = l, 

J x p r 

so that ||u||l<! < \\u\\lpp(X)^~p . The same proof gives the inclusion of local spaces 
since we integrate on compact sets. Note that for L p oc spaces, the exponent p is 
an index of regularity. 

(2) Let 1 < q < p < +oo and let x = (a+)n6N an element £ q . We have 

imi % = \ Xn \ p - sup \ x n\ p ~ q i x "i 9 - (XI w 9 ) * _1+1 

n> 0 n£N n> 0 riSN 

so that \\x\\ep < || x || ^9 and this works as well for q = 1 and p = +oo, proving the 
continuous injections. The inclusions are strict since for a > 0, 1 < p < +oo, we 
have 

(n ~ a ) n > l € i v +=+ ap > 1, 
so that for 1 < rq < q < < p < r% < +oo, 

(n- 1 /ri )n>!^y, (U 1 /r 2 ) n >ref\f, (u _ 1 /r 3 )n>l € 

Moreover the sequence 

(;^La na>lP(N)v ' (N) ' 

proving the last assertion of question 2. Similarly the inclusion 

L^ C (K") C n 1 < p<+00 Lf 0C (M n ) 

is strict since In |ar| G ni< p<+00 Lf oc (]R")\i“ c (K n ). Also for 1 < q < +oo, the 
inclusion 

TL(R”) c nr< p < 9 Lf oc (]R") 
is strict since \x\~* G ni< p<g if oc (K")\L| ? oc (R n ). 

(3) See Exercises 3.7.16, 3.7.17. We note also that for 1 < p < q < +oo and 


xGC?(r) lX ( o) = i, 


X{x)\x\~p +e G L p , 

x( x )\ x \ ^ +e i L q , 

provided e > 0, — y- + qe < —n, i.e., 

0 < e < — 1). Moreover, we have 

(i + N r«- ff GU, 

(1 + \x\)-^ iL p , 


provided 0 < a, ^ + ap < n i.e. , 0 < a < ^ (l — 
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Exercise 3.7.28. Let m be an integer > 1. We denote by (,) the standard dot- 
product on Let A be a real m x m, positive definite symmetric matrix ( i.e 
(Ax, x) > 0 for x 7 ^ 0). 

( 1 ) Show that the function f defined by f(x) = exp{—(Ax,x)} belongs to L 1 (K m ). 

( 2 ) Show that 

[ exp{-(Ax,x)}dx = 7 r m / 2 (detA)- 1 / 2 . 

J R m 

(3) Let B be an in x m matrix. Show that 

[ (Bx, x) exp — {(Ax, x)}dx = ^ 7 r m,/2 (det A ) -1 / 2 trace (BA -1 ). 

J R m 2 

(4) Let F be the function from K into C defined by F(t) = f R e ltx e~ x2 dx. Show 
that F is of class C 1 on R and verifies 2 F'(t) + tF(t) = 0. Give an explicit 
expression for F. 


(5) For y £ R m , calculate / exp{i(y, x) — (Ax, x)}dx. 

Jr™ 


Answer. ( 1 ) The function / is continuous on R m . There exists ft € 0(m) such 
that A = flDf l where D is the diagonal matrix with the (positive) eigenvalues of 
A, denoted by a*. The function / satisfies 

exp { - (Ax,x)\ < exp{-a mi „||a;|| 2 }, a min = nrin on > 0, 

l<i<m 

which implies integrability. 

( 2 ) We have 

/ exp { — (Ax, x ) } dx = / exp { — (flD'flx, x ) } dx 

Jr™ Jr™ 

= / exp { — (D*flx, dx, 

Jr™ 

and with the change of variables y = T lx, we get, since | det fl| = 1 : 

f exp{ -(Ax,x)}dx= [ exp { — (Dy, y) } | det fl\ dy 

Jr™ Jr™ 

P m 

= ex p { - X] } dy - 

J R m k - =1 J 

Since det A = nlii a ii we 

m p 

/ exp { - ( Ax , x)} dx = TT / exp {-a^} dyi 

JR m JR 


i= 1 * 


n 

i= 1 


exp{— t 2 } dti = 


det A 
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(3) The same calculation as in the previous question gives 

Ia,b = f e~ < ' Ax ’ x ' > (Bx,x)dx = f e~ < ' Dy ’ v ' > ( t nBfly,y)dy 
J R m J R m 

= [ Y c J,kVjyk ex p|-7r Y a jy^\ d v 


1< j,/c<m 


1< j<m 


1< j<m 


X] ex p j - Y °-’ ! 0 r-'h 


l<j<m 


with ( Cj,k)\<j,k<m = ^Bfl. We note that for a > 0, 

[ e~ a *t 2 dt = --^( [ e~ at2 dt ) = - -^V^o-i/ 2 ) = i 
Jr aa J da 2 


7 r 1 /^- 3 / 2 , 


so that 


X! J c .w a / 7rm/2 IT a J /2 = ^ m/ 2 (detA) 1/2 c w a /- 


l<j<m l</c<m 

Since trace MW = trace ATM, we have 


1< j<m 


Cjjaj 1 = trace (HlBQD *) = trace (XlBfl^n Ail) *) 

1<j <m 

= trace (AiSA -1 !!) = trace J5 A -1 , 

which is the sought result. 

(4) We may apply Theorem 3.3.4: 

(i) For all t, the mapping x i — > e ltx e~ x2 is continuous and sup tgR \e ltx e~ x2 \ = 
e~ x which is integrable on R. F is thus well defined on R. 

(ii) For all x in R, the mapping 1 1 — > e ltx e~ x is of class C 1 on R with derivative 
ixe ltx e~ x2 . 

(iii) Moreover sup tgR \ixe ltx e~ x \ = \x\e~ x which is integrable on R. 

As a result F is of class C 1 on R and 


Vt £ R, 

Integrating by parts gives 


F’(t) = / ixe itx e~ x dx. 


F'(t) = 


~2 C 6 


+ - / ite itx e~ x dx = --F(t). 


Since F(0) = y/n we obtain Vt £ R, F(t) = yj'x exp{— f 2 /4}. 
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(5) As in the first question 


f exp i(y, x) exp — (Ax, x)dx = f expi{y,x) exp-{nD t Qx,x)dx 
J R m J R m 


exp i(y, x) exp — (D t Q,x,Klx)dx. 


The change of variables z = 4 f lx gives 


/ expi(y,x)exp — (Ax,x)dx = / expi(y, flz) exp— {Dz, z)\ detf2|(te 
J R m JR m 

= / expi( t Uy,z)exp—(Dz,z)dz, 

J R m 


so that 


« r. m 

/ exp i(y, x ) exp —(Ax, x)dx = / TT exp i( t fly)jZj exp —ajZjdz 
Jr™ Jr™ j =1 

m 

= 1 I / expi( t Qy)jZj exp— ajZjdZj. 
3 = 1 JR 

Using the change of variable Xj = ^VaJZj in each integral we get 


[ expi(y,x)exp-(Ax,x)dx = f[ — [ ( expiry) jXj /,/aj) exp -x^dxj 
J R m - =1 y/®j Jr' ' 

m 

= Y[— F (( t n y ) j /^j), 


and the previous question gives 


expi(y,x)exp—(Ax,x)dx = 



'TT rn 1 _ . I 

exp — - — CJJy)" 2 ) 

detA 1 4 


I 7 T m 1 t 

^exp— jdrto) 


so that, since A 1 = fll? lf fi, 


exp z(y, a;) exp — (Ax, x)dx = 


I n m l.., , 

— exp-j{/l 



3.7. Exercises 


185 


Exercise 3.7.29. We define cq as the space of sequences of complex numbers con- 
verging to 0. 

(1) Show that the space cq is a closed subspace of £°° . 

(2) Show that the spaces cq,£ p , for 1 < p < +oo are separable. 

Answer. (1) Let (u ra )neN be a sequence in Co converging towards u in £°°. Each u n 
is a sequence (a k ,n)k£ n such that lim*, a k , n = 0 and u = (b k )k&N G (°° ■ We have 

\bk\ < | bk ~ a k ,n\ + |afc,n| < ||« - «n|| + |Ofc,„|, 

so that \/n £ N, limsup fe \b k \ < ||u — u n ||, and taking the infunum on n of the rhs 
implies limsup fc |&fc| =0, and u £ cq. 

(2) Let us define the countable set 


D = Ujv G N{(l/fc)fceN, Vk G Q + *Q, y k = 0 for k > N}. 

Then D is dense in cq: let u = be in cq and let e > 0 be given. Then there 

exists N e such that sup fe>]Ve \x k \ < e/2. Moreover, by density of Q in R, there 
exists (r/fc)o<fc<JV e such that each y k £ Q + iQ and max 0 <fc<jv t \x k - y k \ < e/2. 
With v = (j/fc)fc G N (yk = 0 for k > N e ), we have v £ D and 

||« - v ||oo < max |a:fc - y k \ + sup |a; fe | < e, 

0<fc<iV e k>N e 

proving the sought property. 

The set D is also dense in £ p for 1 < p < +oo: let u = (x k )keN be in l p and 
let e > 0 be given. Then there exists N e such that 

E w < eP /2. 

k>N e 


Moreover, by density of <Q> in R, there exists ( y k )o<k<N e such that each y k £ Q + iQ 
and 


max \xk — y k \ p < 

<k<N e 


e p 

2N e + l 


With v = (j/fc)fc G N (yk = 0 for k > N e ), we have v £ D and 


\\u~v\\l= E \ x k ~ Vk\ P + E \ x k\ P < eV ' 

0 <k<N e k>N e 


proving the sought property. 


Exercise 3.7.30. Let (X,M.,y) be a measure space where y is a positive measure. 
Prove that L 1 (y) C L°°(y) if and only if 

inf y(E) > 0. (3.7.6) 

egm 

u(E)> 0 

Prove that, when this condition is satisfied, we have for 1 < p < q < oo, L p (y) C 
L q (p). Give an example of such a measured space. 
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Answer. Let us assume first that (3.7.6) holds with an infimum equal to a > 0 
and let / G L l {n) be different from 0. If / were not in for every fc £ N, we 

would have 

fi( {x € X , \f(x)\ > fc} ) > 0, 

E k 

so that 

+oo > II/IIlV) > / \f\dn > k^(E k ) > ka — » +oo, 

J Ek fc->+oo 

which is impossible. We obtain thus / € L°°(/x). With e > 0, assuming that / is 
not 0 and e € (0, ||/||l~(^)), we define 

F e ={x£ X , |/| > \\f\\ L ~ w - e}. 

We find /x(F e ) > 0 and thus n(F e ) > a > 0. As a result for every e £ (0, ||/||l°°( m )), 
we get 

II/IIlV) > [ \fW > (||/||l~( m ) - z)v(Fe) > a(||/|| L oo (/i) -e), 

J f € 

implying ||/||l~( m ) < a _1 ||/|| i i( A1 ). We remark that if 1 < p < +oo, we find also 
under (3.7.6), 

/ £ L p (») =► | f\ p € +V) =► |/r G L°°(n). 

We note also that, assuming (3.7.6) and 1 < p < q < +oo, we find from the 
previous argument that if / G L p ([i), we obtain that |/| p belongs to with 

lll/Hk- < C-^M/nUr = C- 1 ||/||^ 

=> / 1 f\ g d»< J l/l p ^||/HS,« p <(a- 1 )“||/|l2; , - p 

=►11/11^) <(a~ 1 )“||/||LP, 

proving that / G L 9 (/z) (with a continuous injection). 

Conversely, let us assume that L 1 ( /x) C L°°(/x). If for any fc G N*, we could 
find E k £ M such that 0 < n(E k ) < 2~ k , then 

11/ = J2 kl Ek\\LHn) ^ < +oo => f £ L'i/i) => / G L°°(/i), 

k>l fe>l 

but since fJ.{E k ) > 0, we have ||/||l<~( / j ) > fc for all k £ N, which is impossible. 

The most typical example is given by the t p spaces (1 < p < +oo) which are 
the L p spaces for the measured space 

(N,7>(N),A0, A* = £<S fc . 

keN 

Here fi is the counting measure on N so that n{E) > 1 if E is not empty. 
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Exercise 3.7.31. Let (X,J\A,p) be a measure space where p is a positive measure. 
Let fi , . . . , /jv be non-negative measurable functions and let pi, .. . ,pn G [1, +oo] 
such that 

1 


E 

1 <j<N 


= 1. 


Pj 


Prove that f fi . . . f N dp < 

X 1 s' As' AT 


1 <j<N 

Answer. When N = 2, this is Holder’s inequality. We may assume that all fj are 
not vanishing /z-a.e. (otherwise the lhs is 0) and that each fj belongs to L Pi (p) 
(otherwise the rhs is +oo as the product of positive quantities in R + with one 
of them +oo). Induction on N: let N > 2 and p±, . . . ,pn+i G [1,+oo] with 
E Kj<w+ i A- = 1. Applying Holder’s inequality we find 

II „ II 

l Pn +Hv) 


f fl ■ ■ ■ fxfx+ldp < 

n ^ 

lx 

1 <j<N 


Since J2i <j<N = 1 (ensuring that Pj/p’ N+1 > 1) and 


II fi 

1 <j<N 


L p N+ l(fjt) 


n « 

1 <j<N 


P N+ 1 

LHu)’ 


we may use the induction hypothesis to obtain 


n f> 

1 <j<N 


< 

l p ' n+1 (u) 


1 <j<N 


The rhs of that inequality equals Oi<j<iv and with ()() this provides the 


answer. 



Chapter 4 

Integration on a Product Space 


4.1 Product of measurable spaces 

Definition 4.1.1 (er-algebra on a product space). Let (Xi, Mi), (X 2 ,M 2 ) be mea- 
surable spaces. We define the product cr-algebra of Mi and M 2 as the cr-algebra 
on X\ x X 2 generated by the sets Ai x A 2 , where Aj £ Mj,j = 1,2 (such a set 
A\ x A 2 will be called a Cartesian rectangle , CAR for short). That cr-algebra will 
be denoted by Mi 0 M 2 . 

We note that A4i ® M 2 is the smallest cr-algebra (i.e., the intersection of 
cr-algebras) on X\ x X 2 such that the canonical projections nj : Xi x X 2 — >■ 
Xj, TTj ((xi, x 2 )) = xj,j = 1,2 are measurable. First of all 7Ti is measurable since 
for Ai £ Mi, we have ■nA(Ai) = Ai xX 2 which is a CAR, thus belongs to Mi®M 2 
(same for n 2 ). Moreover if T is a cr-algebra on X\ x X 2 such that ttj are measurable, 
then for Aj £ A4j, T contains 7r ] " 1 (Ai) = A\ x X 2 and 7r^ 1 (A2) = X\ x A 2l thus 
their intersection 

(Ai x X 2 ) n (Xi x A 2 ) = A\ x A 2 . 

The cr-algebra T contains the CAR and thus the cr-algebra generated by the CAR, 
i.e., Mi ® M 2 . 

Remark 4.1.2. Let f 3 : Xj —> C (j = 1, 2) be measurable mappings. We define the 
tensor product /i ® /2 by 

fi ® /2 : X\ x X 2 — l C 

(X!,X 2 ) fl(xi)f 2 (x 2 ). 

The mapping fi®f 2 is the product ( fiOTTi)(f 2 oTr 2 ); since each fjonj is measurable 
(cf. Lemma 1.1.6), Theorem 1.2.7 shows that their product is also measurable. 

Proposition 4.1.3. Let (Xi,Mi), (X 2 ,M 2 ), ( Y,T ) be measurable spaces and let 
f : Xi x X 2 — »• Y be a measurable mapping. Then 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers , 1 89 

DOI 10.1007/978-3-0348-0694-7 4, © Springer Basel 2014 
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( 1 ) Va"i G Xi, the mapping f(x i,-) : x 2 G X 2 K ► /(a" 1,2:2) GY is measurable, 

V.T2 G X2, t/ie mapping f(-,x 2) : ii G Xi G f(x i,x 2 ) GY is measurable. 

( 2 ) For A G M.\ ® AI2, and {x\, X2) G X\ x X2, we define 

M x ig) = {^2 G X 2 , (xi,w 2 ) G A}, 

A(-,iE2) = {xi G Xi, (04, 2:2) G X}. 

XTie set A (24, •) belongs to A 4 2 and A(-,x 2) belongs to Ai 1 . 

Let us check first Figure 4.1 with the “vertical slice” A{x i,-). Of course 
drawing an horizontal slice would be easy, but the picture would not gain much. 



Figure 4.1: Vertical slice 
A G A 4 i <g) A 4 2 , A(x 1, •) = {x 2 G X 2 , (xi,x 2 ) G A} 

Proof of the proposition. Let B be in T. For 24 G X\ , we have 

f{xi,-)~ 1 {B) = {x 2 G X 2 J(x 1,24) G B} 

= {x 2 G X 2 , (24, x 2 ) G f~ 1 (B)} = (f~\B))(x !,-)• 
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Since / is measurable, the set / l (B) belongs to M\ ® A4 2 ; it is thus enough to 
prove (2) to obtain (1). We define 

M = {E c x 1 x x 2 ,Vxi g Xl,Vx 2 e x 2 ,e(x i,-) g m 2 ,e(-,x 2 ) g A4i}. 


We note that E G M implies E c € M: for x\ G X\, we have 


{E c )(x i,.) 


{a; 2 G X 2 , (xi, x 2 ) G £°} 
{a; 2 G X 2 , (x±,x 2 ) <£ E} = 



eM 2 

since 


and thus (E c )(x 1 , •) G A4 2 since M 2 is stable by complement as a cr-algebra. We 
prove as well that, for x 2 G X 2 , we have (E c )(-,x 2 ) G M.\, so that E c G M. 
Moreover if (Ek)keN is a sequence of A 4 , then U ke^Ek G M: for x\ G X\, we have 

(UfeeN-Efc)^!, •) = {x 2 G X 2 , (xi,x 2 ) G Ufc e N.Efc} = Ufe e pj( E k (x i,-) ) 

eM 2 

since Ek G Ai 


which belongs to A 4 2 since M 2 is stable by countable union, as a a- algebra. Since 
we can get by the same proof, mutatis mutandis, that for x 2 G X 2 , (u k ^nE k ) (-, x 2 ) 
belongs to we have indeed proven that U kenE k G M. We note also that the 
CAR belongs to M: let Aj be in A ij, j = 1,2. For x\ Gli, we have 


(Ai x A 2 )(x 1 , •) = {x 2 G X 2 , (x 1 ,x 2 ) Gii x A 2 } 



if xi £ A\ 
if x\ G Ai 


G M 2 . 


We prove as well that for x 2 G X 2 , we have (Ai x A 2 )(-,x 2 ) G A4i. As a result, M is 
a cr-algebra on Xi x X 2 containing the CAR, and thus the cr-algebra A4 i®A4 2 , which 
is generated by the CAR. This completes the proof of (2) and of the Proposition. □ 

Remark 4.1.4. Let d G N and let Bd be the Borel a- algebra on R d . Then if d\,d 2 G 
N, we have 

Bd 1 +d 2 = Bd! ®Bd 2 - ( 4 - 1 - 2 ) 

We prove first Bd 1 +d 2 3 Bd 1 <2)Bd 2 '- Bd x - (_d 2 is a cr-algebra such that the projections 
are measurable (since they are continuous), thus contains the smallest a- algebra 
Bd 1 ®Bd 2 making these projections measurable. Moreover, from Lemma 1.2.6, the 
cr-algebra Bd x +d 2 is generated by the compact rectangles Yli<j<d 1 +d 2 { a J^ b A which 
are also CARs (equal to ni<j< rfl [ a j> b j] U dl +i<j<d 1 +d 2 \ a E h A)- Consequently, using 
the notation in Definition 1.1.3, we have 


Bdt <8> Bd 2 C Bd!+d 2 = A4 (compact rectangles) C A4 (car) = Bd 1 <g> Bd 2 - □ 
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4.2 Tensor product of sigma-finite measures 


Lemma 4.2.1. Let {Xx, M.x,Px), (X 2 , M. 2 , p 2 ) be measure spaces where the fij are 
positive a-finite measures ( i.e Xj = U k & ^E J k , with fj,j{E J k ) < + 00 ). Let A be in 
A4i 0 A4 2 - Defining (px{xx) = /i 2 (A(xi : •)), p 2 {x 2 ) = Pi(A(-, x 2 )), the functions 
<Pj are A ij measurable (j = 1,2) and 


(b) 



Proof. Let us first assume that A = A\ x A 2 with Aj G A4j. We have 


(Ai x A 2 ){x i,-) = {x 2 G X 2 , (xi,x 2 ) S Ai x A 2 } 


f 0 if x\ ^ Ax, 
\ A 2 if xi G Ax, 


and this implies 

w(ll) = {«d) if 

i.e., ipx = H 2 {A 2 ) • 1 Ad ^2 = /ii(Ai) • 1 a 2 , so that if fiii(Ax) and /j, 2 (A 2 ) are both 
finite, 

/ ipxd/ix = At 2 (A 2 )/ii(A 1 ) = / p 2 dfi 2 - 
Jx 1 

Moreover if n 2 (A 2 ) = +00 and /xi(Ai) = 0, we have <y 2 i = 0, /ii-a.e. and y >2 = 0, 
proving the result in that case as well. If fi 2 {A 2 ) = +00 and /ii(Ai) > 0, we find 
f x (fxdfix = +00 = f x p 2 dfi 2 , so that the sought property is proven when A is a 
CAR. Let us now define 


xx Ai, 
xx G Ai, 


K={Ag Ali 0 M. 2 , (b) holds true}. (4.2.1) 


We have already proven that 

LI D CAR. (4.2.2) 

Moreover, we claim that if (Aj)j e pj is an increasing sequence of LZ, then 

Aj G LZ. (4.2.3) 


Indeed, defining (px,j{xx) = p, 2 (Aj(xx, •)), (p 2 ,j{x 2 ) = P 2 {Aj{-,x 2 )), the sequence 

Aj(x 1 , •) = {x 2 G X 2 , (xx,x 2 ) G Aj} is increasing with union A(xi, •). As a result, 
we have 0 < (pxj(xx) f <Pi{xx), 0 < (f 2 ,j{x 2 ) f p 2 {x 2 ), and Beppo Levi’s theorem 
implies 



(px.jdf.ix t 



and 



ip 2 .jdp2 t 



Since each Aj belongs to LZ, we have f x px.jdpi = f x (p 2 .jdfi 2 , proving Claim 
(4.2.3). Moreover, we claim that if (Aj)j e pj is a sequence of pairwise disjoint ele- 
ments of LZ, we have 


Uj^nAj G LZ. 


(4.2.4) 
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In fact, considering the increasing sequence B n = \Jo<j<nAk, and using (4.2.3), 
we see that it is enough to check that if Ax , A 2 are disjoint elements of 7Z , then 
Ai U A 2 G 1Z. We have indeed 


(Ax U A 2 )(x i, •) = {x 2 G X 2 , (xx,x 2 ) ediU A 2 } = Ax(x\, -)\JA 2 (x q, •), 

S. ^ ✓ 

disjoint union 

so that h 2 (A\ U A 2 )(x i, •) = /r 2 (Ai(xi, •)) + fJ, 2 (A 2 (xi, •)) and 


¥>l(xi) 


IX i 


H 2 (Ax U A 2 )(xi,-) d/j.i(xi) 


= / ii 2 (Ai(x\,-))dnx(x\)+ / /r 2 (A 2 (a;i,-))dMi(a;i) 

I.\'i 7.Yi 


Since both Ai, A 2 belong to 7 Z, we have proven Claim (4.2.4). Moreover, for 
Ax G AIi, A 2 G A4 2 with Hj(Aj) < oo, j = 1, 2, and for (Qj) a decreasing sequence 
in 1Z such that Ax x A 2 D Qj, we claim that 


O — Q, G 1Z. 


(4.2.5) 


Indeed, let us define 


<£i,j(zi) = Hi(Qj(x i, •)) = A £>({£2 £ A 2 , (xi,x 2 ) G Qj}) < li 2 (A 2 ) < +oo. 
Using Proposition 1.4. 4(3), we get 

<pi,j(xi) (pi(xi) = fi 2 ({x 2 G X 2 , (. xi,x 2 ) G Q}), 

Hx(Qj(-,x 2 )) = ifi2,j(x 2 ) -i ¥> 2 (x 2 ) = £n({ 2 ;i G X 1; (xr,x 2 ) G Q}). 

We have also 


0 < <Pi,j(xi) < £t 2 ({a :2 £ A 2 , (xi,x 2 ) £ Ax x A 2 }) = ipx(xx). 


But we have already seen in (4.2.1) that f x if>idfj,i = l^i(Ax)fi 2 (A 2 ) (a finite 
quantity here) . We may thus apply the Lebesgue dominated convergence theorem 
and get 



<Pi,jdnx 



and 



ip 2 jdfi 2 



Since Qj belongs to 7 Z, we find f x (pijd/xx = f x <p 2 jd/j, 2 proving Claim (4.2.5). 
We need a definition. 


Definition 4.2.2. Let A be a set and S be a subset of the powerset V(X). The set 
S is said to be a Monotone Class on X when for (Aj)j £ N increasing sequence of S, 
(Bj)j£jq decreasing sequence of S , Uje^Aj G S , fl je^Bj G S. Note that if (Ti)iei 
is a family of monotone classes on X, then rij e /7I is also a monotone class on X. 
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Since /x i is cr-finite, we can find a sequence (Xg*,) of elements of M\ such 

that 


X\ = jx < +oo. 

We may as well assume that the Xi tk are pairwise disjoint. Let (X 2j ;) be a sequence 
with the same properties with respect to (X 2 , M 2 , /r 2 ). We define the set 


5 = {4e A4i g> M 2 , V(fc, l), An (X hk x X 2 ,i) e 11} . (4.2.6) 

Then we claim that S is a monotone class. Indeed, let Aj £ Mi (g) M 2 be an 
increasing sequence such that Aj fl (Xq*, x X 2j ; ) £ 1Z. From (4.2.3), we find that 
U jAj belongs to S. Similarly (4.2.5) and the fact that /Ti(Xpfc), fx 2 (X 2t i) are both 
finite imply the property on decreasing sequences, proving the claim. As a result, 
S is a monotone class included in A4i (g> Xi 2 , containing the CAR ((4.2.2)) and 
countable pairwise disjoint unions of CARs ((4.2.4)). 

Lemma 4.2.3. Mi<8>M 2 is the smallest monotone class on X\ xX 2 which contains 
finite unions of CARs . 

Let us take provisionally that lemma for granted. We get then S = Mi®M 2 . 
As a consequence, ifAGA4i(g>A42, then A fl (Xg*, x X 2 ,z) satisfy the property 
of Lemma 4.2.1, so that using 

A = U fc ,;|An (Xi ife x X 2>z )j (disjoint union), 

we find from (4.2.4) that A GlZ, concluding the proof of Lemma 4.2.1. □ 

Proof of Lemma 4.2.3. A4i (g) M 2 is a cr-algebra, thus a monotone class. We may 
thus consider the monotone class T defined as 

T = intersection of monotone classes containing the finite unions of CARs. 

Since A4i ® Xi 2 is a monotone class containing the finite unions of CARs, we get 
that Mi g> M 2 D T. We need to prove the other inclusion. Note that it is enough 
to prove that T is a cr-algebra: if that it is so, T will contain the CAR, thus the 
a - algebra generated by the CAR, that is A4i ® M 2 . We note that 

(Ai x a 2 ) n (B\ x b 2 ) = (Ai n Bi) x (A 2 n b 2 ), (4.2.7) 

{Ax x A 2 )\(Bx x B 2 ) = [{Ai\Bx) x A 2 ] U [{Ax n B ± ) x {A 2 \B 2 )] . (4.2.8) 

We see that the difference of two CARs is a disjoint union of two CARs. Then the 
symmetric difference of two CARs is as disjoint union of four CARs, the union of two 
CARs is a disjoint union of five CARs. We find that the set 


£ = finite disjoint unions of CARs, 


(4.2.9) 
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is stable by union, intersection, and symmetric difference. For P C X\ x X 2l we 
set 

ft(P) = {QcI lX X 2 , P\Q , Q\P, PuQgT}. 

We see at once that 

Q e fl(P) 4=4- P e fl(Q). (4.2.10) 

Moreover, if (Qj)jgN is an increasing sequence of f2(P) and Q = U j Q y , we have 
P\Q = P n Q c = P n rjQ c j = r 3 (P n Q c 3 ), 

and since P (~l Qj is decreasing and in P (which is a monotone class), we find 
that P\Q £ T. We prove similarly that Q\P,P U Q £ T. As a result, fl(P) is a 
monotone class. Let P £ £: if Q £ £, we have Q £ f2(P) since we have already 
seen that £ is stable by union, intersection and symmetric difference. We find 

£ C n(P) for P £ £. 

Since $7(P) is a monotone class, using the very definition of P, we find 
(tt) rcfi(P) for P £ £. 

Consequently, if Q £ T, we have 

p e £ =>T c n(P) £ n(P) P£D(Q), 

(tt) Q6T (4.2.10) 

so that £ C 12 (Q). Since 12 (Q) is a monotone class, we find 

T C 12(Q) for Q £ r. 

Finally for P,Q £ P, we have T C 1 2(Q) which implies P £ 12(Q) and thus 
P\Q, Q\P, P U Q £ T. We get then 

x x x x 2 £ £ c r, 

er 

if 0 £ T,Q C =(x, xI 2 \^)£T, 
er 

(Qj £ T)j S N,Pn = Ui<j<„Qj £ T, monotone class, thus U„ P n £ T, 

proving that T is a cr-algebra, completing the proof of Lemma 4.2.3. □ 

Definition 4.2.4 (Tensor product of <r-finite measures). Let (Xi,A4 i,/ri) and 
(X 2 ,M 2 ,V 2 ) be measure spaces where each /j ? is a ct- finite positive measure. For 
A £ Xii (g> AI 21 using the notation (4.1.1) and Lemma 4.2.1 we set 

(mi ®^ 2 )(A) = / /x 2 (-4(a;i, -))rf/xi(a;i) = / [i\ (A(«, x 2 )) - 

JXi Jx 2 

Then /.ti ® /X 2 is a cr-finite positive measure. From the proof of Lemma 4.2.1 we 
find that for Aj £ A4j, j = 1,2, (/xi <E> /X 2 X.A 1 x A 2 ) = ^\{Ai) ■ /j, 2 (A 2 ) (with the 
convention 0 • 00 = 0). 
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Indeed, if is a pairwise disjoint sequence of A4i ® A4 2 , if x\ € Xi, 

then Ak(xi,-) is measurable (Proposition 4.1.3 (2)) and, using (4.1.1), we find 
(UfceN^4fc)(£i> •) = UfegN Ak(x\, •) , so that 


pairwise disjoint 


/i 2 ((Ufc eN ^fc)(a:i,-)) = YMMxu-))- 


(4.2.11) 


fceN 


Lemma 4.2.1 implies that the mappings x\ K »• p 2 (Ak(xi, •)) are measurable and 
Corollary 1.6.2 gives 


(Ml ® d = j At2((U t6 N2lfc)(3;i,-))^l(^l) 

jAT. p 2 (A k (xi,-))^jdpi(x 1 ) 


( 4 . 2 . 2 ) 


corm.6.2 ^ f /JL2 ^A k {x 1 ,-))dii 1 {x 1 ) = ^){Ak), 

fee N"' Xl fceN 


which is the sought result. Moreover the measure pi ® p 2 is c-finite since if we 
have with j = 1,2, Xj = U ke ^Xj tk with Xj >k G Xij and pj{Xj ik ) < +oo, we get 
Xi x X 2 = U(fc i q e N X N(Xi i fe x X 2 and thus 

(pi ® M 2 )(*l,fc x -^ 2,0 = Mi(-^i,fe)M 2 (-X' 2,0 < + 00 . 

Theorem 4.2.5 (Tonelli). Let (Xi,Mi, pi) and {X 2l M 2l p 2 ) be measure spaces 
where each pj is a a -finite positive measure. Let f : Xi x X 2 —1 R+ be a measurable 
mapping ( the product X\ x X 2 is equipped with the a -algebra M. 1 ® A4 2 ). From 
Proposition 4.1.3, the mappings X 2 9 X 2 > f(x i,x 2 ), Xi 9 Xi H 1 f(x i,x 2 ) are 
measurable and we may define 

fi{xi)= f{xi,x 2 )dp 2 {x 2 ), f 2 (x 2 ) = f(x 1 ,x 2 )dp 1 (x 1 ). 

Jx 2 Jx 1 

XTien £/ie mappings fj are measurable and we have 

/ fi(xi)dpi(xi) = / f 2 (x 2 )dp 2 (x 2 ) = / f(xi, x 2 )d(pi 0 p 2 )(xi, z 2 ). 

JXi d.Y 2 JX 1 xX 2 

(4.2.12) 

Proof. The following notation for (4.2.12) is certainly easier to follow: 


f{xi,x 2 )dp 2 (x 2 )\ dpi(xi) = 


X 1 \Jx 2 


f(x 1 ,x 2 )dpi{xi)) dp 2 (x 2 ) 


x 2 \Jx 1 


f(xi,x 2 )d(pi ® /t 2 )(a;i,a: 2 ). 


XixX 2 



4.2. Tensor product of sigma- finite measures 


197 


We assume first that / = 1 q with Q £ Mi ® M 2 - Definition 4.2.4 gives the 
sought result. As a consequence, we obtain as well that result for simple functions 
on Xi x X 2 (Definition 1.3.2). From the approximation Theorem 1.3.3, we get the 
existence of a sequence of simple functions (sfc)fceN on X\ x X 2 such that for all 
(£ 1 , 2 : 2 ) e Xl x X 2 , 

0 < s k (x i,x 2 ) t f{x i,x 2 ). 

We set Sfe, 1 ( 2 : 1 ) = fx 2 Sk(xi,x 2 )d/-l 2 (x 2 ), Sk, 2 ( 2 : 2 ) = I X1 Sk(xi,X 2 )dfj,\(xi). Since 
Sk is a simple function, we have already proven that 

/ Sfc,id/ii = / s k ,2dn 2 = / Sfed(/xi 0 /r 2 ). (4.2.13) 

Jx 1 Jx 2 J Xl xX 2 

Using now Beppo Levi’s Theorem 1.6.1 on (Xl x X 2 , Mi ® M 2 , Mi ® ^ 2 ), we get 


lim 

k 


l Xl xX 2 


s fc d(Mi ® M 2 ) 


l Xl xX 2 


fd{p 1 0 M2)- 


(4.2.14) 


For 2:1 £ Xi, Beppo Levi’s theorem on (X 2 ,M 2 , M 2 ), applied to the non-negative 
increasing sequence Sk{x\,X 2 ) gives 


0 < Sfc. 1 ( 2 : 1 ) = / Sk(xi, X 2 )dn 2 (x 2 ) t / /(xi, x 2 )dn 2 (x 2 ) = fi (aq). 

2.y 2 

Beppo Levi’s theorem on (Xi, A4 1 , Mi), applied to the non- negative increasing 
sequence Sfc,i( 2 ;i) gives then 


We get then 




(4.2.15) 


f ( 4 . 2 . 14 ) f 

/ /d(M 1 < 8 > M2) '= lim/ s fc d(M 1 ® M2) 

J Xl xX 2 k J Xl xX 2 

1 [ Sfc.idMi (4 = 15) I f 1 dfi 1 

d.Yi 2.Y, 


( 4 . 2 . 13 ) 

= lim 


and we prove similarly f XiX Y2 f d{pi® P 2 ) = / x f 2 dp 2 , concluding the proof. □ 

Remark 4.2.6. Lemma 1.2.14 on double series with terms in is a very elemen- 
tary version of Tonelli’s theorem. 

Theorem 4.2.7 (Fubini). Let (Xi,A4i,mi) and (X 2 ,M 2 , M 2 ) be measure spaces 
where each is a a-finite positive measure. Let f : Xi x X 2 — > C be a measurable 
mapping ( the product Xi x X 2 is equipped with the a-algebra Mi ® A42)- 
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(2) If f £ L x (ni ( 8 ) fi 2 ), then f(x i,-) e L 1 (/x 2 ) ni-a.e. in x\, /(•, x 2 ) £ L^ah) 
g, 2 -a.e. in x 2 and 


f{xi,x 2 )d/j, 2 (x 2 )\ dn i{x\) 


X j. \J.y 2 


f{x\, x 2 )dg,\(x\) dg 2 (cc 2 ) 


£Y 2 V-Yi 


(4.2.16) 


f{x 1 ,x 2 )d(gi <g> g 2 )(xi,x 2 ). 


XiX.Y 2 


Proof. To obtain (1), we need only to apply Tonelli’s theorem 4.2.5 to |/|. Let us 
prove (2). We assume first that / is real valued: then we have 

/ = /+ - /-, with f ± > 0 , /+(a:) = ma x(/(x), 0 ), /_(a;) = ma x(-f(x), 0 ). 

From Tonelli’s theorem and the assumption of (2), we get 


/ / f+(xi,x 2 )d/j. 2 (x 2 ) ) dfii(xi) = / ( / f+(xi,x 2 )dni(xi) ) dg 2 {x 2 ) 

JX 1 \Jx 2 / Jx 2 Vd.Y'i / 


.Y 2 WA'i 

f + (xi,x 2 )d(gi <8 g 2 ){xi, x 2 ) < + 00 , 


YiX.Y 2 


and the same identity holds for /_. As a result the Ad\ measurable functions 
(/+)i, (/-)i belong to L l (jii) (we define as in Lemma 4.2.1 for g : Xi x X 2 — > R+ 
measurable, g\{x\) = fx 2 g(x 1 ,x 2 )dg 2 (x 2 ),g 2 (x 2 ) = f Xl g(x 1 ,x 2 )dg 1 (xi)). From 
Proposition 1.7.1 (4) we get 


(/+)i < + 00 , (/-) 1 < + 00 , /ti-a.e. 


Similarly, we prove (/+) 2 < + 00 , (/_) 2 < +oo,/z 2 -a.e. Since we have 


\f(xi,x 2 )\ = f+{xi,x 2 ) + /_( Xi,X 2 ), 

this gives the first part of (2). Applying the identities (4.2.16) for f + and /_, we 
find the identity of (2) by writing a linear combination of real numbers. When / 
is complex valued, we may consider separately the imaginary and real parts, each 
of them satisfying the assumptions of ( 2 ) and thus which can be given the same 
treatment as above □ 


Remark 4.2.8. Let (Xi, A4i,/zi) and (X 2 ,M 2 , g 2 ) be measure spaces where each 
g,j is a er-finite positive measure. Let fj : Xj —> C, j = 1, 2 be mappings of 
L l {pj). We define on X\ xl 2 , the tensor product of /1 with / 2 , noted f\ ( 8 / 2 , by 
(/1 ® / 2 )(ar, x 2 ) = fi(xi)f 2 {x 2 ). This function is measurable (Remark 4.1.2) and 
Theorem 4.2.7 gives right away that /1 ® / 2 belongs also to L l (gi 8 g 2 ) as well as 
the formula 


(A ® /2)d(Mi <8 ia 2 ) 


Xi x.Y 2 
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4.3 The Lebesgue measure on and tensor products 

The Lebesgue measure on R m was constructed in Section 2.4. In the present sec- 
tion, we are willing to compare that measure to the tensor product of Lebesgue 
measures on R, so that we can reduce the computation of multiple integrals to a 
succession of computations of simple integrals. 

Theorem 4.3.1. Let mi, m 2 be integers > 1. We set m = mi + m 2 ■ With X d 
standing for the Lebesgue measure on R d and Cd for the Lebesgue a-algebra on R d 
(see Theorem 2.4.2), we have C m D C mi 0£ m2 and X m coincides with X mi 0 X m2 
on Lrni ^ U m2 . 

Proof. Using the notation of Definition 1.1.3, we get from (1.2.15) and Remark 
4.1.4 


B mi 0 £> m2 = B m = M (compact car) c A4(car) = £ mi 0 £ m2 . (4.3.1) 

Theorem 2.2.14 implies that for Ej £ £ m . = 1, 2, there exist a F a set Aj and a 

Gs set Bj such that Aj c Ej C Bj, X mj ( Bj\Aj ) = 0. As a result, we have 

Ai x R m2 c Ei x R“ 2 cBiX R m2 . 

X ^ X X ^ X 

F(j set G§ set 

It is thus enough to prove that 

X m ((Bi\Ai) xl” 2 ) =0, (4.3.2) 

since this implies that Ei x R" 12 £ C m (Theorem 2.2.14 ) as well as R mi x E 2 £ C m , 
so that Ei x E 2 £ C m , entailing £ mi 0 C m2 = M (Rectangles) C C rn ■ To obtain 
(4.3.2), we shall use Proposition 1.4.4 (2) and prove that for all M > 0, 

\m{{Bi\Ai) x {x 2 £ R m2 , |x 2 | < M }) = 0. (4.3.3) 

On the other hand, A mi 0 \ m2 is a positive measure defined on B m = B mi 0 B m2 , 
finite on the compact sets since a compact subset K of R m is included in a product 
fii x f} 2 with fd j = {xj £ R" 1 ^ , \xj\ < M} and thus 

(Ami ^ A m2 ){K) < (A mi 0 \m 2 ){Pi X P 2 ) = A mi (/3i)A M2 (/3 2 ) < +00. 

Moreover, from Theorem 2.2.14 (2) and Definition 4.2.4 we find 


(Arm 0 A m2 )([0, l] m ) = A TOl ([0, l] mi )A m2 ([0, l] m2 ) = 1. 


Also A mi 0 A m2 is invariant by translation since for E £ B m and t = (ti,t 2 ) £ 
R mi x R' m2 , we have 


(A mi 0 A m 2 ){E + t.) 


^-E+{t 1 ,t 2 ){xi,x 2 )d\ 

7712 (x 2 ) dX mi (Xl) 
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and by translation invariance of X m2 , we get 


(^mi & Am 2 )(E + t)= (/ l E +(ti,t 3 )(xi,X 2 + t 2 )dX m2 (x 2 ) ) dA mi (a;i) 

Jr™ l \JR m 2 J 

= / ( / lE+(t lt 0 ){xi, X 2 )dX m2 {x 2 )) dXm^Xx), 

Jr ™ i VR m 2 / 


so that using Fubini’s theorem, we find 


(^mi ® ^m2)(-^ 1 T £) — / ( / l.E+(£i ,0) (*^T 5 %2^d'\ r ni (^1 ) j ^m2 (^ 2 ) 

jR m 2 v«y R m i ' / 


and using translation invariance of A mi , we get 


(Ami ® ^ 7712 )^.^ H - — / ( / ls+(£i ,0) («^1 “I - ^1 5 3C2)d\m\ (^1 ) j ^A m2 ( 2 J 2 ) 

JR m 2 \«7 R m i ' / 

— I i I 5 *^ 2 )^A mi (*^l) j ^A m2 (^ 2 ) — (Ami ® ^^2 ) (-^O' 

JR m 2 \JR m i / 


As a result, from Theorem 2.4.2 A mi 0 A m2 and A m coincide on B m - This implies 
(4.3.3) since A m i(^i\Ai) = 0. We have proven that 


$m — ^mi ® $rri2 C £mi ® £m 2 C £mi (4.3.4) 

A G => (A mi (8> A m2 )(2l) = X m (A). (4.3.5) 


Moreover, for Q G £ mi <8> C-m 2 , since Q G £ m , there exist an i 7 ^ set A and a 
set B such that A c Q C B, X m {B\A) = 0. Since A is a Borel set, we get 


<A m (B\A)=0 

A m (Q) = X m (Q\A) +X m (A) = (X mi <E> X m2 )(A). 

Moreover as B\A is also a Borel set, we have 

<(A mi ®A m2 )(B\A)=A m (B\A)=0 

(Ami ^ A m2 )(Q) — (Ami ® Am 2 )(Q\^4) A (Ami ® A m2 ) ( t 4 ) 

proving that A m coincides with A mi <8 A m2 on C mi ®C m2 , completing the proof. □ 


4.4 Notes 

Sections 4. 1-4.2 clearly belong to Chapter 1 and we could have logically exposed 
their content there. However, it was our wish to reduce as much as possible the 
exposition of the general theory and to delay the introduction of multiple integrals. 
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We have seen £ mi + m2 D £ mi ® C m2 and that inclusion can be shown to be 
strict. In fact C m is complete (Property (5) in Theorem 2.2.1), whereas C mi ®£ m2 
is not complete. However it can be proven (see Exercise 4.5.3) that 

/nmi+m 2 r \ \ 

? *-"m i+m2 5 /v ra i-\-rri2 ) 

is the completion of the measure space (R mi x R m2 ,£ mi ® £ m2 , X mi ® A m2 ). 

Let us review the names of mathematicians encountered in this chapter: 

Guido Fubini (1879-1943) was one of the greatest Italian mathematicians; he was 
expelled from Italy in 1938 by the antisemitic laws of the Mussolini regime 
and emigrated to the US, where the Princeton Institute for Advanced Study 
offered him a position. 

Leonida Tonelli (1885-1946) was also an Italian mathematician. 


4.5 Exercises 

Exercise 4.5.1. Let £ be the Lebesgue a-algebra on R. Checking a set {a} x A, 
where 4cl,d^£, show that £ ® C is not complete. 

Answer. In Exercise 2.8.19, we have constructed a subset A of the real line which 
does not belong to the Lebesgue a- algebra (our construction depended heavily on 
the Axiom of Choice). With A 2 standing for the Lebesgue measure on R 2 , we have 

{a} x A c {a} x R, A 2 ({a} xR) = A 2 ({a} x [k, k + 1[) = 0. 

fee z 

Nevertheless {a} x A does not belong to £g>£, otherwise using Proposition 4.1.3, 
we would find 

£ 9 ({a} x B ) (a, •) = {X 2 G R, (a, X 2 ) G {a} x A} = A, 
contradicting A £. 

Exercise 4.5.2. Let (Xj,dj),j = 1,2 be two separable metric spaces. We define on 
{Xi xX 2 ) 2 , d((x 1 ,x 2 ),{yuy 2 )) =max.(d 1 (xi,yi),d 2 (x 2 ,y 2 ))- 

(1) Show that d is a distance on X = X\ x X 2 such that both projections X\ x 
X 2 — > Xj,j = 1,2, are continuous. Show that d defines the product topology 
on X\ x X 2 . 

(2) Show that (A, d) is separable. 

(3) Show that every open set in X is a countable union of products of open balls. 

(4) Show that the Borel a-algebra of X equals the tensor product of the Borel 
a-algebras on each Xj. 
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Answer. (1) The mapping d is valued in R + (see (1.2.7), (1.2.8), (1.2.9)) symmetric 
since dj are symmetric, satisfying the triangle inequality (as the dj), separated (as 
the dj). The projections i Tj are continuous since if 

limd((xi tn ,X2,n),(xi,x 2 )) =0, 

n 

this implies lim„ d 3 (xj >n , Xj ) = 0. Since the product topology G p on X\ x X 2 is 
defined as the weakest (coarsest) topology making these projections continuous, 
we find that G p C G d , where G d is the topology defined by the distance d on 
Xi x X 2 . On the other hand we have for Xj £ Xj,r > 0, with obvious notation, 

Bd({xi,x 2 ),r) = B dl {xi,r) x B d2 (x 2 ,r) 

so that the topology G d on X\ x X 2 generated by the open d-balls 1 2 , is equal to 
the topology generated by the products of open balls. Since the products of open 
balls belong to G p , we find that Gd is included in G p and thus G p = G d ? 

(2) Let (Xj t n)n£ N be a dense subset of Xj-. then D = x 2 , n )}( m n)eN2 is 

countable and dense in X . 

(3) Let Q be an open subset of X. We consider the countable family of balls 

(t) Co = {B d (y, ?')}j / ei3,reQ7' 

Bd(v,r) co 

Let Xq £ fl: then B d (xo,r 0 ) C 11 with some positive tq £ Q. We can find yo £ D 
such that d(xo,yo) < r$/2: this implies Xo £ B(y o,?’o/2) C H (since d(yo,z) < 
r 0 /2 = 4 - d(xo, z) < ^ ^ = r 0 =4- z £ B d (x 0 , r 0 ) C fl). As a result, 


H = U yGD ,r£®* + B d (y,r), 

B d (y,r)Cfl 

giving the result since Bd(y,r) is a product of open balls. 3 

(4) We have, with obvious notation B\ <g> B2 C B since B is a cr-algebra such that 
the projections are measurable (since they are continuous), thus contains B\^B^- 
Moreover we have B\ 0 B2 C B = M{C) C B\ 0 B2 since each element of C is a 
product of balls, proving the result. 


1 If X is a set and is a family of topologies on X , then O = D is also a topology 

on X. Let T be a family of subsets of X: since V(X) is a topology on X , we may define the 
topology on X generated by T as the intersection of topologies on X containing T\ this is the 
coarsest topology on X containing T . 

2 Taking d((xi,x 2), (yi,y2)) — di(xi, yi)-\-d,2(x2, 2/2) does not change significantly the argument, 
although j 3 = Bd((xi,X2),r) is no longer a product of open balls, it is a union of products since 
(21,2:2) € P implies that B^ (24, r/ 2 ) X Bd 2 (z 2 ,r/ 2 ) C ft. 

3 Here also, taking d((xi,x 2), (y 1,2/2)) = d\ (x\, yi) + ^2(^2, 2/2) does not change significantly the 
argument, although in that case B d is not a product of balls. However, defining Cx-,j = 1,2 
as in (f), we find that Bd(y,r) is a union - necessarily countable — of products B\ x B2 with 
Bj G Cj. 
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Exercise 4.5.3. Let mi, m 2 be positive integers and let us set m = mi + m 2 . 

(1) Prove that B m = B mi ®B m2 , where Bd stands for the Borel cr-algebra on R d . 

(2) Prove that C mi 0£ m , 2 C C m , where Cd stands for the Lebesgue cr-algebra on 

and that the inclusion is strict. 

(3) Prove that (R m , C m , X m ) is the completion of the measure space ( see Exercise 
2.8.13) (R mi x R m2 ,£ mi ®£ m2 ,A mi 0 \ m2 ). 

Answer. (1) See Exercise 4.5.2. 

(2) See Theorem 4.3.1 and Exercise 4.5.1 for the strict inclusion. 

(3) From Theorem 4.3.1, we know that A m coincides with A mi 0A TO2 on £ mi 0£ m2 . 
Let P € C m : there exists a F a set A (thus in B m ), a Gs set B (thus in B m ), such 
that 

AcPcB, X m (B\A) = 0. 

Now A e B rn = B mi 0 B ni2 C £ mi 0 C m2 , we find 

P = P\AU ^ , P\Ac B\A , X m (B\A) = 0. 

e£ m e£ mi ®£m 2 e£ mi ®£ m2 

so that P belongs to the completion of C rni 0 C m2 for the measure A mi 0 X m2 
which coincides with X m on C mi 0 C m2 . Since the measure space (R m , C m , X m ) is 
complete and contains (R mi x R m2 ,£ mi 0£ m2 , A mi 0 A m2 ), this proves the result: 
in fact if ( R m ,C,p t) is the completion of (R mi x R m2 ,£ mi 0£, Jl2 , A mi 0 A m2 ), the 
cr-algebra C is generated by C mi 0 C m2 and the subsets of its negligible sets and 
since X mi 0 A m2 coincides with X m on C mi 0 C m2 , C is included in C m . 


Exercise 4.5.4. Let <f> be a continuous function supported in [0, 1] such that 
f 4>(t)dt, = 1. We define on R 2 the following function: 

f{xi,x 2 ) = H(x 2 )4>(x2 - E( x 2 ))^4>(xi - E(x 2 )) - 4>{xi - E{x 2 ) - l)| 

where E is the integer part (floor function, see footnote on page 16) and H = 1r + 
the Heaviside function. 


(1) Prove that 


J (J f(xi,x 2 )dx 2 'jdxi = 1, J (y f(xi,x 2 )dxi S jdx 2 


= 0 . 


(2) Comment on this example. 

Answer. (1) We have / f(xi, x 2 )dxi = 0 and 


/ rn -\- 1 

f(xi,x 2 )dx 2 = ^ / <j>(x 2 — n)(<j>(x 1 — n) — 4 >(x 1 — n — l))dx 2 

n>V Jn 

= ^ 2 (<i>(x 1 - n) - 4 >(x 1 - n - 1 )) = 4 >(x 1 ), 

n>0 

and thus f(xi, x 2 )dx 2 ^ dx 1 


= 1 . 
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(2) The assumptions of Fubini’s theorem cannot be satisfied: computing for in- 
stance 


\f(xi,x 2 )\dxi 

= H(x 2 )\<f>(x 2 - E(x 2 ))| J |0(tci - E(x 2 )) - (p{xi - E(x 2 ) - l)\dxi 
= H{x 2 )\cp{x 2 - E{x 2 ))\ J \4>{t + 1) - (p{t)\dt, 


=C0>O 

since <fr is not periodic 


so that 


\f{xi,x 2 )\dxi ) dx 2 

rn+ 1 


rn- i-i /• 

= / 10(^2 - n)|da;2 = ^ / |</>(f)|df = +oo. 

ra>0“' n n> O’’ 


Exercise 4.5.5. Let <fi be a non-negative smooth function supported in (0, 1) such 
that f <j>(t)dt = 1. Let ip be a non-negative smooth 1-periodic function defined on 
R. such that ip vanishes in a neighborhood of 0. We define on R 2 the function 

f(xi,x 2 ) = H(x 2 )ip{x 2 )((p(xi - x 2 ) - <p(x 1 - x 2 - 1)), 


where H is the Heaviside function. 

(1) Give an example of functions (p,ip satisfying the above assumptions. Prove 
that f is a smooth function. 

(2) Prove that f f(xi, x 2 )dxi = 0 and calculate f f(xi,x 2 )dx 2 - 

(3) Comment on this example. 


Answer. (1) The function p in Exercise 2.8.6 (with m = 1) is smooth non-negative 
with support [—1,1]- We can take 


cp(t) 


P{ - 2) 
J p(4s)ds 


(p is smooth > 0 with support [1/4, 3/4] and integral 1. 


We can take ip{t) = (p{t + n). We claim that this function is smooth, 1- 

periodic and vanishes on [—1/4, 1/4] + Z: in fact the function t 1 — <p(t — n) is 
supported in [n + n + §], so these functions have disjoint supports for different 
n, implying that ip is smooth 1-periodic with support Z+ [|, |], thus vanishing on 
Z T [— j, j]. As a result, the function x i-)- H{x)ip{x) is smooth and / is a smooth 
function. 
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(2) We have / f(xi,x 2 )dxi = 0 and 


r+oo 


vanishes for X 2 
outside (xi — 2, xi) 


f(x 1 ,x 2 )dx 2 = / 4>{x 2 ) (<j){x 1 - X 2 ) - </>(Xl - X 2 - 1)) dx 2 

Jo 

= / (j){x 1 - x 2 ) (H(x 2 )4 >{x 2 ) - H(x 2 - l)tp(x 2 - 1)) dx 2 . 
J ' „ " 


UJ(X2) 


The function u> vanishes for x 2 > 1 since f/’ is 1-periodic and also for x 2 < 0; as a 
result, 

J f(x!,x 2 )dx 2 = J (f>{xi - x 2 )ip(x 2 )dx 2 . 

(3) We find thus 


I = 


f(xi,x 2 )dx 2 dx i = 


</>(a’i - a; 2 )V'( a; 2 )l[o,i] (x 2 )dx 2 I dx i 


and using Tonelli’s theorem, this gives 

I = J (f>(t)dt J ip(s)ds = 1. 

This is a smooth version of the counterexample of Exercise 4.5.4. Of course com- 
puting 


J \f(xi,x 2 )\dxi = H(x 2 )ijj(x 2 ) J |0(cci - x 2 ) - 4>{xi - x 2 - l)\dxi 
= H(x 2 )i/j(x 2 ) J + t) - <j){t)\dt, 

and as in Exercise 4. 5. 4(3), J (f |/(xi, x 2 )\dx\) dx 2 = +oo. On the other hand, 

/ /» + 00 

\f(x!,x 2 )\dx 2 = J tp{x 2 )\(j)(xi - x 2 ) - (f){xi - x 2 - l)\dx 2 , 
and using Tonelli’s theorem, we get as well 


\f(xi,x 2 )\dx 2 S jdxi= JJ ip{x 2 )H(x 2 )\(j)(t + 1) — cj)(t)\dtdx 2 = +oo. 


This is a second example proving that the assumption (1) in Fubini’s theorem 
4.2.7 cannot be dispensed with. 
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Exercise 4.5.6. We consider (R, 'P(R), ho ) where ho is the counting measure and 
(R,£i, Ai) the Lebesgue measure on R. 

(1) Prove that D = {{x\,X 2 ) € R 2 ,£i = x^j belongs to C\ ® 'P(R). 

(2) Calculate f 1 b(xi, X 2 )dA±(xi) and f 1 d{x\, £ 2 )dflo(&’ 2 ). 

(3) Comment on the previous example. 

Answer, (l) As a closed subset of R 2 , the diagonal D is a Borel set of R 2 , thus 
(see Exercise 4.5.3) belongs to B -2 = B\ ® B\ C £i ® ^(R). 

(2) Since x\ K > 1d(xi,X2) vanishes Ai-a.e., we have / 1d(xi, X 2 )d\i(xi) = 0, and 
on the other hand f 1 b(xi, X 2 )df)o(x 2 ) = 1. 

(3) As a result, we have 


j (y l D (xi,x 2 )dX 1 (xi) S j dt) o(x 2 ) = o, 


and / (f 1 b(xi, X2)dtio(x2)) dAi(xi) = +oo. This proves that the assumption of 
cr-finiteness in Tonelli’s theorem is not superfluous (the counting measure is cr 
finite only on countable sets). 

Exercise 4.5.7. Prove lim^^. +(X) ^fr-dx = using Fubini’s theorem and the 
identity l/x= / 0 + °° e~ tx dt for x > 0. 

Answer. We have for A > 0, 


SIM 


dx = 


sm x 


r + oo 


s ~ tx dt ) dx , 


so that using Fubini’s theorem, 


sini 


r+oo 


r+oo 


dx = 


[Ir 


dt 


Im{e x ( i ~ t ^}dx dt = 

J o * Jo \J o / 

r+°° i 

= / -j — - (l — e~ tA cos A — te~ tA sin A) dt. 

Jo t + 1 

Lebesgue’s dominated convergence theorem ensures that 


e x(i-t) _ 

i — t 


J a;— 0 


dt 


lim 

A— >-+oo 


smx 


(* + oo 


dx = 


dt 7 r 

t 2 + 1 " 2' 


Exercise 4.5.8. Let (X,J\A,p,) be a measure space where p is a positive measure. 

(1) Let S be defined by (3.2.20). Show that for 1 < p < +oo, S is dense in L p (p). 

(2) Show that for 1 < p < +oo, C)?(R n ) is dense in L p { R"). 
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(3) Let 51 be an open subset ofW 1 . Show that for 1 < p < +oo, is dense 

in L p (Ll). 

(4) Let p £ R+), f Rn p{x)dx = 1 ( cf . Exercise 2.8.6). For e > 0,x £ 

R n ,u £ Ll oc (R n ), we set 


u e (x) 



dy 

e" 


Show that it is meaningfid and that u e £ C'°°(K™). 

(5) Let 1 < p < +oo. Show that for u £ L p (R n ), we have u e £ L p (R n ) and 
lim e _>.o + u e = u in L p (R n ). 

(6) We replace p in (4) by e _7r ^ where \x\ is the Euclidean norm. Show that 
for u £ L 1 )®!”), u e is analytic and lim e _>.o + u e — u in L 1 )®!"). Assuming 
u £ C°(R n ), show that this method provides a proof of the Stone- Weierstrass 
Theorem. 

Answer. (1) is Proposition 3.2.11, 

(2) , (3) are proven in Theorem 3.4.3. 

(4) The function y H > u(y)p((x — y)/e) is compactly supported in \y\ < e + |ar| , so 
that the integrand defining u e is indeed in L): omp f° r each x. Moreover the function 
x i->- u(y)p((x — y)/s) is smooth and we have 


sup 

| x\<M 


u{y)p (k \(x-y)/e)£ n k 


<l«(»)llb (fc) IU»e- n-fc l(N<e + M), 


which is £ L 1 )®!"). We may apply Theorem 3.3.4 to get u e £ C°° along with 


u i k) ( x ) = J u(y)p (k) {{x ~y)/e)e n k dy. 


(5) We note p e (t) = p(te 1 )e n and u e = p e *u. This function belongs to C^QR"). 
Jensen’s inequality (Theorem 3.1.3) implies for u £ L p (R n ) 


\\p e * u\\ p LP ( Kn j — 


dx 


< 


Pe(x - y)u{y)dy 
ft" 

[[ p e {x-y)\u(y)\ p dydx = f \u(y)\ p dy = \\u\\ p LP{Rn 
JJ R n xR n JR n 


entailing u e £ L p . Moreover using again Jensen’s inequality, we get 


|(u * p e ){x) — u{x)\ p dx = 


(u(x — et) — u(x)^j p(t)dt 


dx 


< 


/ / \u(x - et) - u(x)\ p p{t.)dtdx = / ||r et u - u\\ p LP , Rn) p(t)dt. 

J R n J R ra J R n V ' 
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Exercise 3.7.15 proves pointwise convergence towards 0 of || r e tu — u\\ v LP p(t), which 
is dominated by 2 p \\u\\ p LP p(t) £ L 1 . We get lim e _ ) .o ||w * p e — uHl^r 1 *) = 0. 

(6) We have 

u e (: r) = [ e~^ x ~^ 2e ~ 2 u(t)e~ n dt 

jR n 

and for u £ L 1 (R n ), we have u e £ L 1 (M n ) (even ||tt e ||z,i(R'») < II tt|| i 1 (M"-) using the 
previous proof). We may extend u e to C", defining for z = x + iy (x, y £ R”), 

u e (x + iy) = f e _7r ^= 1 e u(t)e~ n dt. (4.5.1) 

J R n 


This integral converges since 


r'ELi 


— g -K\x-t\ 2 


Holomorphy of (4.5.1) on C" follows from Theorem 3.3.7, inducing analyticity on 
R". The proof of the convergence in T 1 (K”) of u e is proven as in the previous 
question. Let ip £ C)?(R”) and 


ip e (x) - tp(x) 


We have for A > 0, 


e -n\x-t\ 2 e 2 (^(t) _ <p( X ))e- n dt 

e _7r ^ (y>(x — et) — ip(x))dt. 


\(fie{x) - <p(x)\ < 



et) - ip(x)\dt + 2||(^||l=o [ e 7r|t|2 rff, 
J\t\>A 


and thus 


sup \ip e {x) - ip(x) | 

x£WL n 

<A n |B n | sup \<p(xi)- <p(x2)\+2\\<p\\ L °o f e _7r|t|2 df. 

\xi~X2\ <eA J\t\>A 

Since ip is uniformly continuous, we get for all A > 0, 

limsup||^ e - ip\\ L oo < 2||v?||l~ [ e _7r|t|2 rff. 
e— >0+ J\t\>A 

Taking the limit when A — > +oo, we find lim e _>.o + ll^e ~ y>||z,°° = 0. As a result 
ip is a uniform limit of a sequence of analytic functions, restrictions to R" of 
holomorphic functions on C n (entire functions). The radius of convergence of the 
power series defining these entire functions is infinite, so that, on every compact 
set, these functions are a uniform limit of polynomials. 
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Exercise 4.5.9. Find an example of a monotone class A i on a set X, such that 
0, X £ Xi, but such that Xi is not a cr-algebra. 

Answer. Let X be an uncountable set and 

XI = {A c X, A countable}. 

Then XI is obviously a monotone class, but is not stable by complement, so is 
not a cr-algebra. Taking M! = Xi U {A}, we get a monotone class: let (A n ) nS N 
be an increasing sequence in Xi' . If all A. n are different from X , U A n is countable 
and thus belongs to XI. If one of the A n = X, then U A n = X £ Xi'. Let 
(S„) n6 N be a decreasing sequence in XI'. If all B n are different from X , fil? n 
is countable and thus belongs to Xi. If B n = X, then since the sequence is 
decreasing, Bo = ■ ■ ■ = B^ = X; either the sequence is stationary equal to X and 
then C\B n = X , or Bjy + i is countable and is countable, in both cases 

in XI'. 

Exercise 4.5.10. Let X be a set. 

(1) Let (Xti)i£i be a family of monotone classes on X ( see Definition 4.2.2). 
Prove that X = D i^iXli is a monotone class on X . 

(2) Let X be an algebra on X, i.e., a non-empty subset of the powerset V{X) 
such that 


A£X=>A c £X, ( 4 . 5 . 2 ) 

A,B £ X Au B £ X,AnB £ X. ( 4 . 5 . 3 ) 

Prove that the smallest monotone class containing X is the smallest cr-algebra 
containing X ( Monotone Class Theorem). 

Answer. (1) Obvious from the definition. 

(2) Since a cr-algebra is a monotone class, setting 

rn(X) = p) M, s(X) = f) M, 

M. monotone class Ai cr-algebra 

containing T containing T 

we find m(J r ) C s(J r ). To get the required equality, it is enough to prove that 
m{X) is a cr-algebra: since m{X) contains X, this will imply m(X) D s(X). We 
know that m(X) is not empty since X is assumed to be non-empty. Let (d n )n 6 N 
be a sequence of m{X)\ to prove that U ne N2l n belongs to m{X ), it is enough to 
prove that m(X) is stable by finite union. In fact, we have 

UnCNdn ~ dJroEN-£?n> B n — Uo<fc<nEN^-fci 

and if we know that each B n belongs to m(J r ), the monotone class property will 
imply the result. Inductively, it is enough to prove that A\ , A^ £ m(X) implies 
A\ U A2 £ m(X). Let E £ X (which is non-empty) and let us define 

Me = {A £ m(X) ,A(1E,A C HE, An E c £ m{X)}. 
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Then Me is a monotone class. Note first that Me contains F and thus is non- 
empty. Let (A„)„ e N be an increasing sequence of Me- We have 


CnA n £ 717(F), 


(U n A n 

) n a = 

= u n 


n£) 

£ 

7 n(F), 





increasing 



(U„A„) 

c n a = 

= 

A c 

n a 

£ 

m(F), 




Gm(7), 

decreasing 



(U„A„) 

nE c = 

= u n 

A-n 

ng 

£ 

m(F). 




Gm(7), 

increasing 




Let (i? n ) ne N be an decreasing sequence of Me- We have 


n„B„ e m(F), (n n B. n ) n a = r i„ ( B„ r\E) e m(F), 

Gm(J'), decreasing 

(n n B n ) c nE = u„ n A) e m(A), 

Gm^), increasing 

(n n B n ) n£ c = n„ R„ n a° e m(F). 

decreasing 

Since Me is a monotone class containing F, it contains m(F) and thus is equal to 
117 (F). Let us now consider for B £ m(F), 

M b = {de m(F), A n B, A c n B, A n B c £ m(F)}. 

Reasoning as above Mb is a monotone class; moreover it contains F since for 
E £ F, B £ m(F) = Me, we have B n E, B D E c , B c D E £ m(F). Since Mb is 
also included in 171 (F), it is thus equal to m(F). We have 1,0 £ J since F is 
non-empty and for E £ F, X = E c U E £ F,X C = 0. As a result if A £ m(F), 
since X £ m(F), we have 

A c = A c nl £ m(F), 

so that m(F) is stable by complement. For A, B £ m(F), we find 

(A U B) c = A c n B c £ m(F) => A U B £ m(F) 

so that m(F) is stable by finite union. As a result, from the remarks at the 
beginning, m(F) is a cr-algebra. 


Exercise 4.5.11. 

(1) Calculate 

I(a, a) 


r + °° dx 

0 ( x 2 + a 2 ) a 


for a > 0 and a > 1/2. 
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(2) Calculate J(a) = 

J J R 5 


dxdy 


(1 + x 2 + y 2 ) a 


for a > 1. 


Answer. (1) Using Proposition 2.3.2, setting x = atant, /(a, a) = 

l 

(cos t) 


/2 a(l + tan 2 t)dt _ ^_ 2a [* /2 = 2 “ r ( a “ h)^ 2 


I o (a 2 + a 2 tan 2 t) c 


= a 


2r(c 


according to Lemma 10.5.7 on the Wallis integrals. 
(2) Using Fubini’s theorem, we get for a > 1, 


r+OO 

J(a)= I(^l + y 2 ,a)dy = 


2r («) do 


= r («~ gV_ r n 1, r («- 2 ) r («~ J-) 71- = £ 

2r(a) 1 ,a 2 2 r(a) 2 r(a - §) 4 (a-l)‘ 

£B. Using the results of the next chapter on change of variables, it is easier to 
calculate 


7 r r+°° 

J (<*)=2 l r(1 + r2 ) 


"dr = 


'[(1 + r 2 ) 1 _a ]r=+oo = 


4(a-l) L ^ * ' ' Jr=+ °° 4(a — 1) ' 


Exercise 4.5.12. 

(1) Calculate the volume |B"| of the unit Euclidean ball in R". 

(2) Calculate the volume of the simplex 

E„ = {a; G M", Vj, Xj >0,xi-\ + x n < 1}. 


(3) Let p € [l,+oo). Calculate the volume of the unit ball o/R n for the norm 

IMIp = ( 'Ei<j<n\ x i\ p ) 1/P ■ 

Answer. (l)We consider on R" x the product measure A n ® Ai. We define 


1=11 te 4 dtdx 

/ {(cc,t)GM Tl xR-|-,||tc||<t} 


and we have also 



|B"|r(f + 1) 
2 


1 = 


so that 



dx 


1 

2 


dx 



|B”| 


2tt"/ 2 

nr(n/2) 


(4.5.4) 
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(2) We have 


| | — / H (xi ) . . . H (1 * X'n'jdx i . . . dx n . 

Jr- 

We study first for / > 0 measurable and a = ( a,j)i<j< n £ (0, +oo) ra , 


In(f,a)= f( Yj Xj) J| 


+ 1 <i<n l<j<ra 


and we claim that 


I n {f,a) = 


r+oo j.— l+5Hi 


t~ 1<3<" 


^l<J<n a j i 


— - dx 

r (aj) ’ 




(4.5.5) 


That property is true for n = 1, and assuming that it is true for some n > 1, we 
check 

/' f " £ a ” +1-1 £° 3-1 

I„+i{f,a)= / fC^Xj +x n+1 ) ™ +1 

Jr+Jr- V r («n+i) r (aj) 


l<J<n V 


T(a ^In(j-x n +if ■> {. a j)i<j<n)dx n +i 


CTi 

r( 0 n+i) r(Ei<i<„ a j) 


f{t + Xn+^dtdXr, 


f X a ' n : + i 1 1 is — T , 1 i _1 + 5Dl<J<n a i 

I H(x n+1 )H(s - x n+1 )f(s)-Jj r t dsdx n+1 

R 2 1 \ a n+l) 1 \Z^l<j< n a o) 


f + °° g(a»+i,Ei q j) 

7o U r(E KKn% )r(^ 


Jo JyJ re 1 < i <„a i )r(fl„ +1 )’ 

where the Beta function is given by (10.5.17). Formula (10.5.18) yields (4.5.5). 
Applying this to aj = 1, /(f) = H( 1 — t), we obtain 


|£n| = wT / = I' 

r (n) Jo n\ 

(3) We start over with the computations of CD, this time with 


(4.5.6) 


{(;c,£)£]]& Tl xM+ , ||cc || p <£} 


r+oo 

t p ~ 1 e~ tP dtdx = / t p+n ~ 1 e~ tP dtV n (p) 

Jo 


Vn(p) T(g + 1) 
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and we have also 


r+oo 


1 = 


t p 1 e tP dt dx = 


so that 


V„(p) = 


P J K" 

1 

P 


2\ n Y(l/p) n f2\ n pT(l/p) 


"*>dx 


-I*' P dt) = 


2 n T{l/p) r 

T) n + 1 


P/ r(p + 1) \pj nT{n/p) 
N.B. Note that the above formula for p = 1 gives the volume 

n cyn 

\ n ({x G M", 531^1 < 1}) = — = 2"A„(S n ), 
i n - 

so that we have found another way to proving (4.5.6). 


(4.5.7) 


Exercise 4.5.13. We consider the following functions, defined on R 2 by 

, , n \ X 2~ V i if( x >y) 7^0, , . . \ , 2 ' 7 , ^ 3/2 tf(x,y)¥= o, 

fi{x,y) = lx 2 +y 2 , f 2 {x,y) = {(x 2 +y 2 ) 3 / 2 


0 

Calculate for j = 1,2, 
/■i / ri 


if {x,y) = 0 , 


0 


*/ 0*5 2 /) = 0 . 


fj(x, y)dy dx, 


Jo Vo 

Comment on the result. 


fj(x, y)dx dy. 


'0 Vo 


Answer. The function /i is bounded measurable since 


/i(z,2/) = 1 r 2 \{ ( o,o)} {x, y)R(x, y), 

where R is a continuous function on R 2 \{(0, 0)}, such that \R(x,y)\ < 1. As a 
result, if 17 is an open subset of R which does not contain 0, 

= {{x,y) G R 2 \{(0, 0)}, R(x, y) G 17} = R~\V) 

and i? _1 ( 17) is an open subset of R 2 \{(0,0)} thus an open subset of R 2 . If 17 
contains 0 


f 1 (17) = R 1 (17) U {(0, 0)}, union of an open set and a closed set, thus a Borel set. 



214 


Chapter 4. Integration on a Product Space 


The function f 2 is also measurable (and unbounded) for the same reasons. We 
calculate for y > 0, 


nl x 2 — y 2 
3 x 2 + y 2 


dx = 


jy 


2 y 2 


,1 


1 


x 2 + y 2 


) dx = 1 — 2y - arctan - = 1 — 2 y arctan - 1 . 


y 


y 


We note that y i-P yarctan(i) is continuous on [0, 1] and that lim y _ ) .o + V arctan(i) 
= 0. We have 

/(!- 2 y arctan(l/y))dj/ = 1 - At/ 2 arctan(l/t/)]o - [ y 2 1 _ (~y~ 2 )dy 

Jo '-v-'' v ' v Jo l + y 


v(y) 


7T 

= 1 ^4- 


rl y 2 7r 

-rj-^ d y = i - - - i 
3 i + r 4 


:dy = 0. 


1 + y' 


The value of fi(x, y)dy'j dx is identical. In fact the function fi is locally 

integrable so that 


h = 


// fi{x,y)dxdy= f 1 {y,x)dxdy 

J J [0,1] x [0,1] 4 J ro.lixfo.ll 


[0,1] X [0,1] 


[0,1] x [0,1] 


fi(x, y)dxdy = - Ji, 


(the second equality follows from the change of variables ( x,y ) H > ( y,x )) which 
implies I\ = 0. The assumptions of Fubini’s theorem 4.2.7 are fulfilled and the 
double integral I\ is indeed the iteration of simple integrals. 

It is a different story for fo,, for which we cannot argue as above although 
f 2 (x,y) = —f 2 (y,x). The function /2 is measurable, but not locally integrable 
near the origin since the polar coordinates change of variables gives 

1 / 2 ( 2 , y)\dxdy = | cos# — sin0| r~ l drd6. 

We calculate for y > 0, 

Av) = f» = [ ( * a + » 2) ' 1/2 ]” -»iy + i' 2 » _3/2 *' 

= y- 1 - (1 + y 2 )~ 1/2 -y (x 2 + y 2 r 1/2 xy- 2 

= y- 1 -(l+y 2 r l/2 -y- , <l+y 2 r 1/2 
= (1 + y 2 r 1/2 (- 1 + (1 + y2) y 1/2 ~ 1 ) 

= {1 + y2) 1/2 ("^((l+yT/a + l))- 


x—0 
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We may then calculate 


nh(l) 


J(y)dy = -J^ (l + y 2 ) 1/2 dy + J^ - 
= [In(y+(i + » a ) 1/a )]; + 

= — ln(l + a/2) + f 

Jo 


y 


+ y 2 + (1 + y 2 ) 1 / 2 
sinh t 


dy 


Qh(l) 


1 + sinh 2 t + (1 + sinh 2 f) 1 / 2 
sinhf 


cosh tdt 


cosh 2 t + cosh t 


■ cosh tdt 


, inh (i) sinh t , 

— — ln(l + v2) + / -dt 

v ' y o cosh t + 1 

arcsinh(l) 
0 

1 arcsinh(l) 


= — ln(l + a/2) + [ln(cosht + 1)] 

= — ln(l + a/ 2) + [in (cosh t + 1)] 0 ^ / and since arcsinh(l) = ln(l + a/2), 


ln(l + a/2) + ln^cosh(ln(l + a/2)) + 1^ — ln2 
ln(l + a/2) + ln^ 


1 + V2 , 1 1 

+ 21 + v^ 

1 V2 V2 1 


1 - In 2 


— — ln(l + a/ 2) + ln^- + — + — + l) — In 2 — — In 2 ^ 0. 

If for x > 0, we calculate 


K(x) = 


x-y 


we shall find 


Jo (a: 2 + ^2)3/2 

f K(x)dx = In 2 
Jo 


dy = —J(x) 


so that both integrals in the Exercise for j = 2 make sense with two differing values 
In 2 and — In 2. This does not contradict Fubini’s theorem since the assumptions 
of integrability on the product space are not satisfied. This simple example is a 
useful reminder that formal manipulations of integrals without prior checking of 
hypotheses could lead to errors. The iteration of simple integrals does not depend 
on the order of integration provided the function is integrable on the product 
space. Also, we can remark that the fact that both integrals make sense is not 
sufficient to ensure their equality. 

Let us give another example, algebraically simpler than the one above. We 
define the measurable function 


F2{x,y) 


x-y 

ma x.(x d ,y 3 ) ’ 

0, 


if x > 1 and y > 1, 
otherwise. 
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For x < 1, F 2 {x, y) = 0. We calculate for x > 1, 

f F 2 {x, y)dy = f dy + f dy 

Jr J i x A J x y A 

= x~ 2 (x — 1) — x ~ 3 ^ + x ^ x ~ _1 = — s -2 + s _3 2 _1 . 


We have thus 


[ ( [ F 2 (x,y)dy] dx 


+oo 


(— x 2 +x 6 2 L )dx = — 1 + 2 A 2 =—3/4. 


VR / ^1 

The same calculation gives f R (f R F 2 (x, y)dx) dy = 3/4. The above remarks on f 2 
are true as well for F 2 . 


Exercise 4.5.14. 

(1) For z £ C\M_, we define 


Logz 



df 

•e ' 


Show that it makes sense and coincides with In z for z £ M+ . Show that 
exp (Log z) = z for z € C\M_ . 


Calculate Log(expz), for z such that exp(z) ^ Ml. 
(2) Show that for Re z > 0, 


dt = exp — (Logz)/2 = z 


= r-V2 


(3) Show that 



In a: 

£C 2 — 1 



( arctans 

V * 


2 

dx = 7T In 2. 


Answer. (1) is treated in Theorem 10.5.1. 

(2) From Theorem 3.3.7 z K > / R e _7r2t dt is a holomorplric function on {Rez > 0} 
which coincides with exp(— for z > 0. By analytic continuation, these two 
functions coincide on {Rez > 0}. 

(3) We have 


f' 1 Ins ^ = r + °° In {y 3 ) dy 

Jo x 2 - 1 J l y ~ 2 - 1 V 2 



In y 
y 2 - 1 


dy, 
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so that 


r+°° In. 


-dx = 2 


r+°° In. 


f -+°° In. 


-dx = 2 

l ,/i x 2 4^ 


Using Corollary 1.6.2 of Beppo Levi’s theorem, we get 

/ +oo r+oo 

x~ 2k In xdx = 2 ^ / c -(2fc-i)t tdt 

K^i k> l "' 0 

/■+°o _2 

= 2 ]T / e~ s sds(2k - I)" 2 = 2r(2) ]T(2 k - l)" 2 = 

k> l "' 0 fc>l 

since T(2) = 1 and 

4 = E " _i = E(“ - o- 2 + E®) - ’ = E<“ - d- 2 +2-= 


2>1 fc>l 


which implies Efc>i( 2fc “ 1) 2 = 7 t 2 (± - is) = ip 


We calculate first 


[0,1] x [0,1] xR+ (! + X 2 Z 2 ){ 1 + y 2 2 2 ) 


dxdydz. 


For x,y €. K+, we have 


/o (1 + x 2 z 2 )(l + y 2 z 2 ) 


dz = (y — ar) [y arctan(y, 2 ) — x arctan(a; 2 ;)]^_ 0 


yarctan(Tly) — a: arctan( Ar) 


y 2 — x 2 


A->+oo 2(x + y) ’ 


and thus 


f 7r dxdy 7 r f 1 

[o,i] 2 2(4 + y) 2 J 0 


[ [In (a; + y)]y2)dx = ^ f (ln(x + 1) - lnx)dx 
Jo 2 J o 


= — [{x + 1) ln(a; + 1) — a;lnx]J = —2 In 2 = 7rln2. 


On the other hand, we have 


1 f arctan yz 


r arctan x z -, x -i \ arctan yz 


arctan z 


which is the sought result. 



Chapter 5 

Diffeomorphisms of Open Subsets 
of IR n and Integration 


5.1 Differentiability 


Definition 5.1.1. Let U be an open subset of R", xo £ U and let / : U — > R m . We 
shall say that / is differentiable at Xo if there exist a linear map A : R" — » R m , 
?’o > 0 and a mapping e : B(0, ro) —> R m such that for all \h\ < ro, 

f(xo + h) = f(xo) + Ah + e(h)\h\, lim e(h) = 0. (5.1.1) 

h— >o 

Here \h\ stands for the Euclidean norm of h, but we may choose any other norm 
on R n . We say that A is the differential of / at Xq and we write f'(x o) = A. 

N.B. Note that the definition above is consistent since if for ro > 0 and for all 
\h\ < r 0 , 


f(x 0 + h) = f(x 0 ) + Aih + ei(h)\h\, lim e^h) = 0, 

h— >0 

f{x 0 + h) = f(x o) + A 2 h + e 2 (h)\h\, lim e 2 (h) = 0, 

h— >0 

we get (Hi — A 2 )h = (ei (h) — e 2 (h))\h\ and thus for all T £ K" such that \T\ = 1 
and for all s £ (— r o,?’o), this gives 

(Hi - A 2 )T = ei(sT) - e 2 (sT) = lim(ei (sT) - e 2 (sT)) = 0, i.e., Hi = A 2 . 


Remark 5.1.2. (1) We note also that f(x o) is a to x n matrix (to rows, n columns) 
as a linear map from R" into R m . 

(2) If / is differentiable at a point x, then the partial derivatives ( §^r{ x ))i<j<n of 
/ exist, i.e., for all 1 < j < n , with ej the jth vector of the canonical basis of R", 


lim ffr + tej) ~f(x) 

t — >-0 t 

teR* 
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In fact the differentiability of / at x implies f(xo + tej ) = f (xq) + A(tej) + e(tej)\t\, 
so that for 0 < |t| < ro, we get 

(/( x + tej) - /(x))t _1 = Ae 0 + e(tej)|t|f _1 , 

which implies §Jr(x) = Aej = f'(x)ej and thus 

f'{x)h = f(x)f h :i e 'i) = h if'( x ) e i= 

'l<j<n i <j<n i <j<n j 

The first-order Taylor- Young formula (5.1.1) can thus be written for 


h = (hi , . . . , h n ) € R n , \h\ < r 0 , as 
f(x + h) = f(x) + ^~( x ) h i + e ( h )\ h \- 

l<j<n 3 

Note that f(x) = (fi(x ), . . . , f m (x )) belongs to R m and that 

/dh\ 

I dxi \ 


df_(rr\ - 

dxj X 


I dfm 1 

\ J 


Finally, f(x) is the m x n matrix 

(dh 

dxi 


dfm 

V dxi 


dfj 

dxi 


dj±\ 

dx r 


dfrt 

3x n ) !<*<r 

1 <j<n 


(5.1.2) 


(5.1.3) 


(3) Conversely, the existence of partial derivatives at a point does not ensure 
differentiability (not even continuity), as shown by the following example. We set 


f{x,y ) 


for (x, y) ± (0,0), 
0 if (x,y) = (0,0). 


That function is discontinuous at 0 (for e ^ 0, we have /(e, e) = 1/2) and thus 
is not differentiable at 0 (Formula (5.1.1) implies continuity at Xq )• However, we 
have for all x, y, f(x, 0) = 0, /( 0, y) = 0, which implies %(x, 0) = 0 = §£(0, y). 

(4) However if the partial derivatives exist and are continuous on an open set U, 
then / is continuously differentiable on U , i.e., is differentiable on U with U 9 
x i y f(x) continuous. Let us prove the previous statement. We consider x € U ; 
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there exists r > 0 such that the open ball B(x , r) C U. For h = (hi, ... , h n ) £ R", 
such that \h\ < r, we have 


f(x + h)-f(x) = 


f(x i + hi, . . . ,a; n + h n ) - f(x i, . . . ,a; n ) 

/( a: + X! v/) - /( a: + h 0 


l<j<n 


2<j<n 


+f( x + E Vj )-/(*+ 51 ft . 


2<j<n 




3<j<n 


+ f(x + h„e n ) - /(a;), 


so that 


f(x + h) - /(a;) - ^ Ti~r { ‘ r)h ’ 

l<j<n 3 


l<j<n 


j<.k<n 


j<k<.n 


Q j 

= 5Z <1 /( £ + hjej + ^2 h k e k ) - f(x+ ^ h k e k ) - -^-(x)h 


dxr ri 


A df 


l<j<n 

= E * 

l<j<n 

As a result, we have 


df 


/ o 


9a: 


j<.k<n 

x + h k e k + 9h 

j<k<n 


= E |/ o ( x+ E h k e k + 9h j e j 'jdBh j -j£-(x)h 


8xr r 3 

61 1 "" H 0 - 


J 


f(x + h) — f(x) — 

l<j<n ^ 

=v(h) 


<\h\ S2 sup ^-[x + 0 V' /ifcefc)-^-(. 


9/ 

9x, 


a: 


with lim/j-^o ??(h) = 0: thanks to the continuity of the partial derivatives. This 
proves the differentiability of / at x and the continuity of f'( x) follows from 
(5.1.3). 

Proposition 5.1.3. Let U be a convex open subset o/R" and let 

/: U^R m , f(x) = (fi(x), , f m (x)) 

be a differentiable mapping on U. Then for x,y GU, 

II f(y) - f(x) ||r- < lly - z||r« sup ||/'(a: + 6(y - ar)||. 

ee(o,i) 
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For a (to x n) matrix A, we set ||.A|| = sup|| T || Rn=1 where HTH^d is the 

Euclidean norm of T G R d . 

We prove a more general statement with the following lemma whose second 
property implies the proposition. 

Lemma 5.1.4. 

(1) Let E be a normed real vector space, let a < b be real numbers and let 0 : 
[a, b] — > E be a continuous mapping, differentiable on (a, b) so that there 
exists M G R + such that for all t G (a, b), ||0'(t)|| < M. Then 

II <t>{b) - 0(a)|| < M(b — a). 

(2) Let E,F be normed vector spaces, let U be an open set of E, let Xq,x\ G U 

such that (xo,x±) = {(1 — 9)x o + 9xi}g & ^,i) C U and let f : U —> F be a 

continuous mapping which is differentiable on ( Xo,Xi ). Then 

\\f{xi) - f{x o)|| < ||xi - x 0 || sup ||/'(x)||. 

XE(xo,Xi ) 

(3) Let E be a normed vector space, let U be an open set of E, let Xo,x\ G U 

such that (xq , x\ ) C U and let f : U —>M. be a continuous mapping which is 

differentiable on (xq,x\). Then there exists x G (. Xo,Xi ) such that 

i) - /(x 0 ) = /'(x)(x i - x 0 ). 


Proof of the lemma. (1) We may assume by rescaling that a = 0, b = 1. Let e > 0 
be given. We define 

T e = {te [0, 1], II m - 0(0)11 - Mt -et< e}. 


By continuity of 0, T e is a closed subset of [0, 1], contains 0 (the lhs of the inequality 
vanishes at 0) and thus by continuity, T e contains a neighborhood of 0. Defining 
c = supT e we have c > 0 and since T e is closed, cGT e . Let us assume that c < 1. 
We can find t > c such that 


0(f) ~ 0(c) 
t — c 


<ll^(c)||+e 


||0(t) - 0(O)|| < ||0(t) -0(c) || + ||0(c) -0(O)|| 

< (f — c)||0 / (c)|| + e(f — c) + Me + e(c + 1) 

< (f — c)M + e(f — c) + Me + e(c + 1) 

— Mt d - ef “H e, 


implying 
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so that t, £ T e , which is impossible since t > c = sup T e . As a result c = 1 and thus 
Ve > 0, ||0(1) -0(O)|| <M + 2e, 

implying the result (1). Property (2) follows immediately by applying (1) to 0(0) = 
f{xg). Let us prove the equality (3). We consider 0 : [0, 1] -> R defined by 0(0) = 
f{xg). The function 0 is continuous on [0, 1] and also differentiable on (0, 1) with 
0'(0) = f'(xg){x i — Xq). Applying the Mean Value Theorem (see, e.g., Lemma 
5.10.2) to 0 gives the result (3). □ 

N.B. We have proven in (1), (2) an inequality , whereas the ID mean value theorem 
provides an equality. There is no equivalent of the ID result when the function 
/ is valued into a space with dimension greater than 2: consider for instance the 
analytic mapping [0, 27r] 9 1 i-)- e lt = f(t) € C. We have /(27r) — /(0) = 0 and there 
does not exist any c £ (0, 27 t) such that f{2n) — /( 0) = 2nf'(c) since f'(c) = ie lc 
has modulus 1. 


5.2 Linear transformations 


Proposition 5.2.1. Let T be a linear isomorphism o/R" and let E be a Borel set of 
R". Then T(E) is also a Borel set. For E £ B n , we set p{E) = A n (T(E)). Then 
h = A„([0, l]")A n , i.e., 

X n (T(E)) =A n (T([O,l] n ))A n (£0. (5-2.1) 

Proof. We note first that T(E) = ( T~ 1 )~ 1 (E ) and since T -1 is continuous (since 
linear), it is also Borel-measurable, so that (T _1 ) _1 (1H) £ B n for E £ B n . Moreover 
fi is indeed a Borel measure (i.e., a positive measure defined on B n finite on 
compact sets): /z(0) = A„(T(0)) = A„(0) = 0, and if {Ek)ken is a sequence of 
pairwise disjoint Borel sets, the injectivity of T implies for k ^ l, 0 = T(EkC\Ei) = 
T(Ek) D T(Ei), and we have 

At(u kenE k ) = X n (T(Uk^nEk)) = A„(u kenT(E k )) = y>„(U£y) = y; h(E k ). 

keN ke N 


compact 

Moreover for K compact, we have n{K) = A n ( T(K) ) < +oo. Finally, /j is invari- 
ant by translation since for x £ K™ and Eg B n , 

H(E + x) = X n (T{E + ®)) = A n (T(E) + Tx) = X n (T(E)) = p{E). 

We have also 


p([0, 1]") = p([— 1/2, 1/2]") = X n (T([— 1/2, 1/2]")) 

open set containing 0 

> A„((T _1 ) _1 (] — 1/2, l/2[ n ))>0, 
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where the last inequality follows from (1) in Theorem 2.4.2. As a result, for E £ B n , 
we have 

M (p^ w ) = UE), he., fJ-(E) = A„(T([0, 1]"))A„(£'). □ 

N.B. According to Lemma 1.4.3, /x is defined as the (direct) image of the Lebesgue 
measure by T~ 1 : for E £ B n , 

(T- 1 )*(A„)(E) = A ^(T- 1 )- 1 ^)) = A n (T(E)) = /x(£). 

Introducing the notation T*( A„) = (T _1 )*( A ra ) for the inverse image, we have the 
following general framework. 

Let (y, J\f, v) be a measure space where v is a positive measure. Let / : X — > 
Y be a bijective mapping. We define the inverse image f*{v) (or pullback by /) 
of the measure v as 


M = /*0) = (/ 1 )*( zy )> i- e -; n{A) = v{f{A)), 

for A G Ai = {A C X, f(A) £ A f}. A4 is indeed a u-algebra on X from Lemma 
1.4.3: it is the largest cr-algebra on X such that / -1 is measurable. The mapping 
/ is also measurable, since for B G AT , f(f~ 1 (B)) = B £ Af . 

When X, Y are topological spaces, AT is the Borel a - algebra on Y and / 
is an homeomorphism, A4 is the Borel a - algebra on X: in fact A4 contains the 
open subsets of X since / is an open mapping, as a homeomorphism, proving that 
M D B\. On the other hand, if A £ M, 

A = f~ 1 (f(A))£Bx , 

&B y 


since / is measurable as a continuous mapping. 

Proposition 5.2.2. Let T be a linear isomorphism o/R n . Then A ra (T([0, l] n )) = 
| det T\. 


For instance, for 



the determinant is equal to 3/2 which is the area of the parallelogram P in Fig- 
ure 5.1. 


Analogously, for 

/ ! 0 0 \ 

T= 3/4 3/4 1/4 , 

V 0 1/4 1/2/ 

the determinant is 5/16 and is equal to the volume of the parallelepiped Q in 
Figure 5.2. 
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A 



Figure 5.2: Parallelepiped 


Proof of the proposition. Let us set At = A„(T([0, l] n )). In the previous proof, 
we have seen that At > 0 and A n (T(E)) = AtA„(£ i ), for any Borel set E. For 
Ti,T 2 linear isomorphisms, setting Q\ = [0, l] n , we find 

At 2 Ti = A„ \(T 2 Ti)(Qi)) = \n(T 2 (Ti(Qi))) = At 2 A„(Ti((5i)) 

= AT 2 AT 1 A ra (Qi) = At 2 At!- 
We have also Am = 1. We want to prove 

A t = A n (T([0, l] n )) = | detT|, 

for all invertible matrices T (matrix of T in the canonical basis). 


(5.2.3) 
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CASE I. That formula holds for a diagonal matrix T: in fact if 


/ a± 
0 

\o 



assuming all the aj > 0, T(Q i) = rii<j< n [0, flj] and Theorem 2.4.2 (1) implies 


A „(T(Q 1 ))= aj = | det T\. 

l<j<n 


If some aj are negative, we have to replace in T(Qi) the interval [0, aj] by [aj, 0] 
so that the result is unchanged. 

CASE II. The formula holds for T symmetric, i.e. , whenever T = t T: in that case 
T is diagonal in an orthonormal basis and there exists an invertible matrix P and 
a diagonal matrix D such that 4 PP = I, D = P~ 1 TP. We get from (5.2.2) and 
CASE I, 


Ay — A pup - 1 = ApA D Ap-i = Ay> = | det D\ = | det T\ . 

CASE III. The formula holds when T is an isometry, i.e., if t TT = I (this implies 
|detT| = 1). In fact denoting by B\ the closed Euclidean ball of K”, we have 
T(Bi) = Bi since for x G B±, ||Ta’|| = ||a;|| < 1. Conversely, we have x = TT _1 x 
with ||T^ 1 a:|| = ||TT _1 a;|| = ||a;|| < 1. From Proposition 5.2.1, we find 

A n (Bi) = X n (T(Bi)) = A t A n {Bi) =► A r = 1, 

since \ n {Bi) > 0 as B\ contains a non-empty open set. 

CASE IV. Let us tackle the general case. Let T be an invertible matrix. Then 
the matrix t TT is positive definite, i.e., symmetric with positive eigenvalues. As 
a consequence, there exists a matrix P such that 4 PP = I, a positive definite 
diagonal matrix D such that 

i T T = tpDp (implying (det T ) 2 = det D). We define \T\ = *PP 1/2 P. 

The matrix \T\ is invertible as a product of invertible matrices and P|T| 1 is an 
isometry since 

t ( T | r |- i ) T | T |_ i = ^| T |-i^ rT | T |-i 

= t (p- 1 D- 1/2 ( t P)- 1 ) t PDPP- 1 D- 1/2 ( t P)- 1 
= P~ 1 D- 1/2 ( t p- 1 ) t PDD~ 1/2 ( t P)- 1 = p-^tp)- 1 = /. 

As a consequence, since T = T\T\ 1 |T|, we find from CASES I, II, III, 

Ay = A T | y| -i A|y| = A|y| = Api /2 = | det | = | det T\ , 
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where the last equality follows from (detT) 2 = detD = (det-D 1 / 2 ) 2 . The proof 
of Proposition 5.2.2 is complete. Note that along with (5.2.1), we obtain that for 
E € B n and T a linear isomorphism of R", A n (T(E)) = \ detT\X n (E), i.e., 

f l T (E){y)dy = | detT| f 1 E (x)dx = f l T ( E ){Tx)\ det T\dx. (5.2.4) 
J R» J R ra J R» 

□ 

Proposition 5.2.3. Let Tbe a linear isomorphism o/R" and let f £ L 1 (R"). Then 
foT£ L 1 (R") and 



f(Tx) | det T\dx. 


(5.2.5) 


Remark 5.2.4. We need to verify first that / o T actually makes sense, which is 
easy but needs verification: the function / is defined modulo equality a.e. and it 
should also be the case of foT. Let us then consider / € £ 1 (R"), i.e., a measurable 
function / : R n — > C such that f Rn \f(x)\dx < +oo. Let fi : R n — > C be a.e. equal 
to /, i.e., {x G R n ,/(x) ^ fi(x)} = IV is a Lebesgue set with measure 0. Since 
T is a homeomorphism, it is Borel- measurable and T^ 1 (i?) e B n when E £ B n . 
Now since N belongs to the Lebesgue cr-algebra, thanks to Theorem 2.2.14, there 
exist Borel sets A, B with A C N C B, X n (B\A) = 0. We find that 

T~\A) c T-^N) c T~ 1 (B), 
eB„ ee„ 

X n (T-\B)\T~\A)) = XniT-^B^)) ^ X n (B\A) \ det T^ 1 = 0, 

( 5 . 2 . 4 ) 

proving that T~ 1 (N ) belongs to the Lebesgue cr-algebra (T is proven Lebesgue- 
measurable). Moreover, since X n (A) = 0, (A is a subset of N) we find X n (B) = 
X n (B\A) + X n (A) = 0, as well as 

AnCT" 1 ^)) = A n(T-\B)) = 0 =► A n(T~\N)) = 0. 

We have thus 

{y £ R", f(Ty) ± h(Ty)} = {y £ R n ,Ty £ N} = T~ 1 (N), 

and T _1 (1V) is a Lebesgue set with measure 0, so that / o T = f 1 oT a.e. 

Remark 5.2.5. We go on with a trivial remark: this is indeed the absolute value 
of the determinant which should appear in Formula (5.2.5) and this does not 
contradict the habit of the reader with changes of variable in one dimension: with 
/ £ C'c(R), we have indeed 

[ f(y)dy = [ f(-2x)2dx 
Jr Jr 
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since with the standard method 

r+oo 


/» p-\-00 f — oo 

/ f{y)dy= / f(y)dy = / f{-2x)(-2)da 

J— oo J +oo 

/ +oo /■ 

f(—2x)2dx = / f{—2x)2dx. 

-OO J M 


Proof. Let us assume first that / is non-negative; using the approximation The- 
orem 1.3.3 we find a sequence (sfe)fcgN of simple functions converging pointwise 
increasingly towards /. With s k = Xa <j<N k 0i i,k^-A j k (we may assume aij tk > 0), 
from Lemma 1.6.3 and (5.2.4), we get 


/ s k (y)dy= V a Jtk 1 Aj , k {y)dy 

JR" i<i<iv fc •' Rn 

= ^2 otj,k [ 1 a jtk (Tx)\ det T\dx 

1 <j<N k ^ Rn 

= / ( Qj.^ Aj JTx)\\deAT\dx 

JR" \ <j<N k 

= / Sk(Tx)\ det T\dx. 

J R» 


Beppo Levi’s theorem 1.6.1 implies 


f f(y)dy= lim f s k (y)dy = lim [ s k (Tx)\ det T\da 

J R" fc->+ oo J R „ fc->+ oo J R n 

= f f (Tx)\ det T\dx. 

JR" 


For / S L 1 (K"), the decomposition / = (Re/)+ — (Re/)_ + *(Im/) + — i(Im/)_ 
and the previous case give (5.2.5). □ 


5.3 Change-of-variables formula 

Definition 5.3.1 (C 1 diffeomorphism). Let U,V be open subsets of R" and let 
k : U — > V . We shall say that k is a C 1 diffeomorphism from U onto V if it is a 
bijection of class C 1 as well as k - 1 . For each x £ U, the linear bijective mapping 
k!(x) is called the Jacobian matrix of k and the determinant det(« , (a;)) is called 
the Jacobian determinant. Let us recall that for 


U 3 X = (*1, . . .,X n ) k(x) = ( Ki(x ), . . . , K n (x)) e V, 
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we have 

/ Ok, i \ 

ctei * ‘ * c?ai n \ 

K/(;r) = ••• • (* row index, j column index). (5.3.1) 

dK n 1 dKn I 
\9a;i dx n / l<i,j<n 

Moreover with v = k , since for all x € U, (is o k)(x) = x, we have 

v' (k(x))k'(x) = I, i.e. , is'(k(x)) = k'(x)~ 1 . 

When a diffeomorphism k is of class C k for some k > 1 (resp. C°° , resp. analytic) as 
well as k - 1 , we shall say that k is a C -diffeomorphism (resp. C' 00 -diffeonrorphism, 
resp. analytic-diffeomorphism) . 

Remark 5.3.2. Let U be an open subset of R", Xq G U and let k : U — > R" be a 
C 1 mapping such that det k'(x o) ^ 0. Then the Inverse Function Theorem ensures 
that there exists an open neighborhood Uq of Xq and an open set Vq such that 
k : Uq — > Vo is a C 1 diffeomorphism from Uq onto Vo. This fundamental result 
of differential calculus reduces the problem of local invertibility of a C 1 mapping 
to a linear algebra problem, that is the invertibility of a n x n matrix (Jacobian 
matrix). When k is of class C k for some k > 1 and such that det«'(;ro) yf 0, the 
inverse function theorem provides a local C^-diffeonrorphism. 

Proposition 5.3.3. Let k : U — »• V be a C 1 diffeomorphism of open subsets U, V 
ofW 1 . Then if A is a Borel subset of U, k(A) is a Borel subset of V. If E is a 
Lebesgue-measurable subset ofU, then n(E) is a Lebesgue-measurable subset ofV. 

Proof. The first assertion is obvious since n(A) = (k - 1 )” 1 ^) and is = k - 1 is 
continuous, thus Borel-measurable (Proposition 1.2.5, Lemma 1.2.9). To check the 
next assertion it suffices to prove 

A is a Borel set with null measure => v~ 1 (A) has null measure. (5.3.2) 

If (5.3.2) holds, then for E C A, with A Borel set with null measure, we ob- 
tain is~ 1 (E) C is -1 (A) = B , where B is a Borel set with null measure. Since the 
Lebesgue a-algebra is generated by the Borel a - algebra and the subsets of Borel 
sets with null measure, Lemma 1.1.4 will provide the result. Property (5.3.2) fol- 
lows from the next proposition. □ 

Proposition 5.3.4. Let U, V be open subsets of R" and let re : U V be a C 1 
diffeomorphism. Let A be a Borel subset of U. Then n(A) is a Borel subset of V 
and 

A„(k(A)) = / | det k' (x) | dx. 

J A 

More generally, for f > 0 measurable on V, 



f (k(x)) \ det k' (x)\ dx. 
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Proof. Let P be a compact rational rectangle (product of compact intervals of R 
with rational endpoints) included in U . Let e > 0 be given. By uniform continuity 
on the compact P, there exists 5 (depending on e and P) such that 1 

sup — k'(x2)\\ + | det n'(x i) — det n'(x2)\ < e. 

\X1—X2\<S 

xijXiGPo 


We define also 


sup ||/v'(ar) 1 || = M (< +oo since P is compact). 
xGP 

We may write P = Ui<j<NQj where the Qj are compact rational rectangles with 
sides p < 6 such that Qj (~l Qk is included in a hyperplane whenever j ^ k: since 
P = n K ,<n ^ where each Ii is a compact interval of R with rational endpoints (a 
compact rational interval), we may write Ii as a finite union of compact rational 
intervals Ip r with length 2 p, such that for r ^ s, Ip r (~l Ip a is either empty or 
reduced to a single point. As a result, we get 

*= u [ n 

l<ri<ATi y l</<n 

l<r„<JV„ ' v 

compact rational 
rectangle Q 

Let cij be the center of mass of Qj so that Qj — {x, \x — a,j | < p/2}. Let us set 

7(2:) = k! (dj )- 1 n(x). 

Using the mean value inequality (Proposition 5.1.3) and the convexity of Qj, we 
get for x € Qj, 

h(x) - 7(a.j)l < sup ||K , (a i )“V(a;)|| \x-aj\. 

xEQj 

Moreover, we have k! (a^) -1 k' (x) — Id = k' ( dj ) -1 (k' ( x) — k' ( a,j)) so that 

||K , (a i )-V(x)|| < 1 + Me. 

This implies sup^g^. |7(:r) — 7(0,-)] < (1 + Me)p/2, and thus 

A n{l{Qj)) < (1 + Me) n p n = (1 + Me) n X n (Qj). 

1 We shall note here |a:| for the sup norm of x 6 IP " and with a d X d matrix A, we define 

mil = su Pp|=i \Ax\- 

2 Possible since each 7; has a rational length mi: we must find integers N \ ..... N n such that 
mi/Ni = ■■ ■ = rrin/Nn < To do this it is enough to find an integer N\ such that for all 
k G {1, • • • , n}, Nim^/mi = N jt~ E N. Since m^/mi are rational numbers, it suffices to take Ah 
as a multiple of the product of denominators. This gives the above equality and the inequality 
holds for a large enough multiple. 
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We have already proven that for a linear isomorphism T and a Borel set E, 

X n (T(E)) = \detT\ X n {E). 

This implies X n ('y(Qj)) = | det n' X n (n(Qj)) and thus 
A n(K{Qj)) < \ det k' ( a j)\(l + Me) n \ n (Qj). 

Since for x & Qj, | det k' ( a j)\ < e + | det d {x)\, we get 

K{n(Qj)) < (e + | det «/(a;)|)(l + Me) n X n (Qj). 

Integrating that inequality on Qj , we find 

X n (K(Qj))\ n (Qj) < (eA n (Qj) + [ | det k'(x) Icfe) (1 + Me) n X n (Q j ), 

V JQj 7 

so that 

X n {K(Qj)) < (eXn(Qj) + [ | detR , (ir)|(te') (1 + Me) n . 

v JQs 7 

From P = Ui <j<NQj, we find k(P) = moreover 

A n(P)= £ X n{Qj) 

1 <j<N 
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since m(Qj D Qi) = 0 if j ^ l. Consequently, for all e > 0, 


A „(k(P)) < ]T A „(k(Qj)) < (1 + Me) n (e\ n {P) 

i <i<N 


| det n'{x)\dx 


Taking the infimum for e > 0, we obtain 

A„(k(P)) < J | det n'(x)\dx, 


(5.3.3) 


for every compact rational rectangle. 

Let us now consider a Borel subset A of U and O an open set of U containing 
A. From Lemma 1.2.6 we know that we may write fl as a countable union of 
compact rational rectangles. Thanks to Lemma 2.4.4, it is also possible to make 
these compact rational rectangles with an intersection of null measure whenever 
they are distinct. Since 4cO = U k^nPk C U, we have 


A„M-4))<£ A n (/c(Pfc)) < ^2 / \ det n' (x)\dx = / | det n'{x)\dx. 

N M •a P k 


( 5 . 3 . 3 ) 


The measure | det n'{x)\dx is outer regular (the Riesz representation theorem 2.2.14 
implies that the positive Radon measure <p € C c (U) i— > f v ip{x) \ det n' (x)\dx pro- 
vides a regular measure which is the measure with density | det ^(a;)! with respect 
to the Lebesgue measure), so that 


A„(k(A)) < f | det n'{x)\dx. (5.3.4) 

J A 

In particular this implies that if A is a Borel set with null measure, then k(A) 
(which is a Borel set) has also null measure. Also, for B a Borel subset of V, with 
A = k~ 1 (B ) we find 


[ 1 B{y)dy = A d (B) < [ 


| det k' (x) | dx 


ls(«;(a;)) | det n'{x)\dx. 


JV Jk~ 1 (B) Ju 

Using Beppo Levi’s theorem 1.6.1 and Theorem 1.3.3 (approximation by simple 
functions), we obtain for / > 0, Borel measurable defined on V, 


/ f{y)dy< / f(K(x))\detK'(x)\dx. 

Jv Ju 

Switching U with V, we get 

[ /(k(z)) | det k' ( x)\dx < [ f(.n{v{y))) \ det n'(i>(y ))\\ det v'{y)\dy = [ f(y)dy , 
Ju Jv Jv 
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so that for / > 0, Borel measurable defined on Id, we obtain 

[ f(y)dy= ( f{n(x)) \detn'(x)\dx. (5.3.5) 

Jv Ju 

A non-negative Lebesgue-measurable function / is the pointwise limit of a sequence 
of simple functions coinciding a.e. with simple Borel functions so that / = /o a.e. 
with /o a Borel non-negative function. This implies that (5.3.5) holds for f > 0 
Lebesgue measurable. The proof of Proposition 5.3.4 is complete. □ 

Applying this proposition to |/|, (Re/)±, (Im/)± for / G L 1 (F), we obtain 
the following result. 

Theorem 5.3.5. Let U, V be open subsets ofR n , let k : U —> V be a C 1 diffeomor- 
phism and let f G L l {V). Then \ detn'\f o n belongs to T 1 (Cd) and 



f (k(x)) | det re' (a:) | dx. 


(5.3.6) 


5.4 Examples, polar coordinates in M n 

Polar coordinates in R 2 

We check first 

k :] 0, +oo[x] — 7r, 7r[ — > C\M_ = R 2 \(R_ x {0}) 

(r, 9) i-G re 1 9 = (r cos 9, r sin 6) 

V — K ^ C\R_ > ]0, + 00 [x] — 7T, 7r[ 

z i-G |z|,Im(Log^) 

where the complex logarithm is defined on C\R_ by (10.5.1). We have in particular 
proven in Section 10.5 that for z € C\R_, exp(ln 2 ) = z and for |Im 2 i| < n, 
Loge 2 = z. The Jacobian matrix J of k and its Jacobian determinant J are 

/cosd — rsin0\ j _ cos 9 — rsin0 _ 

^sinf? rcosO J’ sin0 rcos6 

For / G T 1 (R 2 ), we have since x {0} has null Lebesgue measure in R 2 , using 
the diffeomorphism k and Theorem 5.3.5, 
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Spherical coordinates in R 3 

We define 

k :]0, +oo[x]0, 7r[x] — 7r, 7t[ — > R 3 \{(;r, y, z), x < 0, y = 0} 

(r, <j>, 9) i-*- (r cos 9 sin </>, r sin 9 sin <\>, r cos </>) 

and we have 

k _1 = v : R 3 \{(:r, y,z),x < 0, y = 0} — »]0, +oo[x]0, 7r[x] — 7 r, n[ 


( x , y, z) i-»- ((a; 2 + y 2 + z 2 ) 1 ^ 2 , ImLog(z + i\J x 2 + y 2 ), ImLog(a; + iy)) 


which makes sense since x + iy ^ K_ and z + i-\/x 2 + y 2 ^ (otherwise x = y = 
0). The Jacobian matrix J of k and its Jacobian determinant J are 


J = 


/ dx_ dx_ Qx_ 
' dr d(j> d6 


r cos U sin c 


r cost/ cos 0 — rsmt/smc 


if if §1 = ( sin 9 sin (f> rsin9coscj) r cos 9 sin (j) 

dz dz dz j \ cos fk — r sin d> 


\ dr dc/> 08 , 


0 


cos 9 sin 4> r cos 9 cos (j) — rsin9sin(f> 
J = | sin 9 sin 4> rsin9cos<f> rcos9sin(f> 
cos (j) —r sin cf> 0 

cos 9 sin (j) cos 9 cos cj> — sin 9 
= r 2 sin (f> sin 9 sin cf> sin 9 cos </> cos 9 

cos (j) — sin (j> 0 

= (r 2 sin cj)) (cos 2 (f> + sin 2 0) = r 2 sin </>. 

As a result we have for / £ L 1 ( 


f (x, y, z)dxdydz 

>o |0|< /( r sin</>cos0,rsin</>sin0,rcos</))r 2 sin (f>drd(f)d9. 

0<4><n 


(5.4.2) 


It is interesting to note that it is not necessary to go through the previous compu- 
tation to obtain (5.4.2). We may skip as well the fact that k is a diffeonrorphisnr 
by simply iterating two-dimensional changes in polar coordinates as follows. We 
have 


f(x, y, z)dxdydz = 


z£R,p> 0 
|e|<7r 


f{p cos 9, p sin 9, z)pdzdpd9 


r>O,|0|<7r, 

O<0<7T 


r>O,|0|<7r, 

O<0<7T 


f(r sin cj) cos 9 , r sin <f> sin 9 1 r cos (f>)r sin (j>rdrd<j)d9 


f(r sin 4> cos 9, r sin 4> sin 9 , r cos <f>)r 2 sin <j)drd(j)d9, 
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Figure 5.3: Spherical coordinates: r > 0, \0\ < n, 0 < 0 < n 


where the first equality is the polar coordinates change in the plane (x, y) and the 
second equality comes from the polar coordinates change in the half-plane (z, p) 

(P > o). 


Polar coordinates in K” 

It is possible to build upon the two-dimensional formula to get all dimensions 
inductively as follows. We write, using the n-dimensional formula, 


f(x,z)dxdz= / 


f(poj, z)p n 1 dpduidz. 


<R 2 1 xR 2 

Then we use 2D polar coordinates in the half-plane z, p with 
z = r cos 4>, p = r sin (f>, 0 < <fi < tt, 


to get 


/( x, z)dxdz = 


R n xl 


L 


L X(0,7r) 


/(rw sin 0, r cos 4>)r n (sin cj>) n 1 cLudfidr. 


so that 


dgn (cr) = ds n (oj sin <f> © cos (f>) = (sin <f) n 1 d§ n-i (ui)d<p. 


(5.4.3) 
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We have proven, say for / £ C c (R n ), 

p p+OO p 

/ / {x)dx = / / /(rw)d§n-i(w)r” _1 dr, (5.4.4) 

J K" J 0 JS n ~ 1 

where d§n-i is defined inductively by (5.4.3). We have seen 


2D : 


Xi = r cos 9 
X 2 = r sin 9 


! x\ = r cos 9 sin 0 
X 2 = r sin 9 sin 0 
X 3 = r cos 0 


4D : 


Xi = r cos 9 sin 0i sin 0 2 
X 2 = r sin 9 sin 0 1 sin 0 2 
X 3 = r cos (f>i sin 02 
X 4 = r cos 0 2 


d § 1 (0) = d9 
\9\ < 7T 

dg 2 ( 9 , 0) = sin0 c£0d# 
|0| < 7T, 0 < 0 < 7T 


d§3 (0, 0i, 02 ) = sin 2 02 sin </>i dfadfadO 
\9\ < 7T, 0 < 01, 0 2 < 7T. 


In n dimensions, the spherical coordinates are 

£1 = r cos 9 sin 0 1 sin 0 2 . . . sin (j > n -3 sin 0„_2 
a.’2 = r sin 0 sin 0 1 sin (j >2 ■ ■ ■ sin 0„_3 sin 0 n _2 
X 3 = r cos sin 02 • ■ • sin 0 ra _3 sin 0 n _ 2 


a;„_i = r cos 0 n _ 3 sin 0„_ 2 
x n = r cos 0 n _ 2 


with 


dgn-i(9, 0 1 ,...,0„_ 2 ) = (sin 0 n _ 2 )" 2 (sin 0 n _ 3 )" 3 . . . sin0id0 n _ 2 . . . d0id6> 

(5.4.5) 

|0| < 7 t, 0 < 4>j < 7r, 1 < j < n — 2. (5.4.6) 

An alternative way is to use the homogeneity and to define, say for a continuous 
function on the sphere, 

[ f (a )du = f f{^-)x{\x\)dx where f x(r)r n ~ 1 dr = 1. (5.4.7) 

JS”- 1 JR" FI Jr+ 

It is not difficult to prove that this formula does not depend on y satisfying (5.4.7). 
A good choice can be y(r) = e~ r /Y(n). Another way would be more geometrical 
and simply use the fact that the sphere is a smooth hypersurface of R", without 
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resorting as above to some homogeneity property. We may define the Euclidean 
surface measure on §" _1 , say for / continuous on R n , 

J ^ f(a)da = lim J f(x)p ^ ^ ^ e^dx, p G J p = 1. 

A useful computation is the n — 1 area of S n_1 , using polar coordinates and 
1 = / e~ 7T ^ 2 dx] we get 

/*+oo /*+oo 1 

l = |S n - 1 |/ e-" r \ n ~ 1 dr = \ §"-i| / e- x {x/Tr)^- 1)/2 Tr-^ 2 -x- 1/2 dx 

Jo Jo 2 


= -|S"- 1 |7T-" /2 r(n/2), 


yielding 


e.g. 


|S" 


2t r"/ 2 

r(n/2)’ 


Ott 3 / 2 27T 2 

IS 1 ! = 2tt, |S 2 | = . ; = 4tt, |S 3 | = #- = 2tt 2 . 

ii >11 i r (i/ 2 ) ’ 1 1 r(2) 

We can check that this is consistent with Formula (4.5.4) since 

2t r n / 2 


(5.4.8) 

(5.4.9) 


= [ r n_1 dr|S' 
Jo 


nT(n/2) 


We obtain in particular that the volume of a Euclidean ball with radius R, B n (R) 
in R™ is 

2t r«/ 2 

X n (B n (R)) = V (R) = — — R n . 

nl (n/2) 

The reader will have noticed that, with V (r) as the n - volume of the Euclidean ball 
with radius r and S(r) the (n — l)-volume of the Euclidean sphere with radius r, 
we have 

V\r) = S{r ), 

which is suggested by the following picture, indicating that the shaded volume is 
V(r + dr) — V(r) ~ S(r)dr, i.e., V'(r) = S(r). 

Note that to integrate a function / on the sphere of center Xq and radius R 
in R™, we get 


' \x — Xq\—R 


f(w)du 



f{x o + R^daR 71 - 1 . 
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We have also for A £ 0(n) (the orthogonal group in n dimensions, i.e. , n x n 
matrices with t AA = Id), 


f(Aoj)doj = f f(u})du, 
-i J S '*- 1 


(5.4.10) 


since f Sn _ t f{Auj)duj = f Rn f(Ax/ \x\)e ^dx/T{n) = f Rn f{y/\y\)e M dy/T(n). 


5.5 Integration on a C 1 hypersurface 
of the Euclidean M n 

Definition 5.5.1. Let E be a subset of the Euclidean R" (n > 2). We shall say that 
E is a C 1 hypersurface of R" if there exists a function p £ C 1 ( R"; R) such that 

E = {a; £ R ra , p(x) = 0}, dp(x) ^ 0 for ieE. 

A function p satisfying these properties will be called a defining function for E. 

N.B. Using the implicit function theorem, it implies that E is locally the graph of a 
C 1 function of (n— 1) variables. For instance we may assume that ( dp/dx n )(xo ) 0 
at some point Xq £ E and thus we may find a neighborhood Bo of Xq such that 
EfU/o appears as the graph {R™ -1 x R 9 (x',x n ) £ Uo,x n = a{x’)} where 
p{x\ ct(x')) = 0. 

Let / be a compactly supported continuous function defined on R ra . We want 
to define the positive Radon measure 

/->• f fda 

Jy. 

using the Euclidean embedding of E into R™. 
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Lemma 5.5.2. Let Y, be a C 1 hypersurface ofW 1 , with a defining function p, let 
6 £ C^°(]R;K + ) such that J 9(t)dt = 1 and let f £ C c (R"). Then the following 
limit exists: 

iim f 9 e~ n \\dp(x)\\f(x)dx. 

e ^°+ J k» V e / 

That limit does not depend on the choice of the defining function p of E, nor 
on the choice of the function 9. This limit defines a positive Radon measure with 
support E. 

Proof. If supp / C E c , then the limit above is 0: since supp/ is compact and E 
is closed, we have dist(supp /, E) > 0, which implies that p{x) > eo > 0 on the 
support of /, implying that 9(p( x)/e) vanishes for x £ supp / and e small enough 
(depending only on the support of 9 and on eo)- 

We may thus assume that supp / fl E ^ 0. Since supp / fl E is a compact set, 
we can find a finite cover of it by open sets U\, . . . , Un such that, in each Uj, the 
defining function p appears as a coordinate. We have 

supp / C Ui<j<jvf7j U E c 

and a partition of unity argument (Theorem 2.1.3) shows that 

/ = /o+ supp/ 0 CE c , supp f j C Uj . 

1 <j<N 

As above the contribution of /o is 0, and by linearity, we have only to consider 
the case where / is supported in a subset Uj (denoted by U). We may assume for 
instance that, on Uj, dp/dx n 0 and consider the local diffeomorphism 

{x\, . . .,X n -i,X n ) = X k(x) = (xi, . . .,x n -!,p(x)), V = /W 1 . 

We have by the change of variable formula, 

f y' = x' ( x' =y' 

\ y n = p{x’ , x n ) | x n = a(y', y n ) 

with p(x', a(x\ y n )) = y n , 

J M 6 (~p) ^^IMx^lfix^x = j^9 e- 1 \\dp(x)\\f{x)dx 

= j 9 e- l \\dp{v{y))\\f{v{y))\v'{y)\dy 

Jv—k(u) V e / 

= [ 9 ( — ) e~ 1 {{dp/dx') 2 + {dp/dx n ) 2 ) 1/2 f(y' ,a(y' ,y n )) dy 

JV—K.(U) v e 1 oyn 
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whose limit when e goes to zero is 

J f{y' ,oi(y' ,Q))({dp/dx'f + {dp/dx n f) 1/2 dy . 

We note that = 0, = 1, so that the limit is 

ox oXyi ox oXyx oy^i 

f f f) 2 \ 1/2 

Jf(x\a(x',0))^(x',0) +lj dx'. (5.5.1) 

This proves also that the result does not depend on the choice of the function 6 
satisfying the required assumptions and also that this defines a positive Radon 
measure with support E. We need to verify that this Radon measure does not 
depend on the choice of the defining function p. By localization and partition of 
unity, we may consider a coordinate chart U near a point of E and two defining 
functions pi,p 2 for E defined on U neighborhood of 0. As seen above, we may 
assume that dp\/dx n 0 and 

(x',x n ) € {pi = 0} (~l E 4=> x n = a\(x' , 0), ai G C^t/), 

so that p 2 {x ' , ot\(x' , 0)) = 0 near the origin, which implies 

dp 2 /dx' + (dp 2 /dx n )(dai/ dx') = 0 => dp 2 /dx n ^ 0, at 0, 

otherwise dp 2 /dx n = 0, dp 2 /dx' = 0 at 0, contradicting the assumption dp 2 ^ 0 at 
E. Now p 2 = 0 is equivalent to x n = a. 2 (x\ 0) as well as to x n = a\{x' , 0), proving 
that ai(a’ / ,0) = a 2 (x' ,0) = a(x',0) near the origin and (5.5.1) holds there. The 
proof of the lemma is complete. □ 

Definition 5.5.3. Let E be a C 1 hypersurface of R", with a defining function p. 
We define the simple layer on E as the positive Radon measure with support E 
given by 

C c (R n )3fi-> [ f da = lim [ 6 e^ 1 \\dp(x)\\f(x)dx. 

is V e J 

Definition 5.5.4. Let fl be an open set of R": fl will be said to have a C 1 boundary 
if for all xo G dfl, there exists a neighborhood Uq of xq in R" and a C 1 function 
Po G C 1 (L r o;R) such that dpo does not vanish and fl fl XJq = {x G Uo,po(x) < 0}. 

Note that fl Uq = {x G Uo,po(x) = 0} since the implicit function 
theorem shows that, if ( dpo/dx n )(xo ) ^ 0 for some Xq G 9D, the mapping 
x i y (xi , . . . , x n -i, po(x)) is a local C' 1 -diffeomorphism. 

Theorem 5.5.5 (Gauss-Green formula). Let fl be an open set of R" with a C 1 
boundary, X a C 1 vector field on fl, continuous on fl. Then we have, if X is 
compactly supported or f l is bounded, 

f (div X)dx = f { X,v)da , (5.5.2) 

Jn Jon 

where v is the exterior unit normal and da is the Euclidean measure on dfl. 
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Proof. We may assume that LI = {a; £ R”,p(a’) < 0}, where p : R" — >■ R is C 1 
and such that dp ^ 0 at dLl. The exterior normal to the open set Ll is defined on 
(a neighborhood of) dLl as v = \\dp\\~ 1 dp. We can reformulate the theorem as 


J divX dx = J (X, v)5(p(x))\\dp(x)\\ = lim J (X, dp{x))0(p[x) /e)dx/ e 

where 9 £ C c (R) has integral 1. Since it is linear in X, it is enough to prove it for 
a(x)d Xl , with a £ Cf . We have, with if = 1 on (1, +oo), if = 0 on (— oo, 0), 

da 


divX dx = 


/ p(x)< o 


/ O 

— — (x)if(— p(x) / e)da 
ox i 

= lim [ a(x)if'(-p(x)/e)e~ 1 -T^-(x)dx 
e-> 0 + J ox i 

= lim (a(x)d Xl ,dp)if'(—p(x)/e)e~ 1 dx 

e_>0 + J 

= lim [ (X,dp)9(p(x)/e)e~ 1 dx, 
e^0+ J 


with 6{t) = if'{-t), /+“ 9(t)dt = /+“ if'{-t)dt = /+“ if’(t)dt = 1. □ 

In two dimensions, we get the Green- Riemann formula 

IL (S + W dxdy = L Pdy - Qdx ' (5 - 5 3) 

since with X = Pd x + Qd y , Ll = p{x,y ) < 0, the lhs of (5.5.3) and (5.5.2) are the 
same, whereas the rlis of (5.5.2) is, if p(x,y) = f{x) — y on the support of X , 


JJ {X, dp) 6 (p) dxdy = _lim+ JJ ( P(x,y)f'{x ) - Q(x,y))6((f(x) - y)/e)dxdy/e 

= f (P(x,f{x))f'(x) - Q(x,f(x)))dx = ( Pdy -Qdx. 

J JdQ. 


Corollary 5.5.6. Let LI be an open subset of R™ with a C 1 boundary, u,v £ C 2 (Ll). 
Then 


(Au)(x)v(x)dx = / u(x)(Av)(x)dx 


Xu ■ Xvdx = — uAvdx + 
! J n 


i an 


Jan 
dv 

u—dcr , 
dv 


du dv'. , 

v 7> u W dcr ’ 

dv dv 


(5.5.4) 

(5.5.5) 


where A = Xu <j< n ^x ^ le Laplace operator and ^ = Xu ■ v where v is the 
unit exterior normal. 


Proof. We have vAu = div ( vXu ) -Xu-Xv so that vAu — uAv = div(tiVu — uXv) 
providing the first formula from Green’s formula (5.5.2). The same formula written 
as Xu ■ Xv = —uAv + div ( uXv ) entails the second formula. □ 
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5.6 More on Hausdorff measures on 

We begin with a result on the structure of open subsets of R m , that could have 
been proven in Chapter 1. It will be useful in our study of Hausdorff measures. 

Theorem 5.6.1. Let f 2 be an open subset o/R m and let r > 0 be given. There exists 
a countable pairwise disjoint family {-B n } ne j,j of open Euclidean balls with radii 
smaller than r such that B n C LI and 

A m (fA(UnGN-Bn)) = 0. 

N.B. The reader will find a less precise (but as useful and simpler to prove) 
statement in Exercise 5.10.12. 

Proof. We have seen in Lemma 2.4.4 that for a given open set f 1, we could find 
a countable family of compact rational rectangles {QnjngN such that for n ^ n! 
Qn (T Q n ' is included in a hyperplane parallel to the axes. Also the image of a 
compact rational rectangle by a dilation of a suitably chosen integer ratio is a 
compact rectangle with integer sides, thus a finite union of translations of [0, l] m 
with intersections included in a hyperplane. Performing the inverse dilation, we 
see that each Q n is a finite union of cubes (rectangles whose sides have the same 
length) such that the intersection of two different cubes is included in a hyperplane. 
As a result, we could assume that is an open cube whose sides are all smaller 
than r. We shall assume only that Ll has finite measure and that a Euclidean ball 
included in O has a radius automatically smaller than r. 

Let fl = flo be an open set such that A m (flo) < +oo. As noted above, 
there exists a countable family (C'„ j o)neN of compact cubes such that the family 
(CVi,o)neN is pairwise disjoint and 

= UnGN^n.O; A m (flo) = ^ ' A m ((i/ ni o)- 

7i6N 

For each C n ,o, we consider the inscribed open Euclidean ball B n> o and we have 

Atti(H^ j q) = Oi 

m^m (C n , 0 ), 

with a constant G (0, 1) depending only on m (note that the B n $ are pairwise 
disjoint as subsets of C n? o)- Let us choose /? G (1, 1 _ 1 a ). We have A m (C n? o\-Sn,o) = 
(1 OLm ) Am (Cn,o) ? SO that 

A m (^o\ B n , o) = (1 <^m)A m (r2o)- 

Since /? > 1, we may find a finite subset A/q such that 


A m (fio\ B n , o) ^ /5(1 o; m)Am (fio). 
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We consider now the open set 

ill = fio\(u n& v 0 .B n) o), pairwise disjoint open Euclidean balls 

B n ,o A flo (fir) <0(1- (fio). 


Let k > 1 be an integer. Let us assume that we have found some open subsets 


flo 3 fli D • • • D f 2^, Wo, . . . , Wc_i finite sets, 
for each 0 < j < k, 

(B n j)neAfj pairwise disjoint open Euclidean balls, B n j C f 1j, 

^j + 1 = ^j\ (UneA/j B n j^j , A m < 0(1 ? 0 ^ J < 

We consider the open set flfc (which has finite measure as a subset of flo) and 
using what was done for flo, we can find a finite set Wt, and a pairwise disjoint 
set of open Euclidean balls (.B ni fc)neA4 such that B n k C fi/c, 


so that we have constructed an open set flfc+i such that the above properties are 
true up to k + 1. We can thus perform that construction for every k > 1. We find 
in particular inductively for fc > 1, 

A m (^k) < (0(1 - a m )) k X m (n 0 ). 


We consider now Uj>o (u„eAb y) ■ This is a pairwise disjoint union: in the first 
place B n j fl B n j> = 0 for j ^ f, say j < j ' , since 

B n ,j n B n iji c n %/ c f^ +1 n n j+1 = 0. 

Moreover for a given j the family is pairwise disjoint. We have also 

B n j C f lj C fio, and for k > 1, 


Am(^o\(U,?>0 UneA/j Bn : j)^) < A m ^flo\(Uo<j'<fc UnCA/j Bn,j)) 

— A m ( flo\(Uo<,7<fc blneA/j B n j) ) 


\ fc +1 


< (0(1 — a m )j +1 A m (fi 0 ). 

As a result, since 0( 1 - cc m ) £ (0, 1), A m (fl 0 \(Uj> 0 U n£ jvj B Htj )) = 0. 
Let m > 1 be an integer. We define 3 


□ 


1 7T m / 2 A m (B m ) 

2 m r(l + f) ~ 2 m 


(5.6.1) 


For v £ § m 1 , we shall denote by v 1 - the liyperplane orthogonal to v and for 
y £ R m , we shall denote by y + Rt' the affine line with direction v through y. 

3 See Exercise 4.5.12. 
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Definition 5.6.2 (Steiner symmetrization). Let A be a Borel subset of R m . The 
Steiner symmetrization of A with respect to v £ S" _1 is defined as 

a„(A)= |J {y + tv}. 

2/e*' x 

|t|<|Ai(An(j/+Ri/)) 

Lemma 5.6.3. Let A,v be as above. Then the set ay (A) is a Borel set, symmetric 
with respect to v 1 - and A m (oy(A)) = A m (A). Moreover we have 

diam 2 (ay(A)) < diam 2 (A). 

Proof. Note that from Lemma 1.2.9 the Borel cr-algebra on the line y + Rr> (a 
closed set of R m ) is made with the Borel subsets of R m included in that line. 
As a result, A fl (y + Ri/) is a Borel set of the line y + Rr> and one can take its 
Lebesgue measure. The symmetry is obvious since y + tv £ a„(A),y £ v ± , imply 
y — tv £ ay (A). We have also from Fubini’s theorem, 


A m(A) = // 1a(j/® z)dydz 

J J v 1 - xIf 

= f Ai(An ( y + Rv))dy 


' yG i'- L 

( / 

' VClv^- d|t|<lAi(^n(y+Ri/)) 

,_L 


dtdy 


1 


\t\ < -Ai(An (y + Ri/)) \dx 


J 


= / 1 <x = y(Btv£v 

J R m L 

= A m (ay(A)). 

The mapping R m = (Ai(A fl (y + R^)), t) £ R 2 is measurable since 


Ai(A fi (y + Ri')) 


1 A(y® z)dz 


so that Proposition 4.1.3 and Theorem 1.2.7 imply that a „(A) is a Borel set. We 
consider now for j = 1,2, Xj = y.j ®tjv £ ay (A). We know that for j = 1,2, 

Ij = {9 £ R, yj + 9v £ A} y6 0, \tj\ < Ai(/y)/2. 

Claim. For /i,/ 2 , non-empty Borel subsets of R, 

Ai(ii) + Ai(/ 2 ) < 2 sup \9i — 0 2 |. 

Ojeij 

Let us take provisionally this claim for granted. Then we get, when the diameter 
of A is finite, 

Iki -£ 2 || 2 = 1 1 2/1 -y 2 \\ 2 + {h - t 2 ) 2 < \\y 1 -y 2 W 2 + ^(Ai(/i) + Ai(/ 2 )) 2 

< \\yi ~ 2/2II 2 + sup 1 6b - 0 2 1 2 < diam 2 (A) 2 , 

Ij 
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entailing dian^oy (A)) < dian^A). We are left with the proof of the above claim. 
We may assume that Ij are both bounded, otherwise the rhs of the inequality to be 
proven is +oo. We set then aj = inf Ij, bj = sup Ij. We may assume by symmetry 
that b-2 > b\. Let us suppose first that 02 > ai; it is enough to prove 

bi — a\ + 62 — 0,2 < 2(62 — ai), 

which is equivalent to 62 > 61 + a± — 0,2, which is satisfied since 62 > 61 and 
ai — a,2 < 0. Still with 62 > 61, we assume now <22 < ai and we have to prove 

2max(6 2 — a\,b\ — o 2 ) > 61 — a\ + b 2 — a 2 . 

When 62 — ai > 61 — 02 it amounts to proving 

2(62 — ai) > bi — ai + 62 — d2 +=> 62 — ai > 61 — a 2 (hypothesis). 

When 62 — ai <61 — 02, we have to prove 

2(6i — <22) >61 — 01+62 — 02 +=+ 61 — 02 > 62 — ai (hypothesis), 

completing the proof of the claim. The proof of Lemma 5.6.3 is complete. □ 

Lemma 5.6.4. Let v,co € S m_1 such that uj ■ v = 0 and let A be a Borel set 
symmetrical with respect to uj 1 - . Then a v (A) is also symmetrical with respect to w* - . 

Proof. We have 

<r v (A) = J {y + tv} = |J {z + su + tv}, 

|£|< ^ Ai(An(y+M^)) p|< ^ Ai(^tn(z+sa;+]Ri/)) 

so that, denoting sym w x(-B) the symmetric of B with respect to u> ± , we find 
sym w ± (a v (A)) = J {z - sto + tv} = J {z + sto + tv}. 

z€lV L C\uj 1 ~ z£i' ± nur L 

|t|< ^Ai (An^+sc^+Ri/)) |t|< ^ Ai (An (2— scj+Ri/)) 


Since we have 

A D (z — sco + Ru) = sym w i (A) D sym w ± (z + sco + Mz/) 
= sym u i (A fl (z + slo + Rz/)) , 


we find 


sym w r (<J V {A)) 


J {z + slo + tv} = a„(A), 

z£i' ± ncu ± ,sGR 
|t|<iAi (An(,z+sa;+RzJ) 


proving the lemma. 


□ 
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Lemma 5.6.5 (Isodiametric inequality). Let A be a Borel subset o/R m . With v m 
given in (5.6.1), we have 


A m {A) < u m (diam 2 (H)) m , 

where diam 2 stands for the Euclidean diameter of A: diam 2 (H) = sup^, yeA ||x— y \\2 
where ||x ||2 is the Euclidean norm. 

N.B. This lemma says that the Lebesgue measure of A is smaller than the Lebesgue 
measure of the ball with diameter diam 2 (H). This statement is far from obvious 
for the Euclidean norm since it is possible to find Borel sets A which are not 
included in a ball with diameter diam 2 A. Let us consider for instance in JR 2 the 



Figure 5.4: triangle with diameter Vi , circumscribed circle with diameter 2. 
(equilateral) triangle T with vertices 1 ,j = e 2 * 71 ’/ 3 , j 2 = e -2r7r / 3 . We have 

,V3 


diam 2 (T) = |1 - e 2i7r/3 | = 


3 

2 _ *'2 


9 3,- 

- + - = V3. 

4 4 


However the circumscribed circle of that triangle is the unit circle, thus has diam- 
eter 2 > \/3: it is not possible to find a circle with diameter diam 2 (T) containing 
T. On the other hand, we have indeed 

A 2 (T) = < u 2 diam 2 (T) 2 = —3. 

Note also that for the cfco distance, it is obvious that a bounded set A is included 
in a cube with sides parallel to the axes equal to dianioo A. Since A is bounded, A 
is compact with the same diameter as A , we can apply Lemma 2.6.9. 
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Proof of the lemma. Let e\, ... ,e m be the canonical basis of R m and 

A m = ( <Je m o---o a ei ){A). 

We have from Lemma 5.6.3 that diam2(A TO ) < diam2(A) and A m (A m ) = A m (A). 
Moreover the set A m is symmetrical with respect to all hyperplanes e^, . . . , e^, 
since the symmetry of B with respect to a hyperplane w L induces the same sym- 
metry for cr u (B) whenever v • w = 0 (Lemma 5.6.4). As a result the set A. m is 
symmetric with respect to the origin: this implies that 

A m c B ^0, i diam 2 (A TO )^ (Euclidean ball). 

In fact, if ||a;|| 2 > 5 diam2 (A m ) then x cannot belong to A m otherwise the sym- 
metry of A m will imply that — x belongs as well to A m with 

diarn 2 (A m ) > d 2 (x,-x) = 211x112 > diam 2 (A m ), 

which is impossible. Finally we have 

A m(A) = X m (A m ) < A m — diani2(A m ) 

= v m (diam 2 (A m ) ) m < v m (diarn 2 (A)) m , 
concluding the proof of Lemma 5.6.5. 

Remark 5.6.6. The statement of Lemma 5.6.5 is true as well for A in the Lebesgue 
er-algebra. In fact, thanks to Theorem 2.2.14, we can then find E, F Borel sets such 
that 

EcAcF, X m (F fl E c ) = 0, 

so that from the lemma, 

A m {A) = A m{E) < v m (diam2 E) m < u m (diarn 2 A) m . □ 

Theorem 5.6.7. Let m be a positive integer. The Hausdorff measure on the 
metric space (R m , doo ) (see Theorem 2.6.10) is equal to the product of the Hausdorff 
measure on the metric space (R m , d 2 ) (d 2 is the Euclidean distance ) by the constant 
v m defined in (5.6.1). For £ > 0, we define for E C X , 

f )m, £ ,d 2 ( £ ') = inf j ^ (diam 2 C/„) K , E C U neN t/„, U n open, diam 2 U n < s 

'■ng N 

where diam2 stands for the Euclidean diameter. We have 

U m — fym,d 0 o — 2 ‘ 
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Proof. We recall first the obvious inequalities doo < d 2 < to 1 / 2 ^, and we note 
that this implies for E subset of , 


{open covering ([/„)„<= n of E, diam 2 (f7„) < e} 

C {open covering (U n ) ne w of E, diam 00 (C/„) < e} 

C {open covering (f7„)„ S N of E, diam 2 (f/ n ) < m 1 ^}, 


so that, since d 2 /doo > 1 and ( d ao /d 2 ) rn > m m / 2 , we get 

f fm,e,d 2 ( E ) > Vm,e, d J E ) > ( E ) , 

entailing 

(#) r m , d2 (E) > { 4, doo (E) > rn- m ' 2 t)* m , d2 (E). 

Note also that the measure is defined on the Borel er-algebra B m , is 

translation invariant and is finite on compact sets (from the previous inequalities) . 
To obtain v m f) mi< j 2 = A m = f) m, doo -> we need only to prove that 


0 ) 


Vmi)m,d 2 ([0AD = I- 


Let £ > 0 be given. Thanks to Theorem 5.6.1, it is possible to find a sequence 
{B n )n£N of pairwise disjoint open Euclidean balls with (Euclidean) diameter < £, 
included in (0, l) m such that 

[0,l] m = U N 5„U2, X m (Z)=0, 

1 = A m ([0, l] m ) = 'Y2 ^m( B n) = ^u m diam 2 (S n ) m , 


implying that (see (2.6.2)) 


v mr m , e ,d 2 ([0, 1 D < VmKn,eA^B n ) + V m \ J^ e>da (Z) 
<1 + V m ( f m , d2 (Z) ^ 1, 

inequality (Jj) 


and thus V ™\)m } d 2 ([0, l] m ) < 1. On the other hand, if the previous inequality were 
strict, for all e > 0, all 5 > 0, we could find an open covering of [0, l] m by a 
sequence of sets ( U n ) with diameter < e such that 

1 = A m ([0, l] m ) < ^ A m(U n ) ^ ^m(diarn 2 (C/„)) m 

n Lemma 5.6.5 n 

<v m ^ d2 ([o,ir)+6<i, 

if S = (l — Umhm d 2 ([0i l] m ))/2- This inequality entails 1 < 1 and thus cannot 
hold. ’ ' □ 



5.7. Cantor sets 


249 


5.7 Cantor sets 

Perfect sets, Nowhere dense sets 

Definition 5.7.1. Let X be a topological space. 

(1) A subset A of X is said to be perfect if it is closed without isolated point, 
i.e., 

A = A and \/a e A,\/V e Y a , (b\{a})ni/0. 

(2) A subset A of X is said to be nowhere dense (or rare) when A = 0. 

It is easy to find perfect sets (e.g., closed balls with positive radius in R") or 
closed sets which are not perfect such as Z (all points are isolated) or (— oo,0] U 
{1/2} U [1, +oo) (1/2 is the only isolated point). 

Theorem 5.7.2 (Cantor-Bendixson theorem). Let {X,d) be a separable complete 
metric space and let F be a closed subset of X. Then F is the disjoint union PUC, 
where C is countable and P is perfect. 

Proof. Let D = {qk}ken be a countable dense subset of X. Every open set of X 
is a (necessarily countable) union of open balls B(qk,r) where r £ Q+: if f 1 is an 
open set of X, then for x £ 11, the open ball B(x, r) C 12 for some positive rational 
r. Then there exists qu £ D such that d(qk,x) < r/2, which implies that 

x £ B{qk,r/ 2) C B(x,r) C 12. 

As a result the set {B(q,r)} qe D,re Q+ is a countable basis for the topology of X. 

Let F be a closed set of X. A point x £ F is said to be a condensation point 
of F if VC £ Vx, V (~l F is uncountable. Let P be the set of condensation points 
of F and C = F\P. Considering B(q , r) (~l F, q £ D, r £ Q+, we find a countable 
basis {t/„} ne N for the topology of F. By definition of P, we have 

C= |J U n : 

ne N 

U n countable 


in fact, if x £ C, there exists n £ N such that x £ U n countable. Conversely, 
if U n is a countable open subset of F, then every point in U n belongs to C, so 
that C is countable, as a countable union of countable sets. Let x £ P and let V 
be a neighborhood of x in F. Then V is uncountable and since C is countable, 
V contains uncountably many points of P. Moreover P is closed in P, as the 
complement of C, open in F as a union of open sets. As a result, P is closed in X 
and 


F = P U C, P perfect, C countable, P fl C = 0. 


□ 
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Cantor ternary set 


We want to construct a subset of the real line which is perfect and nowhere dense, 
i.e., closed without isolated point and with empty interior. Cantor’s ternary set 
is an excellent example. We shall use the following notation: let J = [a, b] be a 
compact interval of the real line. We shall denote by 


b — a 


J 0 = a,a + 

Ji = 

We start with I = [0, 1] and we have 

Io = 

r 1 1 

loo = 


3 

2 (b — a) 


°'5 


,4 


the first third of J, 
the last third of J. 


(5.7.1) 

(5.7.2) 


h = 


I-' 


r 11 


'2 3" 


'6 7' 


'8 9' 

N 

Iq 2 — 

9’ 9 

II 

O 

1 — l 

9 ’ 9 

I22 — 

9’ 9 


for a = (ai, . . . ,a n ) G {0,2} n , x a = |j, I a = [x a ,x a + 3 "]. (5.7.3) 

l<j<n 

We verify inductively that for a = (ay, . . . , a n ) € {0, 2} n , 

I a o = [x a ,x a + 3” n ~ 1 ] = [: x a0 , x a0 + 3 _n_1 ], 

Ia 2 = [x a + 2 x 3 - "' 1 , x a + 3 _n ] = [x a2 , x a2 + 3 - ™ -1 ]. 


/ 


Io 


h 


IqQ I 02 ^20 


-^000 *002 I 020 -^022 -^200 ^202 

Figure 5.5: Intervals / Q ,a e {0, 2} 1 ’ 2 ’ 3 . 
For an integer n > 1, we define the compact set K n by 

K n = U la, 

ae{0,2 } " 


I 22 


I 220 I 222 


(5.7.4) 


and we note that (Ia)ae{o, 2 }’ 1 are 2™ pairwise disjoint compact intervals with 
length 3 -n (true for n = 1 and if true for some n > 1, also true for n + 1: we have 
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for a G {0, 2}", / Q o, I a 2 pairwise disjoint with length 3 " 1 ). As a result, we have 

Xi(K n ) = 2" x 3~ n . (5.7.5) 


We note also that K n D K n+ i by construction since I a D I a o U I a 2 - We define 
then at last the Cantor ternary set K, x by 

K 00 =n n >iK n = P| (U a£{0i2 }n/ a ). (5.7.6) 

n> 1 

Lemma 5.7.3. The Cantor ternary set is a compact subset of [0, 1] with Le- 
besgue measure 0 which is equipotent to R. Moreover LC, has no isolated points 
and has an empty interior. The set K. x is totally discontinuous, i.e., the connected 
component of each of its points is reduced to a singleton. 


Proof. is a compact set as an intersection of compact sets and its Lebesgue 
measure must be smaller than (2/3)" for each n so is zero. As a result K cannot 
contain an interval with positive measure, thus has an empty interior and is totally 
discontinuous. Let us check the mapping 


$ : { 0 , 2 } n * 
a 


i — ^ 


K o, 

v “i 
2^1 <j 3 d ■ 


(5.7.7) 


Let us prove first that <f> is indeed valued in K^. From (5.7.4) and (5.7.3), with 
(ai,...,a n ) G {0,2}", we have x a = Yli<j<nW € • As a resu lL, for a G 

{ 0 , 2 }"*, 

£§- = li “ £ fj- en m >i K m = K oa . 

1 <j l<j<n 

( zK n (ZKm , for n > m. 

The mapping $ is one-to-one since for a! , a " G {0, 2}" and 


= oi j for 1 < j < A, 


we have necessarily a' N = 0, a'fj = 2 and 


*(-') = £| = £ 

j> 1 i<i<JV 


a 


V 2l< V ^L + 3 _]V " 

3 ^ + 2^ 3 j ~ 2 ^ 3 j ' 

j>]V+l l<j<N 

a" a" 

i 3-Af < J 

3i ^ 

i<i<jv 


a 

Z^ 31 

1 <j<N 


% = <*>(«")• 



Let us prove now that <f> is onto; let x G K^. Then for all n > 1, there exists 
o;(") = (a[ n \ . . . , a[ n *) G {0, 2}" such that x G I Q , i.e., 


(n) 

£ “TT )• 


l<j<n 


(5.7.8) 
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Claim. We may assume that both inequalities above are strict, otherwise the answer 
is clear: On the one hand, if x = x a ( n ) for some n > 1, then 

On the other hand if x = x Q <» + 3~ n for some n > 1, then 


= E 


l<j<n 


(n) 
ry\ ' 

3 

3J 


E 

j>n + 1 


3-> 


= 2 , 2 ,...), 


proving the claim 4 . 

We know also that x £ [0, 1] so that x = x j £ {O' 1' 2} and 


o < x — y ?<E ?- <3 

— Z^ QJ — Z^ Qj — 


—n—lc 


i-l 


= 3" 


l<j<n j>n 

so that eventually with the strict inequalities of (5.7.8), 

3 n y § < 3 n x < 3 n y 


implying J2i<j< n x j 3 " 4 = 3”x a (n) = J2i<j<n a j 3 n j ■ The latter identity im- 
plies 

xi + y Xj3 1 ~ j = + y aj n ^3 1_J , 

'"efT 2 ^y _ 

e[o,6x3- 2 x|)=[o,i) e[o,i) 

so that, taking the floor function of each side (see the footnote on page 16), we 
get x\ = a[ n ^ and similarly Xj = a/' for 1 < j < n, so that each Xj belongs to 
{0, 2}, proving that x belongs to the image of $. We have obtained in particular 
the following description of the Cantor ternary set 5 . 

Lemma 5.7.4. = {x £ [0,1 ],3(xj)j>i, Xj £ {0,2}, x = 52j>i }- 

The bijectivity of $ and Section 10.1 prove that cardiC, = card{0, 2} N = 
card{0, 1} N = card'P(N) = cardK. Let us finally prove that has no isolated 
point. Let x be in K^: then for each n > 1, there exists £ {0, 2}™ such that 


LCo 5 x a (n ) "C: X "C: X a (n) T 3 £ Koa 

and thus ([x— 3 _n , x+3 _ "]\{x})ni : C ^ 0, completing the proof of the lemma. □ 

4 Note that for instance 1/3, written as 0.1 in its development in base 3 can also be written as 
0.022222222222222 . . . 

5 Similarly, the development of 1 in base 3 can be written as 1 = 0.222222222222 . . . 
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Lemma 5.7.5. 

nary set is 


The Hausdorff dimension ( see Definition 2.6.8) of the Cantor ter- 


log 3 2 


1 

l°g 2 3 


In 2 
In 3 


0.6309. 


Proof. We have c U ae { 0 , 2 }"la with diam/ Q = 3 n so that 


f }; 3 _ n (iC) < ( diam/ «) K = 2"3 _nK = e "( ln2 - Kln3 ) 

a£{0,2}" 

implying for kq = In 2/ In 3, that 


(tt) W^o) < 1, and for n > k 0 , § k {KJ) = 0. 

The main point in the proof is to estimate f ) K0 (K oo ) from below by a positive 
quantity. Let e > 0 be given and let (V ra )neN be a covering of K rXj by open sets 
with diameter < e. By compactness of K^, we may extract a finite covering and 
since each V„ is a union of open intervals, we may find a finite collection ( Ji)kkl 
of open intervals with diameter smaller than e (assumed < 1 /3) such that 

iC c Ui <1< L J U 0, ^(diamKH > ^ (diam Ji) K ° ■ 

n 1 <1<L 

For each l, there exists a unique ni > 1 such that 3 _ ™ i_1 < diam J; < 3 - " 1 
and moreover J\ meets exactly one {I a )a&{o,2} n i '■ it must meet one such interval 
otherwise the intersection with would be empty and could not meet two since 
the distance between two such intervals is at least 3~ ni by construction. We have 
moreover 

diam J; > => 3 K ° (diam J ; ) K ° > 2~ ni => 2^3 K °(diam J t ) K ° > 2 J ~ ni . 

Since J; meets only one I a m, a ^ G {0,2} n! , it meets at most 2-i - " 1 intervals Ip 
for /? G { 0 , 2 } J ,j > ni . As a consequence, we have for j > nraxi <i<l ni , 

2 J = card {connected component of Kj} 

< card {connected component of Kj meeting J{\ 

1<1<N 

< J2 2 J_ni < J2 2 j 3 K0 (diam 

1 <1<N 1 <1<N 

so that J2 n ( diamV)j) Ko > Ei<i<i(^ amd () fl0 — 3 _K ° = 1/2 and thus 

(b) W*~)> 1/2, 

implying the result from (b), (j)), Lemma 2.6.7 and Definition 2.6.8. □ 
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The Cantor function 

With K n defined in (5.7.4) for n > 1, we define 


if n {x) = -}—[ 1 K n {t)dt, \K n \ = X 1 (K n ) = (2/3r. (5.7.9) 

\JXn\ Jo 

The function if n is continuous on R, with value 0 (resp. 1) for x < 0 (resp. x > 1) 
and is monotone increasing. We have with I a defined in (5.7.3), 

^n+l(x) -ll) n {x) = (3/2) n [ £ i/coW + fi/aaW “ 1 /<*(*)) dt 

a£{0,2} n ' ' 

= (3/2)” £ f (\h a0 (t) + i a2 (t) ~ 1 i al (t)) dt 

fn n y 0 V Z / 


ae{ 0 , 2 } r ' 


=0 if x < x a 
or x > cCq. + 3“ 


= (3/2)" £ 1 /„(*)/ (\u a0 {t) + \li^t)-li a ,{t)\dt 

ae{0,2}" 40 \ - / 

= (3/2)™ £ l^s) 

ae{0,2}~ 


L [0,1] 




5 — n— 1 


L [0,1] 


= (3/2)”- £ h a (x)\ 

ae{0,2}" 

/■(®-®c2)3” +1 


r(x-x a 0 )Z n+1 

/-3 n + 1 x a0 

1 [o.i] (s)c?s3 " 


4-3»+ 1 x c ,2 

As a result we have (note J R l[o,i]( s )ds = 1) 

3 


Xg 2 \ _ 1 

3-"- 1 y 2 

1 [o,i](s)ds3 - "^ 1 

(x — Xa,l)3 n + 1 

-3"+ l X al 


[ 0 . 1 ] 


t 

Q— n— 1 


dt 


1 [o,i] (s)ds3 


\4> n +l(x) - 1 p n (x ) | < 


2 n+1 


£ l/ a (*)3 


" n " 1 x 3 < 2 _n_1 . 


ae{0,2}" 


Consequently, the sequence (t/^ n ) is converging uniformly on R towards a function 
ip, the so-called Cantor function, which is continuous monotone increasing, with 
value 0 (resp. 1) for x < 0 (resp. x > 1). Moreover, from the calculation above if 
x K n = U ae { 0i 2}«7a, we have ip n+1 {x) = ip n (x) and since K n A K n+1 A K n+l 
for l > 2, we have x <£. K n+ i for l > 2, so that ip n + 2 (x) = ipn+i{x) = ip n {x) and 
i/) n +i{x) = ip n (x) for l > 0, proving 


x </ K n 


^(x) = 1 p n (x). 
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We see also that ip n is piecewise affine with tp' n = lK n /\K n \, so that \k is constant 
on each connected component of the complement of K n , and since K = U n >i K°, 
this implies that \k is constant on each connected component of /W , i.e. , is almost 
everywhere differentiable with a null derivative. Nevertheless the function 'k is 
monotone increasing such that 'h(O) = 0, \I/ (1) = 1. 

Let us calculate the weak derivative of 'L. We define for </> £ C^(R), 

f ^{x)(j>' {x)dx = lim / ^(a;)((/>(a:) — cj)(x + h))h~ 1 dx, 

Jr /t_>0 jr 

and thus 

(4 ’\(j)) — lim [ (^(x) — ^(x — h))(f>(x)h~ 1 dx. 
h ~>°+ Jr 

Since *k is monotone increasing, it implies that the linear form 

Ci(R) 9 ^ 

is non- negative, i.e., takes non-negative values for <f> valued in R + . As a result, for 
(j> € C* (R) and x G Cl (R; [0, 1]) equal to 1 near the support of </>, we have 

('k', 4>) = (dd, x<t> — xII</>IIl~(r)} + x)II0IIl~(r), 

' „ ' 

<o 

so that (’k , ,</>) < (^',x}||0IIl“(r), and thus (’k',-</>) < ('k', x)Ml°°(r), entailing 

|(vk',^}|<(^, X )||^|| i oo (R) , 

and the linear form C£(R) 9 <j> i-»- (\k',(/>) can be extended as a positive Radon 
measure, i.e., a positive linear form on C c (R): let (f> £ C c (R) and let </>„ be a 
sequence in C*(R) converging to 4> in C c (R) (uniform convergence on R with 
support J> n C L fixed compact). Then for X = 1 near L 1 

\{^',<t>n+k) ~ {^'An) = {^'An+k ~ <t>n)\ < X) \\<t>n+k ~ 

so that we may define 

(T',0) = lim(*k / , <fi n ) 

n 

and get a positive Radon measure (the definition is independent of the approxi- 
mating sequence <j> n ). As a result, the measure /r constructed using Theorem 2.2.1 
is supported in K^: if <j> £ C£(R) with supp <j> C K£, we find 

-/«*)*(*)<& = 0 

since \k is constant on each connected component of K£. Moreover, as a conse- 
quence of the following lemma, /.t has no atoms (see Exercise 1.9.24, page 61). 



256 


Chapter 5. Diffeomorphisms of Open Subsets of R n and Integration 


Lemma 5.7.6. Let $ be a continuous monotone increasing function on R. Then the 
distribution derivative of $ is a Radon measure p ( the so-called Cantor measure 
when $ = ip) without atoms. 

Proof. The fact that is a positive Radon measure p is proven above. Now let 
afl. According to Theorem 2.2.1, for e > 0, we have 

MM) < n((a-e,a + e)) = sup (p, </>} < (p, <j> e ), 

4>EC°((a— e,o+e);[0,l]) 


where </> e is non-negative C 1 , compactly supported, equal to 1 on (a — e, a + e), 
supported on (a — 2e, a + 2e). We have 


0 < (p, 4>e) = - j ${x)<f>' e (x)dx 




/ $(a ')(j>' e (x)dx — / $(x)<f>' e (x)dx 

I a— 2e J a-\-e 

a+2e 


> a— 2e 


na-\-ze 

(<I>(x) — $(a))</>' (x)dx — / ($(a;) — $(a))^>' (x)dx 

J a+e 


< sup |$(x) — $(a)| / \<f>' e (x)\dx. 

\x— a|<2e J 


We may choose 

<t>e{x) = 9 

where 9 is a fixed function valued in [0,1], equal to 1 on [—1, 1] and supported in 
[—2,2] so that we get 


MM) < sup |$(M - $(a)| 

\x— a|<2e 


\9'{t)\dt > 0, 

e-»0 


by continuity of $. □ 

We have proven the following 

Proposition 5.7.7. The Cantor function Hi is a continuous monotone increasing 
function defined on R by the uniform limit of the sequence (if n )n> l given by (5.7.9). 
That function is equal to 0 ( resp . 1) on (— oo, 0] ( resp . [l,oo)). Its weak derivative 
( or distribution derivative) is a positive Radon measure without atoms whose sup- 
port is the Cantor ternary set ( which has Lebesgue measure 0). The function 
Hi is differentiable on the open set Kf where its derivative is 0. 
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Figure 5.6: The Cantor function 


Lebesgue and Borel measurability 

Let us consider the function F defined by 

[0, 1 ] 3 i 4 F(x) = (a) + x G [0, 2], (5.7.10) 

where \f r is the Cantor function defined above. F is strictly increasing continu- 
ous and thus one-to-one, with F(0) = 0,F(1) = 2, so that it is also onto (the 
continuous image of the interval [0, 1] is a compact interval contained in [0, 2] 
and containing 0,2 so is [0,2]). Moreover F is an open mapping since the image 
_F(]a, &[) is an interval contained in ]F(a), F(b)[ which contains F(a + e), F(b — e) 
for all e > 0 small enough, thus by continuity of F, we have F(]a, b[) =}F(a), F(b)[. 
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As a result F 1 is continuous and F is a homeomorphism. We have also 
F([0,1]VFQ = A((0,l)n/C) = F(U n > i I a i)=U „>i F(I al ), 

aS{0,2} n aS{0,2} n 

where J\ stands for the open middle third of the interval J . As a consequence, we 
have 


A 1 (F([0,l]\iC o ))= E A i(F(I a i))= E A 1 (/ al ) = l, 

n> 1 n>l 

aG{0,2} n c*G{0,2} n 

since U/ is constant on each interval I a \ and we have 

Ai([0, 2]) = A,(F([0, 1])) = A,(F([0, 1]\A_)) + A,(f(JC) ) 

(5 - 7 - U) 

The restriction of F to is thus a homeomorphism from the Cantor ternary set 
which has measure 0 onto Fi^K^) which has measure 1. 

Lemma 5.7.8. Let A be a Lebesgue measurable subset of R with positive measure. 
Then there exists a non-measurable set E C A. 

Proof. We may assume that Ar\(—N 0 , N 0 ) has positive measure for some N 0 € N* 
(otherwise Ai(A) = 0) so that we may assume that A is bounded. As in Exercise 
2.8.19, we define an equivalence relation on R by x = y meaning x — y £ Q. We 
consider the quotient set of A by this equivalence relation and using the Axiom of 
Choice, we choose a representative in A for each class. Let E be the subset of A 
which is that set of representatives: for any y £ A, we find x £ E, q £ Q such that 
y = x + q. Consequently 

A C U g£Qi | 9 |< 2 jv 0 {E + q) — B => 0 < Ai(A) < Ai (B) < +oo. 

For qi, q 2 £ Q, qi ^ q2, we have (£’ + gi)n (E + q 2 ) = 0 since y = Xi+qi = x 2 + q2, 
for q,j £ Q, Xj £ E implies X\ = X2 and thus q\ = q2- Using the translation 
invariance of the Lebesgue measure, we get, assuming E measurable, 

0<A 1 (B)= £ \i(E) => Ai(U) > 0 Ai(B) = +oo, 

9eQ,|g|<2JV 0 

which is a contradiction. The set E cannot be Lebesgue measurable. □ 

Lemma 5.7.9. The function F defined by (5.7.10) is a homeomorphism from [0, 1] 
onto [0,2] such that Ai(iW) = 0, Ai(F(AT 00 )) = 1. The inverse homeomorphism 
F~ l is not Lebesgue measurable. 

Proof. The first part is proven in (5.7.11). Let D be a subset of F(K^) which does 
not belong to the Lebesgue cr-algebra (it is possible since the measure of Ff^K^) 
is positive). Then F _1 (D) is a subset of and thus belongs to the Lebesgue 
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cr-algebra since has Lebesgue measure 0. Now 

Lebesgue 

measurable 

so that F~ l is continuous and is not Lebesgue measurable. □ 

It is not that surprising: let / : R. — »• R be Borel-Borel measurable: it means 
that / is measurable whenever we equip source and target 6 with the Borel cr- 
algebra. Of course when / is continuous, it is Borel Borel measurable (Proposi- 
tion 1.2.5). However, if we equip the target with the Lebesgue cr-algebra, there 
is no reason that / should be Borel-Lebesgue measurable since it may happen 
that the inverse image of a Lebesgue measurable set with measure 0 does not 
belong to the Borel cr-algebra: even if we equip both source and target with the 
Lebesgue cr-algebra, it does happen in the example above with / = F -1 that the 
inverse image of a Lebesgue measurable set with measure 0 does not belong to the 
Lebesgue cr-algebra. However in Proposition 5.3.3, we have seen that if / is a G 1 
diffeomorphism, it is Lebesgue-Lebesgue measurable (and of course Borel-Borel 
measurable) . 

Remark 5.7.10. Considering 

F^ 1 1f-i(d) 

[0,2] » [0,1] > R 

homeomorphism Lebesgue-Lebesgue meas. 

we see that the composition (l f -i( D j o F~ r )(x) = 1 d(x) is not Lebesgue-Borel 
measurable since D does not belong to the Lebesgue cr-algebra. However l F -i(£>) 
is indeed Lebesgue-Lebesgue measurable since F~ 1 (D) belongs to the Lebesgue 
cr-algebra as a subset of the Cantor ternary set, which is a Borel set with measure 
0. On the other hand, the composition 

/ 9 

A > B > C 

Lebesgue-Borel meas. Borel-Borel meas. 

is obviously Lebesgue-Borel measurable from Lemma 1.1.6. 

Theorem 5.7.11. Let m > 1 be an integer, let B m be the Borel cr-algebra on R m 
and let C m be the Lebesgue a -algebra on R m . Then the following cardinality results 
hold: 

(1) carcl£? m = c = card R, 

(2) card£ m = 2 C = card'P(M). 

Proof. The proof is given in the Exercises (with detailed answers) 5.10.7, 5.10.8, 
5.10.9. □ 

6 Given two measurable spaces (X. A4). (Y.M). a measurable mapping / : X — » Y is said to be 
M — A f measurable. 
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A Cantor set with positive measure 


Let 0 € ( 0 , 1 ] be given and let ( 0 n ) n > \ be a sequence of positive numbers such 
that ^ n >i 2 n ~ 1 9 n = 9 . With / = [ 0 , 1 ], we define 


I 0 Ul 2 = I\h, h 


( 1 ~ 9 ! 1 + 01 \ 

V 2 ’ 2 ) 


Iq , I 2 compact intervals, max/o < min/ 2 , 


I h\= 9 u |J 0 | = |/ 2 | = ( 1 - 00 / 2 . 


We define 


loo U I02 — Io\Ioi ) 
I20 U I22 = hXhi, 


I01 — 
I 21 = 


toq 


m 2 


2 

02 


,m 0 


-,m 0 


02 

2 

02 

2 


for a £ {0,2} : \I al \ = 0 2 , 

for a £ {0, 2} 2 : \I a \ = - 0 2 ) \ = 2 ~\\ 


, too midpoint of To, 
, to 2 midpoint of / 2 , 

-0i- 20 2 ). 


Let N > 1 and assume that we have constructed 2 W compact pairwise disjoint 
intervals I a ,a £ {0, 2 } N , included in [0, 1] with length 



and that the complement in [0, 1] of is the disjoint union of 2^ — 1 open 

intervals h, Iqi, I21, • • ■ , Ip, 1, £ {0, 2} w_1 (note that 1 + 2-1 b2 JV “ 1 = 2^ — 1) 

with |/ 7 i| = 9 j + i if 7 £ { 0 , 2 }b We have indeed 

2 N 2~ N fl- E 2J ~ 1 9j)+ E 2i ^'+i = l- 


We define then for each a £ { 0 , 2 } N the open interval I a i as the mid-interval of 
I a with length 0jv+i, its complement in I a = I a 0 U I a2 where I a 0, / q2 are disjoint 
compact intervals with length 


h\I a \- 9 N+1 ) = 2~ N - 1 (l- E *-% ) ~ 9n+i/2 

' 1 <j<N ' 


= 2 _iV_1 


V v-'o, 
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indeed the expected result. Since the I a ,a £ {0,2}^ are 2 N pairwise disjoint 
compact intervals, this produces 2 N+1 pairwise disjoint compact intervals I a ,a £ 
{0, 2} Ar+1 . The complement in [0, 1] of U ag { 0 , 2 } N + 1 ^a is the disjoint union of the 
complement of U ag { 0 , 2 } N ^a with the intervals I a i,ce £ {0,2}^: it is indeed the 

disjoint union of 1 + 2H h2 N ~ 1 + 2 N intervals h, Ioi, hi, ■ ■ ■ , 7/3, i, P £ {0, 2}^. 

We define 

K = U ae{0 ,2 }»/a, = n ritlKW. (5.7.12) 

We note that the mapping n >->• Kn' 1 is decreasing so that K ^ is a compact subset 
of [0, 1]. We have also 

1^1 = 1- E v-%^\K^\ = i-e. 

l<j<n 

Note that if 9 = 1 with the' choice 9j = 3 _J , we recover the ternary Cantor set 
K „ constructed above. When 6 £ (0, 1) the compact set K ^ has positive measure 
1 — 9, but an empty interior since, with complements in [0, 1], we have 

(A' (0) ) = U n >i (K^) = U n >i(U a6 { 0j 2}n-i/al)- 

Let i be a point in K^: then for each n > 1, x £ Kn ^ = U ag {o,2}"7 a . Thus for 
each n > 1 there exists a'- n > £ {0, 2} n such that x £ / Q („) = I a (n) 0 U I a (n)i U / Q („) 2 
and we can find x n £ I a (,n)\ C (K^) such that 

\x-x n \<\I aM \ = 2~ n (l- Y. V-'Oj 

' l<j<n 

and thus x belongs to the closure of (K^) c \ (K^) c is conseciuently a dense open 
set of [0, 1] so that 

K w C {K^Y = (k( 6 )) c => K°W C (k {6) ) c 

=> kw c (k {6) ) c n k {6) = 0 . 

As a result K ^ is a compact set of positive measure when 9 < 1, with empty 
interior (thus totally discontinuous) and also without isolated points: The proof 
above entails that for x £ K^ e \ for each n > 1 there exists a ^ £ {0,2} n such 
that x £ I aM = [a n ,b n ] where 0 < b n - a n = 2 _n (l - Si <j<r» - 2_ "- 

Since the endpoints of I a belong to K n and also by construction to all K m , m > n, 
both points a n , b n belong to K^ e \ providing a sequence {x n ) n >\ of points of K^ e \ 
distinct from x such that x = lim n x n . 

7 We have indeed £T >:1 = 3 -1 1 ■> = 1. 

1 3 
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5.8 Category and measure 

Definition 5.8.1. Let X be a topological space and A C X. 

(1) The subset A is of first category in X when it is a countable union of rare 
subsets (see Definition 5.7.1). Such a subset is also said to be meager. 

(2) The subset A of X is of second category in X when it is not of first category. 

(3) A topological space X is a Baire space if for any sequence (F n ) ne ^ of closed 

sets with empty interiors, the union is also with empty interior. 

Equivalently, X is a Baire space if for any sequence ( U n ) n of dense open 
sets, the intersection r\ ne ^U n is also dense. 

N.B. Note that a subset of a set of first category is also of first category: if B C A 
with A of first category in a topological space X, then 


B c A = U n A„, A n = 0 => B = U N (B n A n ), B D A n C A n = 0. 

The proof of the two following theorems is given in the Appendix (Theorems 
10.2.39, 10.2.40). 

Theorem 5.8.2 (Baire theorem). Let (X, d) be a complete metric space and (F n ) n > \ 
be a sequence of closed sets with empty interiors. Then the interior of U n >iF n is 
also empty. 

N.B. The statement of that theorem is equivalent to saying that, in a complete 
metric space, given a sequence (U n ) n >i of open dense sets the intersection n n >iU n 
is also dense. 

Theorem 5.8.3. Let X be a locally compact topological space ( Hausdorff topological 
space such that each point has a compact neighborhood ) and (F n ) n >i be a sequence 
of closed sets with empty interiors. Then the interior ofU n >iF n is also empty. 

Corollary 5.8.4. A metric complete space, as well as a locally compact space are 
both Baire spaces and are both of second category in themselves, provided they are 
not empty. A non-empty Baire space is of second category in itself. 

Proof. Let X be a Baire space; if it were of first category in itself, it would be a 
countable union UnA„ with A n = 0, thus we would have X = UnA„ and by the 
Baire property, X = X would be empty. □ 

For a topological space, the category in itself is indeed a topological notion, 
as proven by the following lemma. 

Lemma 5.8.5. Let X , Y be topological spaces and let k : X — » Y be a homeomor- 
phism. If X is of second category in itself, then Y is also of second category in 
itself. 
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Proof. We note first that for a subset B of Y, since k is a homeomorphism 

K _1 (B) = k-^B), k~ 1 (B) = (5.8.1) 

In fact, we have k~ 1 (B) c k~ 1 (B) (a closed set by continuity of k) so that 
/v _1 (l?) C n~ 1 (B). We have also B = h(k~ 1 (B)) c k(k~ 1 (B)) (a closed set 
by continuity of k~ 1 ) so that B C k(k~ 1 (B)) and n~ 1 {B) C k~ 1 (B ), giving the 
first equality in (5.8.1). The second equality can be deduced by complementation, 
using (1.2.1). If Y were of first category, we would have Y = U nB n , B n = 0 and 
thus 

X = k-\Y) = U N K~\B n ), K - l {B n ) = k-\B “), 

and interior (k _1 (£?„)) = k - 1 (interior (B n )) = 0, contradicting the assumption 
on X. □ 

Lemma 5.8.6. Let X be a complete metric space and let A be a subset of X such 
that A contains a closed set F with a non-empty interior. Then A is of second 
category in X . 

Proof. If A were of first category in X, so would be F, and we would have 

F = UnB„, B n = 0. 

The complete metric space F would be a countable union of closed sets with empty 
interiors since 

F = Un (B n D F) , interior f(B h D F) = B n flF = 0, 

closure of B n in F 

contradicting the Baire theorem. □ 

Note that Q is a meager subset of R, thus of first category in R, i.e. , “small” 
in the sense of category but Q is dense in R. On the other hand the notions of 
category and measure are unrelated: a set can be of first category (small in the 
sense of category) and large in the Lebesgue measure sense. Also a set can have 
a Lebesgue measure 0 and be of second category: the following lennna is provides 
some examples. 

Lemma 5.8.7. 

(1) The Cantor ternary set is a compact space, and so is of second category in 
itself, but it is of first category in the interval [0, 1] with the usual topology. 

(2) The Cantor sets with positive measure constructed in Section 5.7 are of first 
category in [0, 1], 

(3) There exists a subset of [0, 1] which has Lebesgue measure 1 and which is of 
first category. 

(4) There exists a subset of [0, 1] which has Lebesgue measure 0 and which is of 
second category. 
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Proof. The Cantor sets are closed sets, and also with empty interior, so they are 
of first category in [0,1]. To convince the reader that the notions of size given 
respectively by the Lebesgue measure and by the category are unrelated, we can 
also give an example of a set of first category, “small” in the sense of category, 
but with full Lebesgue measure in [0, 1]. We have seen with the construction of 
Cantor sets with positive measure that for any integer k > 1, we can construct a 
compact subset % of [0, 1] such that 

int(^fe) = 0, |^fe| > —Jf—- 

We define then A = Ufc>i % and we have |A| > sup fc>1 | %] > sup fc>1 (l — = 1. 

Moreover, A is obviously of first category as a countable union of compact sets 
with empty interior. 

Here is an example of a set of second category in M, i.e., “large” in the sense 
of category, but with Lebesgue measure 0 (small in the sense of the Lebesgue 
measure). We define for Q = {x n } n >i, 

A = n m >![/ m , U m = Un^jXn - 2~ n ~ m , X n + 2~ n ~ m [. 

The Lebesgue measure |A| is such that 

\A\ < inf V 2 1_n_m = inf 2~ m+1 = 0. 

m> 1 * J m> 1 

n> 1 


If A were meager, we would have a sequence (Hfc) of subsets of R with int(Hfc) 
so that 


1 = AUT = U k A k U A c = U k A k U A c = U k A k U U m U^. 


We note that int^U^) = 0 since U m D Q = 1. We would have written K as a 
countable union of closed sets with empty interiors: this is not possible from the 
Baire theorem. □ 


5.9 Notes 

Ivar Bendixson (1861 1935) was a Swedish mathematician. 

Euclid (325 BC-265 BC). Euclid of Alexandria is the most prominent mathe- 
matician of antiquity, author of the fundamental treatise The Elements. 

George Green (1793-1841) was an English mathematician. The Gauss-Green 
formula proved above appears as a particular case of Stokes ’ theorem. 

Pierre-Simon Laplace (1749-1827) was a French mathematician. He had a con- 
siderable influence on the developments of the calculus of probabilities and 
celestial mechanics. 
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Isaac Newton (1642-1727) was an English physicist and mathematician. He was 
one of the most influential scientists of all times. His book Philosophies Nat- 
uralis Principia Mathematica , published in 1687, set up the foundations of 
Mechanics for more than two centuries until the scientific revolutions of Rel- 
ativity and Quantum mechanics in the twentieth century. 

Jakob Steiner (1796-1863) was a Swiss mathematician and geometer. 

Brook Taylor (1685-1731) was an English mathematician. He published Metho- 
dus incrementorum directa et inversa in 1715, in which he introduced a ver- 
sion of what is now known as Taylor’s formula. He took sides with Isaac 
Newton, creator of the Calculus of fluxions, in the violent controversy with 
Gottfried Wilhelm Leibniz (inventor of the Infinitesimal calculus) about pri- 
orities on the invention of Calculus. Today, both Newton and Leibniz are 
considered as scientific geniuses who transformed radically the mathematics 
and science of their times. 

William Henry Young (1863-1942) was an English mathematician. His name is 
associated to B. Taylor for the following theorems: 

Theorem 5.9.1 (Taylor-Young formula). Let k £ N, let U be an open set o/K", 
let f : U — > R m of class C k and let Xq £ U. If the function f is k + 1 times 
differentiable at xo, there exists e : U — > R m with \im x ^ Xo e(x) =0 such that 

f(x) = E +e{x)\x-x 0 \ k+1 . (5.9.1) 

o<i<fc+i 


Note that f^\x o) is the symmetric jth linear form given by 


f U) {x 0 ) 


j! 


Tj = E 

Q'£N n ,|a'| = 7 


(d x f) (x 0 ) 


rpQ 


(5.9.2) 


where for a = (on, . . . , a n ) £ N”, 

M = ^2 = a! = ol\\ . . .a n \ (5.9.3) 

l<l<n 


Theorem 5.9.2 (Taylor- Lagrange formula). Let k £ N, let U be an open set o/K", 
let f : U — > K m of class C k . Let Xo,X\ £ U and assume that the function f is 
k + 1 times differentiable on (xo,x\) = {(1 — 9)x o + toi}ee(o,i)- Then 

f(x i) = E -V^EoXzi -x 0 y +Rk{x 1 ,x 0 ), (5.9.4) 

0 <j<k 

\Rk{xi,x 0 )\ < Ev SU P ll/ (fc+ 1 ) (a:)l|, 

(« + !)! (x 0 ,a;i) 


(5.9.5) 
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where ||/^ fc+1 ' ) || stands for the norm of the multilinear form, i.e., 

Il/ (0 (y)ll = sup |/W(y)(Ti,...,T0|. 

I^|=i 
1 <3<l 


When m = 1, for k, U, /, Xq, x\ as above, there exists x £ (. Xo , Xi) such that 

Rk{xi,x 0 ) = ( k + iy f ik+1) ( x )(xi ~x 0 ) k+1 . 


Theorem 5.9.3 (Taylor formula with integral remainder). Let k £ N, let U be a 
convex open set ofW 1 , let f :U R m of class C k+1 . Then for x±,Xq £ U 


f(x i) = ^f < ' j) (x 0 ){x 1 -x 0 y 

0 <j<k 

+ J ^ / (fc+1) (xo + 0(xi - x 0 ))d9(x i - x 0 ) k+1 - 


(5.9.6) 


The three theorems above are proven in Exercise 5.10.1. 

Our next chapter studies the convolution and Young’s inequalities for L p (W l ) 
spaces: 


\U*V\\ L r 


< W 


1 — — = 1 — — + 1 — — , 1 <p,q,r. (5.9.7) 

rpq 


5.10 Exercises 

Exercise 5 . 10 . 1 . Prove Theorems 5.9.1, 5.9.2, 5.9.3. 

Answer. We start with a one-dimensional lemma. 

Lemma 5 . 10.2 (Mean Value Theorem). Let : [0, 1] — > R be a continuous function 
which is differentiable on (0, 1). Then there exists t € (0, 1) such that y>(l) — <p(0) = 
¥>'(*)• 

Proof. The continuous function [0, 1] 9 t i-)- ip(t) = ip(t) — ip(0) — t(tp( 1) — <^(0)) 
is such that ^(0) = ip( 1) = 0- Since the image by if of [0,1] is a compact interval 
[m, M], either m = M and ip is constant on [0, 1], so that 

Vf S [0, 1], <p(t) = <p( 0) + - y>(0)) => <p'(t) = ip{ 1) - v>(0), 

or ip(to) = m < M = ip{t\). In the latter case to or t\ belong to (0, 1) (we have 
ip(0) = t/’(l))- As a result ip has an extremum at a point t £ (0, 1) and its derivative 
must vanish there: 0 = ip' it) = <p' (t) — (y>(l) — <p(0)). □ 
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(1) Let us prove first the one- dimensional version (to = 1) in Theorem 5.9.2. We 
introduce, following the notation of this theorem, 

ip(9) = f(x i) - ^2 - — - Xg ) 3 , x e = (1 - 0)x o + Oxi, 9 G [0, 1]. 

0 <j<k 


We note that <p( 1) = 0 and we define 

ip(0) = ip(9) — y>(0)(l — 9) k+1 , so that ^(0) = 0 = ^(1). 


We may apply Lemma 5.10.2 to if and we get that there exists some 9 £ (0, 1) 
with if' {9) = 0, i.e., 

0= - E y— 1 — (Xi - X 0 )(xi - Xg) 11 

0 <j<k 

+ E ^ ^ j ( x i ~ x e) J ~ 1 (xi - x 0 ) + y(0)(fc + 1)(1 - 9) k , 

1 <j<k 


implying since x\ — xg = (1 — 9)(x \ — xq), 

{k + 1)^(0)(1 - 9) k = f(k+ ]\ [Xe \ x 1 - x 0 ) fc+1 (l - 9) k , 


k\ 


i.e.. 


v(0) = l£Tyr (ll ~ I “ )tH ’ 


which is the sought result. 

(2) Let us prove now the multi- dimensional inequality in Theorem 5.9.2. Lemma 
5.1.4 provides the result for k = 0. Let us assume that k > 1. The function / is 
thus assumed to be C k C C 1 . We note that the function 


f/3m f'{x) £ £(K",K m ) = 

is of class C' fc ” 1 and k times differentiable on (xo,xi). We calculate 

d_ 

d9 


{fixe)) = f{xe){x i - x 0 ) 


= E 

0<j<k-l 


o) 

J- 


with (induction hypothesis) 


{xe - X 0 y(xi - X 0 ) + R k -l{f'){xg,X 0 )(xi - X 0 ), 


sup^ N ||/ ,(fc ^(x)||_ A/ (fc 
||i? fc _ 1 (/')(x e ,xo)|| Rmn < ( °’ e) fc , "' m " ||x e -x 0 ||^, 
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where A4 k mn is the vector space of k multilinear forms from (R") fe to R mn . Since 
the function [0, 1] B 9 H > /( xg) is C 1 and the sum is a polynomial in 9, the function 
[0, 1] 9 6 i->- R k _i(f')(xg, xo)(xi — Xq) is also C° and we can integrate from 0 to 1 
and get 

/0n>- fM= T * (I1 _ Io)J « 

' 7 ! 7 + 1 

0<j<k-l J J 

+ [ R k -i{f')(xo,x 0 )(x 1 - x 0 )d9. 


The estimate ([]) implies for 9 € [0, 1], 

\\R k -i(f')(xg,x 0 )(xi — a) 0 )||i 


su P(x 0 ,x 9 ) Wf {k \ x )\\M k n 
k\ 


< 


\\xe - a; 0 R n xi - a; 0 


< Tjlki -a.’ollRt 1 sup \\f (k+1) {x)\\ M k+ 


k\ 


(xo.Xl 


We obtain thus f(x i) = Ylo<j<k — ++’ i - x 0 y + R k (f){x i,x 0 ), with 
\\Rk(f)(xi,x 0 )\\ W m < \\ Xl -X0IIR+ 1 sup ||/ (fc+1) (x)|| M *+i * , 

(fCO ) \ / 

which is the sought result. 

(3) Let us prove Theorem 5.9.3. Let x,x + h £ U. From the convexity of U, we 
may define for 9 £ [0, 1], <p(9) = /( x + 9h). If k = 0, we have p £ C 1 ([0, l];K m ), 

ip(9) = <^(0) + f c p'(s)ds = <p(0) + f <p'(9t)dt9. 

Jo Jo 

If k > 1, the function ip is C fe+1 ([0, l];R m ) and we may assume inductively 


m= E f *>“»(«) 


0<j<k-l 


Integrating by parts in the integral I , we get 


i(t) 


(1 - t)*- 1 
(*-!)! 


dt9 k . 


v'(t) 


1 = 


P-o k -e k f ^ k+1 \et)9 ^ + (-i )dt, 

k. J 0 A:! 


providing 


*»(*)= E ^0’+ /V +1, ««) 

J '■ Jo 


0 <j<k 


(1 ~t) k 
k\ 


dt9 k 


and the theorem by taking 9 = 1 and noting that <p^\6) = f^\x + 0h)h J . 
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(4) Let us prove finally Theorem 5. 9.1. When k = 0, by definition of differentiability 
at xo , we have 

f{x o + h) = f(x 0 ) + f'(x 0 )h + e(h)\h\, lim e{h) = 0. 

h — >0 

For k > 1, the function h >->• f'(x o + h ) is C k ~ l and k times differentiable at 0, so 
that inductively for 8 € [0, 1], 

ptt) ( r \ 

f'(x 0 + 9h)h = V - )-^-(9h) j h + e(9h)\h9\ k h, lime(/i) = 0. 

' j\ 0 

0<j<k-l J 

Since the sum is a polynomial in 0 and 0 i— >• f(x o + 0h)h is C k ~ l C C°, we obtain 
that 0 i-*’ e(6h)\h6\ k is continuous and by integration with respect to 0 G [0, 1], 

f(xo + h)-f(xo)= V fU+1 } Xo) . 1 > i+1 + [ e(8h)\h8\ k hd8, 
oJ<k-i J] J + 1 Jo 

so that fg e{8h)\hd\ k hdd = \h\ k+1 f* e(9h)9 k d9 ^ and 

[ e(8h)9 k dd ■£- < sup \e(6h)\ = er(/i). 

Jo \h\ K + lee[o,i] 

We have indeed lim^o ei (h) =0, concluding the proof. 

Exercise 5.10.3. Let E be a normed real vector space and let f : [0, 1] —1 E and 
g : [0, 1] — > R. be continuous mappings, both differentiable on (0, 1) such that for 
all t e (0, 1), ||/ , (i)|| < g'(t). Prove that 

11/(1) -/(0)||< 5 (1) -g(0). 


Answer. Let e > 0 be given. We define 

Te = {t e [0, 1], ||/(t) - /(0)|| - g(t) + g( 0) - et < e}. 

By continuity of f,g, T e is a closed subset of [0,1], contains 0 (the lhs of the 
inequality vanishes at 0) and thus by continuity, T e contains a neighborhood of 0. 
Defining c = supT e we have c > 0 and since T e is closed, c £ T e . Let us assume 
that c < 1. We can find t > c such that 


f(t) - /(c) 

t — c 


<||/'(c)||+e/2, 
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implying 

||/(*)-/(0)||<||/(t)-/(c)|| + ||/(c)-/(0)|| 

<(t- c)\\f'(c)\\ + + g(c) g(0) + e(c + 1) 

< (t - c)g'(c) + £ ^ 2 ^ + g(c) - g( 0) + e(c + 1) 

< d(t) - g(c) + e(t - c) + g(c) - g( 0) + e(c + 1) 

= g(t) - g(0) + et + e, 

so that t. £ T e , which is impossible since t > c = sup T e . As a result c = 1 and thus 
Ve > 0, ||/(1) - /(0)|| < 5 (1) - 5 (0) + 2e, 

implying the result. 

Exercise 5.10.4. Let U be an open subset of R" and let f : U R" be a C 1 
injective mapping such that , for all x £ U, detf'(x) ^ 0. Prove that f(U) is an 
open subset o/R" and that f is a diffeomorphism from U onto f(U). 

Answer. Let x £ U. Since det/'(ai) ^ 0, the inverse function theorem implies that 
there exists an open neighborhood W(x) of x such that f\w(x) is a C 1 diffeomor- 
phism from W(x) onto f(W(x)). As a result, 

f(U) = U xeu f(W(x)) => f(U) is open. 

open 

As a consequence, / : U V = f(U) is a C 1 bijection of open subsets of R". Let 
be an open subset of U: as above we prove that f(fl) is an open subset of V and 
thus the inverse mapping is continuous and / is a liomeomorphism from U onto 
V. The inverse function theorem implies that / -1 is C 1 , completing the proof. 

Exercise 5.10.5. 

(1) Prove that the mapping (0,1) x (— ir, n) B (r,6) i->- (rcosd,rsmd) is an 
analytic diffeomorphism from (0, 1) x (— 7r,7r) onto 

{z £ C, \z\ < 1}\(— 1, 0]. 

(2) Prove that the mapping (0, 1) x (— 7T,7r] 9 (r,0) i — > (rcos9,rsm9) onto {z £ 
C, 0 < \z\ < 1} is analytic and bijective, but is not a homeomorphism. 

Answer. (1) With </(r, 9) = (r cos 9 , r sin 9), the mapping <j> is analytic and bijective 
from (0,+oo) x (— 7T,7r) onto C\R_ with inverse mapping (also analytic) 

i>( X,y) = (Vx 2 + y 2 , Im(Log(x + iy))'), 

where Log 2 is defined for 2 £ C\R_ by (10.5.1). 
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(2) Extending (j> to (0, 1) x (— n, 7r] keeps of course analyticity as well as bijectivity 
since the injective image of (0, 1) x {tt} is (—1, 0). However, it is not a homeomor- 
phism: we have 


m + 0 + iy'j = (1/2, tt), -0 = (1/2, -7r), 

since for 0 < (f> < tt, Log(e*^) = if) , Log(e - *^) = — if) and thus 

lim Im(Log(e l<?i )) = n, lim Im(Log(e l<?i )) = — tt. 

<fi—fTT- — 7r)_|_ 

Exercise 5.10.6. Let Q be a non-degenerate real symmetric n x n matrix and let 
m > 0 be given. We define 

E Q,m = {x G R n , {Qx, X ) = to}. 

(1) Prove that E is an analytic hypersurface o/K n . 

(2) Assuming that the index of Q ( the index is the number of negative eigen- 
values) equals 0, prove that E Q iTn is dijfeomorphic to the unit Euclidean 
sphere o/R" ( compact and connected for n> 2). 

(3) Assuming that the index of Q equals 1, and n > 2 prove that E Q im is dijfeo- 
morphic to the hyperboloid 

x G R”, ^ x 2 j = x 2 n + 1 

l<j<n-l 

which is non-compact, with two connected components when n = 2, connected 
if n> 3 ( hyperboloid with one sheet). 

(4) Assuming that the index of Q equals 2, and n > 3 prove that E Q im is dijfeo- 
morphic to the hyperboloid 

x € R", = x n-i + x l + 1 

l<j<n-2 

which is non-compact, has two connected component if n = 3 ( hyperboloid 
with two sheets), is connected if n> 4. 

(5) We assume that n > 2. Let r be the index of Q. If r = n—1, prove that E Q jm 
is non-compact with two connected components. Prove that if r < n—1, then 
E Q t m is connected, non- compact for r > 1. 

Answer. (1) The differential of ( Qx,x ) is 2 Qx and thus does not vanish at E Q jTra 
since to ^ 0. Moreover the matrix Q can be diagonalized in an orthonormal basis, 
i.e., 


Q = PD l P, l PP = Id, D diagonal with the eigenvalues of Q as entries. 
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(2) Defining x = Py (a linear isomorphism), we get 


‘P(E Q , m ) = y € R", ^ A 3 y) = m 

l<j<n 

l/eK", J2 X jVj= m + J2 l A il Vj 

1<j <n l<j<n 

Aj >0 Xj <0 



and thus, dividing by m the previous equations, we find the answer to questions 
(2) , (3) and (4), except for the connectedness issues, addressed below. The arc- 
connectedness of the unit Euclidean sphere is obvious since if ||a;o|| = ||tci || = 1 
with Euclidean norm in R" (n > 2), we may consider a plane II containing xo, X\: 
the intersection of II with the unit sphere S n_1 is a circle (thus arc-connected). 
(5) Let us assume that n > 2 and the index r = n — 1. We may thus assume that 
E Q t m is given by the equation 


*i = 1 + 4 

2 <j<n 


It has two connected components: 

{x G R",a;i = \/l + ||x'|| 2 U {a; G R",xi = - \Jl + ||cc , || 2 

' ' V ' 

£+ E + 

E±=F±(R”- 1 ), F±(x') = (±y/l + \\xT,x'), E+nE_=0. 

Let us assume that n > 3 and the index 1 < r < n — 2. The equation of E Q jm is 
||x"|| 2 = 1 + llx'll 2 , x' G W'\x" G R n “ r . 

Then E<g m is arc-connected. We consider 

(x 0 ,y 0 ) and (a;i,yi) G R" _r x M r , Ha^Rn-,- = 1 + ||yj|||r, j = 0,1. 

We define for 9 G [0, 1], 

y{9) = (l-9)y 0 +9 yi , r{9) = y/l + ||j/(0)|| 2 , £(ff) G 

which is possible with a continuous £ since S n_r “ 1 is arc-connected (n — r— 1 > 1). 
We have with x(0) = r(0)£(0), a:(0) = xo,a;(l) = xi, 

||x(0)|| 2 = r(9 ) 2 = 1 + ||y(0)|| 2 , i.e., (x(0),y(0)) G S Q , m , 


?n—r — 1 


£(0) = Xo/IMI, 
C(l) = X-l/WxxW, 


proving the arc-connectedness of E q jT „. 
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Exercise 5.10.7. Let X be a set and let £ C V{X) be a family of subsets of X 
such that 0 £ £. We want to describe £ ), the cr-algebra generated by £ ( see 
Definition 1.1.3). We define 

£c = {E c }e &£ , £* = {U tiE k } Eh es. (5.10.1) 

Let fl be the set of countable ordinals, as defined and studied in Propositions 
10.1.35, 10.1.37 and Remark 10.1.36 (f 2 is the first uncountable ordinal). We de- 
fine, following Definition 10.1.42, 

Pi = £ U £ c , 

for x £ 12 with an immediate predecessor y, T x = [fF y )a U ({P y )<r) , 
for x £ fl a limit ordinal, J- x = D y c x P y . 

(1) Prove that £ C £ a - 

(2) Prove that T x C J%{£) for all x £ fl. 

(3) Prove that U x& nP x = .-#( £ ). 

Answer. (1) Obvious since 0 £ £. 

(2) Note that if F v C „#( £ ) for all y < x, then P x C ■.#(£): this is obvious for a 
limit ordinal and if x has an immediate predecessor y, then T y C ■.-#(£) implies 
(J-y)cr C ■.#(£) and (( P v )a) c C .#( £ ) so that in that case as well T x C .#( £ ). 
Now since T\ C ^{£), we may use transfinite induction (see Theorem 10.1.19) 
and conclude that (2) holds. 

(3) It is enough to prove that A x ^qP x is a cr-algebra since it contains £ and we 

already know UxgnJq, C J£(£). We note that the empty set belongs to U^n-Fx, 
which is also stable by complementation as is each J ~ x : it is true for x = 1 and if 
true for all y < x, it is obvious for x when a; is a limit ordinal and also true when x 
has an immediate predecessor. We may use transfinite induction to conclude. We 
need to prove that is stable by countable unions. We consider ( Efi)j 

with Ej £ P Xj , Xj £ fl. According to Proposition 10.1.37, the countable family 
{ajjljgN of countable ordinals has an upper bound x £ fl. As a consequence, for 
all j S N ,Ej £ T x and thus 

L)j£f$Ej £ (J- x ) a . 

Since fl has no largest element 8 , x has an immediate successor x + 1 and {P x ) a C 
P x +i, implying Uj^Ej £ P x +\, completing the proof. 

Exercise 5.10.8 (Cardinality of the Borel cr-algebra). Let B be the Borel cr-algebra 
ofR m . 

(1) Prove that B is generated by a family of sets £ containing the empty set and 
such that card£ = c = card R . 

A 2 has no largest element otherwise we would find x £ fl with fl = (— r, x) U { x } and since (— r, x) 
is countable, this would imply that fl is countable. 


(5.10.2) 

(5.10.3) 

(5.10.4) 
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(2) Let Q be the first uncountable ordinal. We define T x for each x in LI as in 
Exercise 5.10.7. Prove that card T x = c for each x € Q. 

(3) Prove that card B = c. 

Answer. (1) We consider £ = {B(x,r)} X £wi m ,r>o- Thanks to Theorem 10.1.20, we 
have 

c = c m = card(R m ) < card£ < card(K m x K+) = c m+1 = c. 

(2) We define P = {x £ Q, card T x = c}. We note that 

card£ < card J 7 ! < card £ + card(£ c ) = 2 card£ = card £ 

since card£ = c is infinite 9 and this implies that 1 £ P. Let x € £2; suppose that 
y € P for all y < x. Then if x has an immediate predecessor y, 

card T y = c < card F x < card((J r y ) (T ) + card(((J y ) cr ) c ) . 

Noting that from (10.1.5) and Section 10.1, we have 

c = card F y < card((J r y ) CT ) < card(j r y ) = c N ° = 2 K ° = 2 N ° = c, 

we obtain c = card T x . If x is a limit ordinal, then T x is a countable union ((— >, x) 
is countable) of sets with cardinal c, so that 

c < cardJ^ < H 0 c < c" = c. 

In all cases x € P. By a transfinite induction (see Theorem 10.1.19), we get P = ft. 

(3) From Exercise 5.10.7, we know that 


B = U xe n T# 

and thus we can conclude c < card£> < ccardfl < c 2 = c. 

Exercise 5.10.9 (Cardinality of the Lebesgue er-algebra). Prove that the cardinality 
of the Lebesgue a-algebra C m on R m is equal to 2 C , the cardinal ofVfM.). 

Answer. We have obviously card£ m < card7 : ’(K m ) = 2 cardR = 2 C = 2 C . On the 
other hand, the ternary Cantor set (5.7.6) (see also Lemma 5.7.3) is a Borel 
set with Lebesgue measure 0 and same cardinality as R. Thus ViK^f) C C\ and 
thus <8>i<j<m'P(-K’oo) C £ m , implying 

2 C = 2 mc = (2 c ) m < card(£ m ) < 2 C 


and the result. 


9 Theorem 10.1.20 proves much more: for every infinite cardinal, we have x 2 = x, so that x < 
2x < x 2 = x. 
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Exercise 5.10.10. Let (X,d) be a separable metric space and let Bx its Borel a- 
algebra. Prove that Bx is generated by a countable family of sets £ . 

Answer. Let D = {a n } ng N be a countable dense subset of X. Let us consider the 
countable family £ = {B(a n , e)}neN,ee<Q>* of open balls. Let U be an open subset 
of X. Then for each x £ U, there exists r x £ Q1 such that the ball B(x, 2 r x ) C U . 
Since D is dense in X, we may find some n x € N with d(x,a Ux ) < r x . As a 
consequence 

x £ B(ci rix )V x ') (Z U, 

where the inclusion follows from the triangle inequality: 

d(y, a nx ) < r x => d(y, x) < d(y, a Ux ) + d(a Ux , x) < r x + r x 
=> y £ B{x, 2 r x ) C U. 

We get finally that U = U x euB{a nx ,r x ). As a result, with O standing for the open 
subsets of X, 

B x = JK{0) D D O =>• B x = .£{£). 

Exercise 5.10.11. Let (A, d) be a separable infinite metric space and let Bx its 
Borel a-algebra. Prove that card Bx = c. 

Answer. In the first place, since X is not finite, it contains a subset {a:„} n6 N 
equipotent to N. Each subset Xa = {x n } n& A, with AcN belongs to the Borel 
er-algebra Bx as a countable union of singletons (which are closed sets). We have 
thus an injection of P(N) into Bx, proving that 

(*) 2 n ° = c < cardf?x- 

Let £ be a countable family of sets generating the cr-algebra Bx , as in Exercise 
5.10.10. Let 11 be the first uncountable ordinal. We define T a for each a in as 
in Exercise 5.10.7. We claim that 

(**) for each a £ Q, card T a < c. 

We note that card T\ < card£+card(£ c ) = 2 card£ = card£ = H 0 < c. Let a £ fl; 
suppose that card Tp < c for all (3 < a. Then if a has an immediate predecessor /3, 

card Aq < card^^jo- + card(((J r / 3 ) CT ) c ) < card(K N ) + card(R N ) = 2 K ° = 2 K ° = c. 

If a is a limit ordinal, then T a is a countable union ((— >, a) is countable) of sets 
with cardinal < c, so that 

card T a < H 0 c < c 2 = c. 

By a transfinite induction (see Theorem 10.1.19), we get that property (**) holds. 
From Exercise 5.10.7, we know that 

Bx = UagfiTa 

and thus we can conclude card£>x < ccardll < c 2 = c. The inequality (*) gives 
the result. 
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Exercise 5.10.12. Let Ll be an open subset o/R m . Prove that for any e > 0, there 
exists a pairwise disjoint covering (AT„ i£ ) ne r of LI with diam 2 (AT„ i£ ) < e. 

Answer. Let £ > 0 be given. For each x £ LI, there exists r{x) £ Q fi (0, e/2) such 
that B(x,r(x)) C Ll. Defining D = Q m fi Ll, for each x £ fl, we can find a x £ D 
such that d(x,a x ) < r{x)/ 2): as a consequence x £ B(a x ,r(x)/ 2) C D, since 

I y - a x | 2 < r(x )/ 2 => | y- x\ 2 < r(x) => y £ B( x, r(x)) C LI. 

We have thus Ll = U a eD 0 cD B(a,r ) so that 

reAC<Q>n(0,£/2) 

Ll = U „ e N!? n , B n closed ball with diameter 2 < £. 

We define now 

Kq = Bq, At = Bi\Bq, ... , K n+ i = B n+ i\(Bo U • • • U B n ), .... 

We have obviously 

diam 2 (isf n ) < diam 2 (B n ) < e, U neN A"„ = U„ eN l? n = Ll, (5.10.5) 

and also for 0 < n\ < n 2 , K ni fi K n2 C B ni fi B^ = 0. (5.10.6) 

As a consequence, \ m m = Euen^(K n , £ ). 


Exercise 5.10.13. Calculate the n— 1-dimensional area of the unit sphere S n 1 of 
]R" by using the explicit change in polar coordinates. 

Answer. We have 


\n+i — 

so that using (5.4.3), we find 

|B™ +1 |n+t = 


dx = 

ceR n + 1 ,IMl 2 <i n+1 


1 


(sin 0)" -1 <i</>|§" -1 1 


\n— 1 • 


n+ 1 j 0 

The computation of the Wallis integrals in Lennna 10.5.7 gives 


|S"U +1 _ |S' 

^TT = I® |n+1 - “ 


^ ^(sin^)"- 1 #= 1§W 'U-i V^T(a) 


n+1 

so that |S n | n = IS^i = 27 t and thus 

|S“|„ = 2» n = 


n +1 r( 2 ±i) ’ 


recovering (5.4.8): |S" 


2<j<n 

2tt% 


r(^) 


r(i) 

r(2±!) 


| n— 1 — 


T/n\ • 
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Exercise 5.10.14. Prove that card{a £ N d , |a| = /} = Cf + j_ 1 
Answer. We start with 


(to cf+li = E c f+l 2 

0 <j<l 

which is true for 1 = 0, and since CfrJ = Cf^_ x + is proven by induction 

on l: we have 

s~id— 1 \ A s~id— 2 | s~id—2 \ A s-id—2 

°/+l+d-l — 2 _^ °j+d-2 tu /+d-l — 2 _^ 2’ 

0<j<Z 0<?<Z+1 

V > 

induction hypothesis 

proving (t]). Now, 

card{a £ N d , |a| = 1} = ^ card{/3 £ N d_1 , \jd\ = j}, 

0<j<l 


providing the proof by induction on d of the sought formula. 


Exercise 5.10.15. 

(1) We consider a norm on R n , denoted by || • ||. Find an iff condition on the 
real numbers a , fd so that 

dx 

(i + IMIV 2 3 


< + 00 , 


dx 

II <i IMI° 


< +oo. 



(2) We assume that n > 2 and we set, with || • || standing for a norm on 1" 1 
and for A > 0, 


C'r.A = {{x u x') £lx K"" 1 , lice'll < A|®i|}. 


Give an iff condition on the real numbers a, (5 so that 


dx 


lc lx (i + M )' 3 


< +oo, for all compact K 


/C, in k 


dx 

M c 


< + 00 . 


Show that this provides a proof of (1) without using a change of variables. 

Answer. (1) The answer is fd > n and a < n. Since all the norms on R” are 
equivalent (see, e.g., Exercise 1.9.8), we may assume that || • || is the Euclidean 
norm and use polar coordinates (see Section 5.4). We need only to check the ID 
integrals 


r+oo 

/ r n ^ 1 (l + r)~ !3 dr < +oo 

J o 


n — 1 — fd < — 1 , i.e. , fd > n, 
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and 


*dr < +oo 


n— 1 — a>— 1, i.e. , a < n. 


(2) Let us use Fubini’s theorem for these positive measurable functions. With 
V n - 1 equal to the (n — l)-dimensional Lebesgue measure of the unit ball of R n_1 
for the norm || ||, we find 


dx 


i Cl , x (i + \xi\y 


dx' 


dx i 


= V n - 


n— 1 


i\x'\<X\xi\ ) (i + \xi\y 

r A" -1 \xi | n_1 


(l + M )' 3 


-dx i < +oo 


if and only if 8 > n. Similarly if the condition in (2) holds for all compact sets 
K, it is satisfied in particular for {(x\,x') tlx R n_1 , \x’\ < A, |aii| < 1} and we 
obtain 

f 1 A n_ 1 |a;i | n_1 , 

/ : — : dx i < +oc => a < n. 

Jo |*i|“ 

Conversely, if that condition holds and if K is a compact set, K is included in 
a Euclidean ball with center 0 and finite radius on which the integral is finite 
following the same computation. We note then that 

R" = Ui <j< n {x £ R”, max |a+| = |a+|| 
l 1 <k<n J 

so that the integral over R" is a finite sum of integrals on conical sets of type 
j(:ri, a/) € R x R" -1 , ^max |a+| < |a:i|| 
for which the calculation is done. 


Exercise 5.10.16. Let n be an integer > 2. For x € R”, we denote by ||x|| the 
Euclidean norm of x. 

(1) Calculate the volume of the ellipsoid 

(ieR", V %<i 

^ 1 <j<n a i 

(a,j are positive parameters ) . 

(2) Let A be a n x n real symmetric positive definite matrix. Calculate 


e -*lAx,x) dx . 



5.10. Exercises 


279 


(3) Let B be a n x n invertible real symmetric matrix. Calculate 

lim [ 

e_>0 + J R» 

(4) Let A, B be n x n real symmetric matrices such that A 0 ( i.e ., ( Ax,x ) > 
d||a;|| 2 , d > 0). Calculate 

lim [ e -™\\*\\ 2 e -*((A+iB)x,x) dx 

€_>0 + J R» 

Answer. (1) Performing a linear change of variables, yj = ajXj , we get that the 
volume is 


n < 

l<j<n 


*3 5 


where |B”| is given by (4.5.4) in Exercise 4.5.12. 

(2) With the change of variables x = A~ 1 / 2 y 1 we find (det A) -1 / 2 . 

(3) The matrix B can be diagonalized in an orthonormal basis: 


M 


D = PBP, D = 


0 


diagonal, l PP = Id. 


\ 0 d n 

The linear change of variables x = Py gives 
[ e “ 67r||x|1 V i7r < Bx ’ x >dx = [ e -HI v\\ a e -MDy,y) dy = FT f e ~ wt2( ~ e+id ^dt. 

il” J R" i 1R 

Using question (2) in Exercise 4.5.14, we obtain 


l<j<n 1 


[] {e + idj)- 1/2 -A |d i |- 1/2 e- i * Bign( ^ ) = |detS|- 1 / 2 e-^ sisnature(B ), 

1 <j<n e-+0 + n 

where 

signature)!?) 

— number of positive eigenvalues of B — number of negative eigenvalues of B. (5.10.7) 
(4) We have 

/(e) = [ e-^IWI * e -"« A + iB )*’*) dx 

J R n 

= (detA)- 1 /2 f e -^\\A-^yf e -,((U+,A-^BA-^)y,y) dy _ 

J R n 
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The real symmetric matrix A 1//2 BA 1 / 2 can be diagonalized (eigenvalues Ay , 1 < 
j < n) in an orthonormal basis and using the previous calculation we obtain 


lhn /(e) = (detA)- 1/2 


n 


- 1/2 


Hj eigenvalues of 
Id +iA~ 1 ^BA~ 1 / 2 


The /tj are equal to 1 + iXj where the A j are the eigenvalues of the real symmetric 
matrix A~ X I 2 BA~ X I 2 . If {vj)i<j< n are the (positive) eigenvalues of the positive- 
definite matrix A , we have 

A = PDA t P , P£0(n), Da = diagonal^, . . . , v n ), 

A~ 1/2 BA~ 1/2 = QD B l Q, Q £ O(n), D b = diagonal(Ai, . . . , A„), 


and thus with A 1 / 2 = P D l J 2 t P. we have A + iB = A x / 2 Q(ld +iD B ) t QA 1 / 2 , so 
that 

det (A + iB) = det A II + * A t) - n i/j( 1 + iAj). 

l<j<n 1< j<n 

As a result lim e _M) + /(e) is equal to a particular determination of (det A) -1 / 2 
given by 

n uT i / 2 (i+ix j )- x / 2 = n Logd+^i. 

l<j<n l<j<n 

The reader may consult the section entitled The logarithm of a nonsingular sym- 
metric matrix on page 463 of the Appendix for a further discussion on this topic. 
The following lemma may be useful for future reference. 

Lemma 5.10.17. Let A, B be nx n real symmetric matrices such that A is positive 
definite. Then there exists an invertible nx n real matrix R such that 

*RA1? = Id, and l RBR is a diagonal matrix. 

Proof. There exists P £ 0(n ) such that X PAP = Da where Da is the diagonal 
matrix with diagonal (Ai, . . . , A„) where the A j are the (positive) eigenvalues of 
A. We may consider the real symmetric matrix A -1 / 2 /? A” 1 / 2 , where A -1 / 2 = 
PD a 1 ^ 2( P: there exists Q £ 0(n) such that t QA~ x / 2 BA~ x / 2 Q = D B where D B is 
the diagonal matrix with diagonal (pi , . . . , fj, n ) where the )J 3 are the eigenvalues 
of A _1 / 2 /M _1 / 2 . We have thus with the invertible matrix R = A~ X I 2 Q, 

*QA” 1/2 AA- 1/2 Q = l RAR = Id, l QA- 1/2 BA~ 1/2 Q = t RBR = D B , 


so that the quadratic forms x H > (Ax, x) and x H > ( Bx , x) can be simultaneously 
diagonalized. □ 
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Exercise 5.10.18. Using a change of variables, calculate the integrals 

3 y 


I = 

J = 


>0, y>0, x+y<a V 1 + ( x + y ) 3 
dxdy. 


dxdy, a > 0, 


\x 4 - y 4 \e~ {x+v) 


x>0, y>0 


Answer. With H = 1r + , we have 


I = 


ff H{x)H{y-x)H(a-y)^j==dxdy 

JJ \/l + v 3 


V 1 + y 3 

3 (y-x) 


[[ H{x)H{y - x)H(a - y)H{y ) 3 J 1 A dxdy, 
JJ y/1 + y 3 


so that 


I = J (1 + y 3 ) 1/2 3 (J < y - x)dxj dy 
= j\ 1 + 9 3 )- ,/2 3 (V - £ ) dy = (1 + a 3 )'/" - 1 . 

For the second integral we set x = u — v,y = u + v, so that 

J = 2 f f H(u — v)H(u + u)2|t>|2|ti|2(« 2 + i> 2 )e _4 “ dudv 


and thus 


J = 2 4 J (^J H(u - |u|)M(u 2 + v 2 )d 

= 2 5 QT v(u 2 + v 2 )dv^j ue^du 

r+°° 2 q 

= 3 x 2 3 / u 5 e~ 4u du = 3x2~ 4 T(3) = -. 

Jo 8 


~ 4u du 



Chapter 6 

Convolution 


6.1 The Banach algebra T 1 (M n ) 

Let u,v € C c (K ra ). For all x £ R n , the mapping y i-)- u(x — y)v{y) is continuous 
with compact support C suppi. We may thus consider 

(u*v)(x) = / u(x — y)v(y)dy. (6.1.1) 

J R» 


We shall say that u*v is the convolution of u with v. For a given x, the change of 
variables y' = x — y shows that it * v = v * it. Theorem 3.3.1 implies readily that 
u*v is continuous and moreover if x ^ supp it + supply then for all y £ supply 
x — y supp it (otherwise x = x — y + y £ supp it + supp it) so that for all 
y £ R™,i/(x — y)v(y) = 0. As a result, (suppix + suppi) 0 C {it * v = 0} and thus 
{it * v ^ 0} C supp it + suppi. Since supp it + supp v is compact (as a sum of 
compact sets), we have 


SUpp(l1 *v)C Supp U + SUpp V = {x + y}xGsupp u 

yGsupp v 


( 6 . 1 . 2 ) 


and u*v £ C c (M"). Moreover convolution is associative, since for u, v, w £ C c (M"), 
we have 

((it* v)* w) (x) = / (u*v)(x — y)w(y)dy= // u(x — y — z)v{z)w{y)dydz 

-if 

JJwL n xR n il“ 


Proposition 6.1.1. The binary operation of C c (R n ) given by (it, v) >—>■ u*v is 
associative, commutative and distributive with respect to addition and such that 

||w*i’||li(R") < IM|li(r»)|M|li(r»»). (6.1.3) 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers , 
DOI 10. 1007/978-3-0348-0694- 7_6, © Springer Basel 2014 
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Proof. The estimate is the only point to be proven. For u,v G C c (R n ), we have 


dx< \u(x - y)\\v(y)\dydx 

J J R n xR n 


^ / / u ( x ~ y) v (y)dy\ 

JR n 

= IMUqir*) / I v{y)\dy = || w|| z.icie-) ll^ll - 
J R n 

With uo(x) = exp — 7r|a:| 2 , we have ||«o||i,i(Rn) = 1 and 

IK * uq||li(r») = J \(u 0 * u 0 )(x)\dx = JJe-^-^dydx 


= 1, 


proving that the estimate (6.1.3) is optimal. □ 

Proposition 6.1.2. Let k G N, tp G C^(K") and letu G Aj^R”) (be., VAT compact, 
uIk G L 1 (K")). We define 


(tp * u)(x) 


tp(x - y)u(y)dy. 


(6.1.4) 


The function tp * u belongs to C k (R n ) and if u G L 1 (K"), then p * u belongs to 
A^R") and is such that \\tp * u||ii(Rn) < ||v 5 I|l 1 (r«)|| u IIli(r»*)- Moreover, we have 
supp((/?*it) C supp tp -f- supp u, where the support, of u is defined by (2.8.12). 

Proof. Let x G R" be given. The function y K > u(y)tp(x — y) is supported in 
x — suppy; = {x — zjzgsuppy, a compact set (since suppy> is compact). Since tp 
is bounded, the function y i-)- u(y)tp(x — y) belongs to Aj omp (R"), so that (6.1.4) 
makes sense. Theorem 3.3.4 shows that tp * u belongs to C k (R n ): indeed, we have 

\p {k) (x - y)u(y)\ < |w(y)|l supp tp (*£ y) sup \tp^ | 

so that for K compact, since K — supp</? = {a; — z} xe K,zesupp<p is also compact, 
we have 


sup \p {k) (x - y)u(y) \ < \u(y)\l K —supp tp (^supl^lGA^R”). 

xGK 

Whenever u G L 1 (R”), the inequality on L 1 -norms is proven as (6.1.3). 

Let us prove now the inclusion of supports. Since supp^ is compact and 
supp it is closed, the set supp it + supp^ is closed: if limfc(i/fc + zp) = x, with 
yk G supptt, Zk G Slippy, extracting a subsequence, we get linq Zk, = z G supp^ 
and linq(yfcj + Zk,) = x, so that the sequence yk, is converging and since suppu is 
closed supp it 9 linq yk, = x — z, proving x G suppu + supp^- We consider now 
the open set Vq = (suppu + supp^) c . For all y G R", we have 


V 0 -y C (supp^) c or y $ suppu, 


(6.1.5) 
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otherwise, we could find yo such that Vo — yo D (supp ip) ^ 0 and yo £ supp u. This 
would imply the existence of a: £ Vo such that x — yo £ supp <p and thus 

V 0 B x = x - y 0 + y 0 £ supp ip + supp u = V 0 C , 

which is impossible. As a result (6.1.5) implies that for x € Vo, and y £ R", we 
have p(x — y) = 0 or y ^ suppw. Since the domain of integration in (6.1.4) is 
supp it, this implies (ip*u) (x) = 0 and (supp u + supp p) c C (supp(v?*u)) , which 
is the sought result. □ 

Proposition 6.1.3. Let Cl be an open set o/K", let u £ Ll oc (Cl) and let V be open 
C fh Then 

= 0 <£=>■ \/ip £ C c (V), J u{x)ip(x)dx = 0 . 

N.B. This result is important for distribution theory: a function in -£^(12) can 
be viewed as a Radon measure on Cl, i.e. , a continuous linear form on C c (f2). For 
u £ T] oc (f2), we define the linear form l u , 

C c (Cl) 5 p i 1 l u {p) = / <p(x)u{x)dx, 

J n 


which is continuous since 


/ p(x)u{x)dx 

Jn 


< sup|p(a:)| 


|rt(a:)|(ix. 


This proposition proves that the mapping l u is injective. 


Proof of the proposition. The condition is obviously necessary. Let us prove that 
it is sufficient. Let K be a compact set included in V and let \k £ C c {V\ [0, 1]), 
Xk = 1 on K. With 


p £ Cf°(W n ;R + ), J p(x)dx = 1, suppp = {||x|| < 1}, e > 0, p e (-) = p(-/e)e~ n , 

eCcW) 

we obtain ( p e * xku){x) = J u{y) XK(y)pe{x - y) dy = 0. 

As a consequence, we have 

\\XKU\\ L i(mn)<\\XKU-ip\\ L i(Mn) + \\(p-ip*Pe\\ L ^Rn) + \\T*Pe-XKU*p e \\ L i(Kn) 

<2\\xku- pWli^ + Wp- P* p e \\ L i(^r,y ( 6 . 1 . 6 ) 

Lemma 6.1.4. Let <p £ C*(]R n ). Then <p* p e £ C2°(M n ) and ip * p e —1 ip in C(?(]R n ) 
when e goes to 0. 
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Proof of the lemma. We have indeed (p * p<f){x) = / p{x — ey)p(y)dy, so that 

\(p * p e )(x) - p(x)\ < p(y)\<p(x - ey) - p(x)\dy < sup \p{xi) - p(x 2 )\, 

J \xi— X2\<e 

which goes to 0 with e. Similar estimates hold for derivatives of order < /c, and 
moreover we have supp (p * p e ) C supp p+e B n C supp p+eo for e < eo, yielding 
the lemma. □ 

We go on with the proof of Proposition 6.1.3. From (6.1.6) and Lemma 6.1.4, 
we obtain 

||XiHIli ( r») < 2 inf || Xku - ¥>||z,i(R») = 0, 

(pec c (V) 

since Xku £ L 1 (fo). Thus we have Xku = 0 for all compact sets K C V, and since 
Xk = 1 on K, and V is a countable union of compact sets, we find that u = 0 a.e. 
on V. □ 

Theorem 6.1.5. There exists a unique bilinear mapping 

L 1 (R") x L 1 (R n ) -> L 1 (R n ) 

(u,v) i y u*v 

such that ifu,v€ C c (R n ), u*v is the convolution of u and v and 

||M*^||ii ( R") < ||w||li(r») IMIl^R”)- 

The space L 1 (R ra ) is a commutative Banach algebra 1 for addition and convolution. 

Proof. Uniqueness: if * is another mapping with the same properties, u, v £ 
T 1 )®"), p,4> & C c (R"), 

U-k V — U * V 

= (lt — p) kV + pk (v — if) + pklf — (u — ifi) * V — (fi * (v — if) ~ <p*1p, 

using p * if) = pkif, and with L 1 (R") norms, 

\\ukv-u*v\\ < 2\\u— y>|||M| + 2||i> — V’lllMI- 

The density of C c (R") in L 1 )!!") and the above inequality entail u* v = u-kv. To 
prove existence, we consider sequences (pk), (V’fe) in C' c (R ra ), converging in L 1 (W n ): 
it is easily proven that pk * ifk are Cauchy sequences since (with L 1 (R") norms), 

||^fe+i * if>k+i - Pk* ifk II < || Pk+i - y’fclHIV'fc+zll + Wi’k+i - V’fcllll^fell- 

Moreover, using the same inequality, we prove that the limit does not depend on 
the choice of the sequences but only on their limits. □ 

1 A complex Banach space B equipped with a multiplication * which is associative, distributive 
with respect to the addition, such that for A G C and x,y G B, (A#) * y = X(x *y) = x * (A y) and 
so that H# * y\\ < ||#||||y|| is called a Banach algebra. When the multiplication is commutative 
the Banach algebra is said to be commutative. When the multiplication has a unit element, the 
Banach algebra is said to be unital. 
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Proposition 6.1.6. Let u,v £ L 1 (R n ). Then for almost all x, 

J \u( x ~ y) v (y)\dy <+oo. 

Defining h{x) = f u(x — y)v{y)dy, we have h £ 

II^||l 1 (R'*) < IMIl^r^IMUrr") and h = u*v . 

Proof. We consider the measurable function F on R 2n , given by F(x,y) = u(x — 
y)v(y). We have 


/ (/ \ F ( x,y ^ dx ) dy = J (/ \ u ( x -y)\ dxS J \ v (y)\ d y 

= |M|.L 1 (Rn)|M| i 1 (Rn) < +oo. 

As a result, F £ L 1 (R 2n ) and Fubini’s theorem implies that 


h(x) 


F(x,y)dy 


is an L l function of x. We have also proven that ||/j||li(r«) < ||'it||x,i(R"-) ||f ||i.i(K") - 
Since for u, v £ C c (R n ), we have h = u*v, Theorem 6.1.5 yields the conclusion. □ 

Lemma 6.1.7. The Banach algebra L 1 (K") is not unital. 

Proof. Let us assume that L 1 (R n ) has a unit v. We would have for all x £ R", 
e -7rM 2 = j e -^ x -y\ 2 v(y)dy and thus for all £ £ M™, 


(t) 



e -^y< v (y)dy. 


Claim. For t £ R, 



To prove this claim, we note that 


(6.1.7) 


F(t) 


[ e -71 '* 2 e~ 2i7rtT e* 7 ' 2 dt 

Jr 


e -*(t+iT) 2 dt , 


so that F’(t) = f R fih(e ”( t+lT ^)dt = 0 and F(t) = F( 0) = 1, proving the 
Claim. Applying this to (f), we get e -7r ^ = e _7r ^ f e~ 2t7ry '^i/(y)dy. Thanks 

to the Riemann-Lebesgue Lemma 3.4.5, £>->■/ e~ 2lXTV '^v{y)dy is a continuous 
function with limit 0 at infinity, so we cannot have f e~ 2l7ry '£is(y)dy = 1 which is 
a consequence of the previous equality. □ 
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6.2 L p Estimates for convolution, Young’s inequality 

Lemma 6.2.1. Let (X,fA,p) be a measure space where p is a a -finite positive 
measure. Let 1 < r < 00,1/r+l/r' = 1. For u £ L r (p),w € L r (p), the product 
uw belongs to L 1 (p). Moreover we have 


it|| L r (fi) — SU P | (u, w) | , with (u,w) — / uwdp. 


Proof. The first statement follows from Holder’s inequality (Theorem 3.1.6). Also 
that inequality implies for ||w;|| ir / = 1 that 



< IMI 


IwIIlhm) ^ 


sup 

L'-'m 


=1 



We assume first that 1 < r < +oo. Taking w = a\u\ r , with u = a\u\, |a| = 1 
(we define a = u/\u\ on {it ^ 0}, a = 1 on {w = 0}: a is easily seen to be a 
measurable function), we find for u ^ 0 in L r , 


\MV Lr j = 


,(r- l)r'=r , _ 


IX 


dp= \\u\\ r Lr > 0, 


and f x uw = J x ua\u\' = f x \u\aa\u\ r = ||tt||£ r . We obtain thus 


(u,w/\\w\\ Lr >) = Hullir" 7 r(1 ^ \ 


proving the result. 

We assume now r = 1. We take w = l^oni so that we find for u ^ 0 in L 1 , 

HHU°° = 1, J uwdp = J \u\dp = ||u||l1j proving the result in that case. 

We assume r = +oo,p(X) < +oo. Let u £ L°°(p),u ^ 0, and let e > 0: then we 
have 

Too > p( {x € X, |u(s)| > ||tt||i,~( M ) - e}J > 0. 

G, 

We define for e £ (0, |M| £ oo ( ju) ), w = , J(g e) , so that ||w|| l i( m) = 1. We have 
also 

f l G 

{u, w) = M ^ - c 

so that supii^y =1 |(it,«;)| > ||u||Loo( /i ) — e. Since the latter is true for all e > 0, 
this gives the result. 
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We assume r = +oo, y a-finite. Let X = U^X/v, /x(Xjv) < +oo. We may assume 
that the sequence (Xv)jveN is increasing. Let u € L°°(y),u ^ 0. We define for 
e S (0, ||«|U- (ft) ), 


G e ,iv = {x& X N , |u(a;)| > ||u|| L oo (ju) - e}. 

Since G e = UjveNGe,iv = {a; € X,\u(x)\ > ||u||l <>o (/i) — e} which has a positive 
measure, Proposition 1.4. 4(2) implies 

lim n(G e> N) = y(G e ) > 0 => 3N e ,\/N > N € ,y(G €t N) > 0. 

We define w = j , so that ||ic'||z.i(yu.) = 1> and we have 

(u,w) = f |u| )^’ N \ dn > ||u|| L oo( ) - e, 

Jx H{Ge,Nj 

proving the result in that case as well. The proof of the lemma is complete. □ 
Theorem 6.2.2 (Young’s inequality). Let p,q,r € [l,+oo] such that 

1— - = 1 — - + 1 — (6.2.1) 
r p q 

Then for u,v € C c (]R"), we have 

||W * V||L’-(R") < |M|LP(R")|M|z,«(Rn). (6.2.2) 

Moreover the bilinear mapping C c (K") 2 B (u,v) K > u*v € L r (M. n ) can be extended 
to a bilinear mapping from L P (R”) x L 9 (R ra ) into 27 (R") satisfying (6.2.2). 

Proof. (1) We note first that if r — 1, then p = q = 1 and the inequality is already 
proven as well as the unique extension property. 

(2) Moreover if r = +oo, then 1/p + 1 jq = 1, the requested inequality is 


which follows immediately from Holder’s inequality (Theorem 3.1.6). The exten- 
sion property holds obviously for 1 < p,q < + 00 . If p = +00 = r, then q = 1 
and 

{u * v)(a;) = J u(x- y)v(y)dy, 

and (u, v) 1 — > u*v is a bilinear continuous mapping from L°° xL 1 into L°° satisfying 

( 6 . 2 . 2 ). 

(3) We may thus assume that r G]l,+oo[. If p = +00 (resp. q = + 00 ), we have 
l + l/r=l/g (resp. 1 + 1/r = 1/p), so that r = + 00 , a case now excluded. If 
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p = 1 we have q = v, if q = r = 1, the inequality is proven. We thus may assume 
that 1 < p < +oo, 1 < q, r < +oo. Let w £ C' c (l n ). We consider 


(u * v * w)(0) 


(u * v)(y)w(-y)dy 


u(y — x)v(x)w(—y)dydx , 


we define 

t=~, s=~, a = 1 - u 0 = \u\ p ,v 0 = \v\ q ,w 0 = H 1/cr , 
p q r 

and we find 

(tt) \(u*v* u>)(0)| < jj u t 0 (y-x)vo(x)wo{-y)dydx. 

We note that 


1 — t +1 — s = cr, i.e. , 1 — t + 1 — s + 1 — cr = l, 1 — t, 1 — s, 1 — ct > 0. 

Lemma 6.2.3. Let uq,Vo,wq be non-negative functions in L 1 (K n ) with norm 1. Let 
s,t,a £ [0, 1] such that 1 — t + 1 — s + 1 — <7 = 1. Then 

JJ u-oiv ~ x)vo(x)wo(-y)dydx < 1. 

Proof of the lemma. We have for uo(y — x), vq(x), Wo(—y) positive, 


t Log no (y - x) + s Log w 0 (a:) + cr Log w 0 (-y) 

/Log u 0 (y - x)\ 
Log vo (x) 

\ Log w 0 (-y) ) 

L 

Consequently, we obtain, using the convexity of the exponential function, 
Uo(y ~ x)v%{x)w%(-y) 

= exp[(l - t)(ai ■ L) + (1 - s)(a 2 • L) + (1 - cr)(a 3 • L)\ 

< (1 — t) exp(ai • L) + (1 — s) exp(ci 2 • L) + (1 — a) exp(a 3 • L), 



a i a2 a 3 


so that 


JJ Uo(y- x)v s 0 {x)u% (~y)dydx 


< II - i (1 - t)v 0 (x)w 0 (-y) + (1 - s)u 0 (y - x)w 0 {-y) 
(1 - a)u 0 (y - x)v 0 (x)}dydx = 1, 


concluding the proof of the lemma. 


(6.2.3) 


□ 



6.2. L p Estimates for convolution, Young’s inequality 


291 


Going back to the proof of the theorem, we note that the previous lemma 
and (jj) imply 


|(« * v * w)(0)| < 


(1 - t)v 0 (x)wo(—y) + (1 - s)u 0 (y - x)w 0 {-y) 


+ (1 - a)u 0 (y - x)v 0 (x)}dydx. 


(6.2.4) 


We get thus with 1/r + 1/r' = l,tZ>(a:) = w(—x), ( u,v ) = J uw, 

I (u * V,w ) I < (1 - t)\\v\\U\w\C + (1 - s)||«||^||«;||^ + (1 - a)\\u\\l P \H q Lq . 

Let us assume ||m||lp = ||u||l<! = ||tu|| L r' = 1. We have then |(u*u,w)| < 1 so that 
by homogeneity, 

|(w*u,w)| < |M|lp|MMMIlp'- (6.2.5) 

Since we have assumed that r £ (1, +oo], we know that r' £ [1, +oo) and C^R") is 
dense in L r (R™) (Theorem 3.4.1). Inequality (6.2.5) implies for u,v,w G C c (R n ), 
W G L r ' (K”), 


J (u * v) ( x ) W(x) dx < | (u * v, W — w) | + | (u * v, w) \ 


G c ( 

CL r 


') 


< ||u * v\\ L r\\W - w\\ Lr > + IMIlpIMI^IHI 


lp'- 


As a result for u,v G £ L r '(R n ), and e > 0, there exists w G C c (R n ) 

such that || W — w\\ Lr ’ < e and thus 


|(w * v, W ) | < e\\u*v\\ L r + |M|lp|M|l<! 


+ e )i 


which implies \{u*v,W)\ < ||ii||z,p ll^ll || an d f rom Lemma 6.2.1 this gives 
II u*v\\ L r < |M|lp|M|l«. 

To prove that the mapping (u,v) H > u* v can be continuously extended from 
(^(R") 2 into L r (R n ) to a continuous mapping from L p x L q into L r , we may 
assume that p, q G [1, +oo). For ( u , v) G L p x L q and ( u k , v k ) sequences in C c (R") 
converging towards u, v respectively in L p , L q , we note that the sequence (u k * v k ) 
is a Cauchy sequence in L r since 


llwfe+i * Vk+l — Uk* Vk\\L r = | \(uk+l - Uk) * Vk+l +Uk* ( Vk+l - Vk) \\l v 

< II Uk+l — Wfe||Lp||^fe+i||L« + II Vk+l — Vfc||L<>||Wfc||LP) 


and the numerical sequences (||vfc||i«)fc, (||ffc||z,«)fc are bounded. We may define 
u * v for (u, v) G L p x L q as the limit in L r of Uk * v k - That limit does not depend 
on the approximating sequences, thanks to the same inequality: with Uk,Vk other 
approximating sequences, we have 


u k *v k - Uk * v k = ( u k - Uk) *v k + Uk * (vk - v k ), 

and thus ||w fc * v k - u k * v k \\ L r < ||u fc - u k \\ Lp\\vk\\ l« + ||«fc||LP ||t>k - v k \\Li, entailing 
that linifc u k * v k = linr^ u k * v k in L r . □ 
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There is a more constructive approach to the definition of the convolution 
product between L p {R n ) and L q (R n ) for p, q , r satisfying (6.2.1). The case r = +oo 
is settled directly by Holder’s inequality. We assume in the sequel that 1 < r < 
+oo. 

Let u £ L p (R n ),v £ L q (R n ), both non-negative functions. Then the function 
(x,y) i ^ u(y — x)v(x) is measurable and Tonelli’s theorem 4.2.5 implies that 

( u*v)(y)= f u(y — x)v(x)dx 


is a measurable non-negative function of y. Moreover choosing w(y) = lm n (y/k), 
inequalities (6.2.4), (6.2.5) entail that J^ <k (u * v)(y)dy is finite for all k. As a 
result the non- negative function u*v is locally integrable (thus almost everywhere 
finite). We use now Lemma 6.2.1: for B with finite measure and A > 0, 


1/r 


' Bn{y,(u*v)(y)<\} 


((w* v){y)) r dy 


= sup 

w> 0 


' Bn{y,{u*v)(y)< A} 


(u * v)(y)w(y)dy, 


and inequality (6.2.5) implies 


/ ((u*v)(y))’ dy< ||w||Lp( R n ) ||v||x, 4 (R n ) , 

J Bn{y,(u*v)(y)< A} 

which proves that for u,v non- negative respectively in L p (R n ) and L 9 (K") for 
p, q, r satisfying (6.2.1), we find that u* v belongs to L r (R") and (6.2.2) holds. 
Now if u,v are respectively in L p (R n ) and L 9 (K n ), we may write 

u = (Rew)+ — (Reu)_ + i(Im«) + — i(Imit)_, 

and define u* v = (Reu) + * (Ret>)+ H . The bilinearity is obvious as well as the 

continuity L p *L q C L r . To obtain the inequality (6.2.2), we use again inequalities 
(6.2.4), (6.2.5). We sum-up our discussion. 

Definition 6.2.4. Let p,q,r £ [l,+oo] satisfying (6.2.1). For u £ L p (R n ) and 
v £ L q (R n ), we define 


(u * v)(y) 



x)v(x)dx 


which is a locally integrable function (thus a.e. finite). 

Theorem 6.2.5. Let p, q,r £ [l,+oo] satisfying (6.2.1). The mapping 
L p (R n ) x L q (R n ) 9 {u,v) ^ u * v £ L r (R n ), 
is continuous and (6.2.2) holds. 
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6.3 Weak L p spaces 

Definition 6 . 3 . 1 . Let p £ [l,+oo). We define the weak-L p (R n ) space L p ] (R n ) as 
the set of measurable functions u : K" —> C such that 

supt p \ n ({x £ R",|u(a:)| > t}) = Sl p (u) < +oo, (6.3.1) 

t>o 

where A„ is the Lebesgue measure on K n . 

Remark 6.3.2. (1) We have L P (K") C L^(R n ): let u £ L p (R n ). We have for t > 0, 
t p A n ((M >t})= [ t p dx < f \u(x)\ p dx < |M|£ P(RB) , 

J \u\>t J \u\>t 

so that, with fl p (u) defined in (6.3.1), we have 

Qp(u) < II' u IIz,p(r'»)- (6.3.2) 

(2) For x £ K", we define v p {x) = \x\~ n ^ p (a measurable function). For R > 0, we 
have 

f v p (x) p dx = f \x\~ n dx > |S" -1 | f dr/r = +oo, 

J b( o,fl) Jb(o,r) Jo 

so that v p is not in Lf oc (R n ). On the other hand, we have for t > 0, 
t p X n ({\x\- n / p > t}) = t p r> A„(B") = A„(B”), 
so that v p belongs to L0,(M"). 

Lemma 6 . 3 . 3 . Let p £ [l,+oo). Then L p u (R n ) is a C-vector space. For u,v £ 
L p J (R n ),a £ C, toe have 

(ttp(au)) p = |a|(n p (u)) p , (fl p (u + v)) p < 2? (tt p (u)p + Q p (v)r). 

1 

Remark 6.3.4. The mapping Lg, (K n ) 9tiH (fl p (it)) p is a quasi-norm : it satisfies 
the first two properties (separation and homogeneity) in (1.2.12), but fails to 
satisfy the triangle inequality, although a substitute is available with a constant 
2 1 /p > l. We shall see below (Lemma 6.3.5) that when p £ (l,+oo), we can find 
a true norm equivalent to this quasi-norm. 

Proof of the lemma. Let a, /3 be non-zero complex numbers and let u,v £ L p w . 
Since for t > 0, \au\ < t/2 and |/3i>| < t/2 imply \au + j3v\ < t, we have 

{| au + j3v\ > t} C {|cw| > t/2} U {\j3v\ > t/2}, 
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and thus 

i p X„\{\au + j3v | > t}) 

< mr (^) P Mim > */2» + mr u{\m > mv 

< (2\a\rn p (u) + (2\p\yn p (v), 

so that f l p {au + fiv) < ( 2\a\) p fl p (u ) + (2\/3\) p tt p (v) < +oo, proving the vector 
space property. The first homogeneity equality in the lemma is obvious, let us 
prove the second one. We may of course assume that both quantities O P (u), fl p (v) 
are positive (f i p (u) = 0 implies u = 0 a.e.). Let 0 £ (0,1). Since for t > 0, 
M < (1 — 9)t and \fiv\ < 9t imply |u + 1 >| < t , we have 

{|u + i>| > t} C (M > f(l — 0)} U {|tt| > to}, 


so that 

t p X n ({\u + v\ > f}) 

< (i - 9)~ p t p ( i - 0 ) p a„({M > t(i - 0)}) + e- p t p e p x n ({\v\ > te}) (*) 

< (i -d)- p n p (u) + e- p n p (v). 


We consider now the function (0, 1) 9 9 i-P- (1 — 9) p a + 9 p b = </> Oj b(0), where a, b 
are positive parameters. We have 


^ b (9)=p(l-9)- p - 1 a-p9- p - 1 b, 

and the minimum of 4> is attained at 9 such that (1 — 9)~ p ~ 1 a = 0~ p ~ 1 b, i.e., 

(. b/a )p+ T &P+ 1 


1 - 


= (&/a)r +1 , i.e., 9 = 


l + (&/a)p+ 1 flp+> + &P+ 1 


with </> 0j b = (1 — 9) p a + 9 p b = ((IP+ 1 + &P+ 1 ) p+1 at this point. We infer from (*) 
that 

(f l p (u + v)) p < }fl p (u)p+ T + Q p (v)p+ T ) p < 2? (flp(it)p + flp(u)p), 
where the last inequality comes from the sharp elementary 2 


, _j_ , _j_ , P+ 1 

(arU + 0P+ 1 ) P 


1 , 1 J k\ 

<2 p lap + bp ) . 


□ 


2 We have from Holder’s inequality for a, b positive, 


a p+i + bP+ 


fe<(c 


p+i i p+i 

aP+ 1 ) p + (6P+ 1 ) p 


xrxy / P+ 1 P+ 1 x 1 

p+ 1 i + 1^~) P + 1 


(i 4 


-±- / i ix _P_ 

2P+ 1 (a? + bp ) P+ 1 . 


The constant 2P+ 1 is easily shown to be sharp by taking a = b. 
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Lemma 6.3.5. Let p € (l,+oo) and let p' be its conjugate exponent. For u € 
L 1 ^ (R"), we define 

N p (u) = sup A f |u(a:)|<ia;. (6.3.3) 

A measurable J A 

with finite positive 
measure 

Then N p is a norm on -L£,(]R n ) which is equivalent to the quasi-norm Cl p (-) 1 J p . 
Proof. Tonelli’s Theorem 4.2.5 gives for a measurable subset A of R™, 

J \u(x)\dx = JJ 1a(x)H(\u(x)\ — t)H(t)dtdx, with H = 1r + . 

As a result, for T > 0 and A measurable with finite measure, we have 

r /•+ oo 

/ \u{x)\dx = / A„ (A fi {|it| > t})dt. 

J a Jo 

rT /*+oo 

= / \ n (Ar\ {\u\ > t})dt + / \ n (AC\ {\u\ > t})dt 

Jo Jt 

r+oo 

< T\ n {A) + J A„({|u| > t})dt. 

/» + 00 rjil—p 

<T\ n (A)+ / Ll p (u)t~ p dt = TX n (A) + Ll p (u) -. 

Jt P ~ 1 

We choose T = A „(A) _1/,p r2 p (u) 1 / p and we find 

[ \u{x)\dx < A n (A) 1/p Q p (u) 1/p 4 — -A„(A) _ r +1 f2p('u) 1+ p _1 

Ja P ~ 1 

= A„ (A) ^ r2 p (u) 1//p — , 


proving 


^p(u) < — Cl p (u) 1/p . 

p — 1 


(6.3.4) 


For t > 0, and A*, measurable with finite measure, we have 


t p A„({|u| > = f p J 


I dx <t p 1 \u(x)\dx 

{M>t}nx fc J {\u\>t}nx k 

1 AT /..A tri„.l ^ jU r-, V. \Vp 


< t p_ 1 Ap(u)A n ({]u| > t} fl Afc) /p , 

so that fA„({|u| > <} fl Xk ) 1 ^ P < N p (it). Since A„ is er-finite, this implies 

f i p (u) < N p (u) p . 


(6.3.5) 
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We see now that N p is finite > 0 on L p w from (6.3.4). Moreover N p (u) = 0 implies 
from (6.3.5) that A„({|«| > t}) = 0 for all t > 0 and since 

{u ± 0} = U„>i{|tt| > 1/n}, 

we find u = 0, a.e. Moreover, for a € C and u € L p w , we have 

N p (au) = sup \ n (A)~ 1/p / \au(x)\dx = \a\N p (u). 

A measurable J A 

with finite measure>0 

Eventually, for u, v £ L ^ and A measurable with finite measure, we have 

A n {A)~ l / p [ \u(x) + v(x)\dx 
J A 

< A„(A) _1 / p f \u(x)\dx + A„(A) _1 / p f \v(x)\dx < N p (u) + N p (v), 

J a J A 

which implies N p (u + v) < N p (u ) + N p (v), proving that N p is a norm on (K n ) 
and concluding the proof of the lemma. □ 

Proposition 6.3.6. Let p € (1, +oo). Then L p ] (W n ) is a Banach space for the norm 
(6.3.3). 

Proof. Let us consider a Cauchy sequence (uk)ke n in £S,(®"™) : in particular for 
every measurable subset A with finite measure, we find that {uk\A)keff is a Cauchy 
sequence in L l (A), thus convergent with limit va- Since the Lebesgue measure on 
R" is cr-finite, we find a measurable function u such that for every A measurable 
with finite measure, lim*, \\uk~ w||li(a) = 0. We check now for a measurable subset 
A with finite measure, 

A n (Ay 1/p ' [ \u k {x) - u(x)\dx 
J A 

<A n (Ay 1/p ' [ \u k (x) - ui{x)\dx + \ n (A)~ 1/p ' [ \ui(x) - u(x)\dx 
J A J A 

< Np(u k - u{) + A n (A)- 1/p || Ui - w||z,i(A)- 

Let e > 0 be given. There exists N e such that for k. I > N e , we have N p (uk — ui ) < 
e/2. We know also that for l > L e ^a, we have A n (A) -1 / p \\m — w||z,i(A) < e/2. We 
take k > N e and we choose l = max(7V e , L £j a): we find 

A n (A)~ 1/p [ | u k (x) - u(x)\dx < e. 

J A 


As a result u belongs to L(/(] R n ) and N p (uk — u) < e for k > N e , proving the 
completeness of L(/(R"). □ 
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6.4 The Hardy-Littlewood-Sobolev inequality 


We begin with a lemma, following [43]. 

Lemma 6.4.1. Letp,q,r > 1 be real numbers such that 

!-i + 1 

p q r r 

and let f,g be non-negative measurable functions such that ||/||Lp(R n ) = 1 = 
IMIl^R")- Settin 9 T = n /Q> we define T r (f,g) = ff f(x) \x - y\~ T g(y)dydx and 
we have 


T r (f,9)=T f t 3 r 1 H(t 3 -\x-y\) 

Jr 3 . xE"xi" 


H{f{x) — ti)H(g(y) — t 2 )dtidt 2 dt 3 dxdy. (6.4.1) 

Setting for tj > 0, 

ui(ti)= [ H{f{x) - h)dx, u 2 (t 2 ) = [ H(g{y) -t 2 )dy, u 3 (t 3 ) = fi n t 3 , 

J R n J R n 

with fi n = |B n | ( see (4.5.4), (5.4.8)), and 

m(ti,t 2l t 3 ) = max(ui(ti), u 2 (t 2 ), u 3 (t 3 )) , 

we have 

T T {f,g)<T j 1 dt x dt 2 dt 3 , (6.4.2) 

Jr 3 


m(t) 

+oo 


/ 0 

Proof. We have for r > 0 

(>+oo 


r+oo r+oo 

p / t 3 ~ 1 ui{ti)dti =r' t 2 ~ 1 u 2 (t 2 )dt 2 = 1. 
Jo Jo 


(6.4.3) 


r+oo r+oo 

T / t~ T - 1 H(t - \x\)dt = T t~ T - 1 dt = = 

Jo j\x\ 


and thus 


T -r{f,g) = JJ f(x)\x-y\ T g(y)dydx 

= [ f ( x )g(y) T t 3 T ~ 1 H (t 3 -\x- y\)dxdydt 3 


l Xl n Xl + 

= t I tT T_1 .ff(t 3 - \x- y\)H(f(x) - ti)H(g(y) - t 2 )dtidt 2 dt 3 dxdy , 
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proving (6.4.1). We have thus 


T r (f,g ) < T J R 3 +xR n xRn h T 1 H(f(x)-t 1 )H(g(y)-t 2 )dt 1 dt 2 dt 3 dxdy 


m(t)=u 3 (t 3 ) 


+ T 


+ T 


|R^xR n xR'* 

m(t)=u 2 (t 2 ) 


t 3 T 1 H(t 3 — \x — y\)H(f(x) — ti)dt\dt 2 dt 3 dxdy 


xR n xR n ts T H ^~\ x ~ y\) H (9(y) - t 2 )dt 1 dt 2 dt 3 dxdy , 

m(t)=ui(ti) 

so that 

T T (f,g)<r[ t 3 T ~ 1 ui(t 1 )u 2 (t 2 )dt 

Jv^_,m(t)=u 3 (t 3 ) 


+ T t 3 T 1 P n t 3 Ui(ti)dt 

JR).,m(t)=u 2 (*2) 


+ T 


= t t: 


t 3 T 1 Pnt 3 U2{t2)dt 


3 + ,m(t)= Mi(ti 

_ r _ i tti {Ji)u 2 {t2)'a 3 {t 3 ) 

m(t) 


dt\dt 2 dt 3 . 


Moreover, we have 

r+oo 


/*+oo /* /*+oo /* 

p / = / / pt p ~ 1 H(f(x) — ti)dxdt\ = / f(x) p dx = 1 

Jo JR” Jo Jr™ 


and 


/■+00 ( 

r' / ^2 _1 W 2 ^ 2 )d ^2 = 

Jo 


r+oo 


lH (g(y) - t 2 )dydt 2 = I g(y) r dx = 1, 


•/R n JO 

completing the proof of the lemma. 


□ 


Lemma 6.4.2. Let p, q,r, f, g,r,T T , (3 n ,ui,u 2 as in the previous lemma. Then we 
have 

nB T/n f 

T r (f,g)< — — / min(ui(ti) 1- nu 2 (t 2 ),«i(ti)« 2 (t 2 ) 1- ”)dMt 2 - (6.4.4) 

n ~ t J R 2_ 

Proo/. For t€R|,we set V(t) = u Bti)u 2 (t 2 )u 3 (t 3 ) 

Let us assume that ui(t\) > w 2 (f 2 ). In that case we have 


r+oo /*+oo 

/ t 3 T ~ 1 V(t 1 ,t 2 ,t 3 )dt 3 = / ^3 

Jo JO 


_ T _1 Ui(ti)u2(t 2 )u 3 (t 3 ) 


= Ui(ti)u2(t2)[ / 

V JR 


-l-j/Sntg <14 


max(ui(4i),u 3 (i 3 )) 
£f r " 1+ "/3n^3Wi(ii) _1 + [ 

l(Jl) 


dt 3 


/3n*3 >Ul(tl) 


~ 1 dt 3 'j 
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= Ui(ti)U2{t 2 )Pn ( 


_ ,n—T 


t 3 ='iii(ti) 1/ ”/3„ 1/ " 




in — r J t 3 = o 

^/?r 1+ ~ 


+ fin 


t 3 =u 1 (t 1 ) 1/n 0 n 1/r 


L T J t 3 =+oo 


_l + ri^T 


+ T 1 fi„ 1+n U 1 (t 1 ) T/n ') 


= Ul(tl) 1 »u 2 (t 2 )P, 


■/r, 


r(n — t) 

If we have instead u\(t\) < u 2 (t 2 ), we find 

r+oo 

/ t3 T - 1 V(t 1 ,t 2 ,t 3 )dt 3 = u 2 (t 2 ) 1 ~^u 1 (t 1 )/3^ 

Jo 

From (6.4.2) and the previous estimates, we obtain 

ot / n 


r(n — t) 


nB r f t 

T r (f,g) < / l(«l(tl) > U 2 (t 2 ))ui(t 1 ) 1 ~^U 2 (t 2 ) 1 ^^U 2 (t 2 )"dt 1 dt 2 

n-r J R 2_ 

4 — / l(«l(il) < U2(t2))u 1 (t 1 ) 1 ~^U2(t 2 ) 1 --U 1 (t 1 )-dt 1 dt2 

n - T J R 2 + 

= t /, u 1 (t 1 ) 1 ~nu 2 {t 2 ) 1 ~" (min(ui(ti), u 2 (t 2 ))'j dtidt 2 , 


which is (6.4.4). □ 

Lemma 6.4.3. Let p,q,r, /, g,r,T T , /3 n ,ui,u 2 as in the previous lemmas. We define 

J= mm(ui(ti) 1 ~^u 2 (t 2 ) > ui(ti)u 2 (t 2 ) 1 ~^)dtidt 2 . (6.4.5) 

J Ri 


Then with 


p /t' 


r' /p 


f + °° f h i_r /' + °° / - ,_r 

Ji= Mi(ii) / ^ 2 (^ 2 ) n dt 2 dh, J 2 = U 2 (t 2 ) / Ui(<i) » dt 1 dt 2 , 

Jo Jo Jo Jo 


we have J < J\ + J 2 - Moreover, we have 

1 fp'r\ T ^ n 1 frT\ T / r 

Ji< — 7! — ) , J2 < — 7 ( — ) 

pr \ n J pr \ n / 


Proof. We have 
J < 


0<ti,0<t 2 <ti / 


0<*2,0<£i<£ 2 


( (ui(ti)'U2(i2)) 1 n mm(ui{ti),U2(t 2 )) T/n dt 1 dt2 

^ p (Mi(ti)M 2 (t 2 )) 1 n min(wi(ti), u 2 (t 2 )) T ^ n dt±dt 2 



300 


Chapter 6. Convolution 


and thus 


i p / r ' 


J< Ml(tl)( / U2(t 2 ) 1 ™dt2)dt\ 


f+OO 


r'/p 


+ / U 2 (t2)[ / ■Ui(ti) 1 ndt 1 )dt2. 


From Holder’s inequality, since 1 — ^ = 1 /q', we find, choosing m = 

p/r' jP/p' 

I u 2 (t 2 ) 1 ~" dt 2 = I t™u 2 (t 2 ) 1 -™t 2 m dt 2 
Jo Jo 

' p/r ' ' 1/9' / r t p/r ' 


< 


U 2 (t 2 )dt 2 


0 


t~ mq dt 2 


1/9 


=1 jr ' from (6.4.3) 


We note also that 


r ' — 1 r ' — 1 111 

mq = q < 1 < 1/q <!==>■ r' < q' which holds since 1 = — . 

q q' p' q' r 


As a result, we have 

p+oo 


J\ < J Ui(ti) (^j )* mq {l-mq) 1 ) 1/9 d<i. 


Since 


p(l~mq) ^ p / (r' - 1) \ = p / r' \ = / J_ _ 


r q r q 

we obtain, using (6.4.3), 

P + OO 


r q' 


P 17- 


P + OO /I \ 1/?' 

Ji < y {l-mq)~ 1/q 


1 /I 


p \r 


1/9' 


(1 — mq) 


-1/9 _ 


1/1 mq 


pr' \ r' r' 


-1/9 


1/1 q 


pr' \ r' q'r 


pr' \r' 

1 /I 


1 f 1 (g- 1 ) ^ 1/9 = J _( 1 _«r 1/9 = WI_I) 

\r' r J pr' V r/ pr' \q rj 


-1/9 


-1/9 


,-1/9 


pr' \p' 


-1/9 


,-1/9 — 


J_ (£ 

pr' \ q 


pr \q r, 

1/9 1 / / \ r/n 

1 /pr' 

p?’' \ n 



6.5. Notes 


301 


To estimate J 2 from above is analogous: we have, choosing p = ^ — , 



u 1 (f 1 n dt\ — 


< 



tfuifti) 1 ™t 1 ' x dti 



L i 


u\(ti)dt 


=i/ P 


1/9' 



1/9 


We check pq < 1 by the same calculation, exchanging the roles of p and r': p' is 
replaced by r and pr' replaced by r'p is unchanged. □ 

Theorem 6.4.4 (Hardy- Littlewood -Sobolev inequality). Let p,q,r £ (l,+oo) such 
that y + y = -p. There exists C > 0 such that, for all F £ L p (R. n ), 


||(F*|-r n/ 9 )||^( R n)<q|F|| iP ( R n). 

The constant C can be taken as q' fin q + (^) 

Proof. For / = |F|/||F|| iP , \\g\\ Lr , = 1, we have proven from (6.4.4) and Lemma 
6.4.3, 


Tr(f,g)< 


nl3n /n 1 ((P'p/i + 
n — t pr' \ y q 




providing the sought result. 


□ 


6.5 Notes 

The names of mathematicians encountered in this chapter follow. 

Godfrey H. Hardy (1877 1947) was a prominent British mathematician. 

John E. Littlewood (1885-1977) was a British mathematician, a pioneer of 
Fourier analysis in collaboration with Raymond Paley (1907 1933). 

Serguei Sobolev (1908-1989) was a Russian mathematician, author of several 
fundamental contributions to functional analysis. His name is attached to 
the so-called Sobolev spaces. He introduced in the 1930s a theory for weak 
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6.6 Exercises 


Exercise 6.6.1. Let p £ [1, +oo] and let u € L P (R"), v € L p (R”). Prove that u*v 
is a bounded continuous function on R™ . 

Answer. We already know from Theorem 6.2.4 (and in fact Holder’s inequality) 
that u* v belongs to L°° with ||w * v\\l°° < IM|lp|M| lp '. We may assume that 
1 < p < +oo (if p = +oo, then p' = 1 and we may use the commutativity of 
convolution). Moreover, we have 

(■ u * v)(x + h) — (u* v)(x) = J (u(x + h — y) — u(x — y))v(y)dy, 

and using the notation of Exercise 3.7.15, with u(t) = u(—t), we have 


(u * v)(x + h) — (u * v)(x) 


/ 


( f~ x -\-hU 


T x u)(y)v(y)dy 


so that \(u*v)(x + h) - (u*u)(a:)| < ||r x+ h« - T x u|| LP ( R n)||u|| iP ' (Rn) , and thus 
\(u * v)(x + h) - (u * v)(x)\ < \\T h (r x u) - T x u\\ L p(R n )\\v\\ LP ’( Rn y 
Since t x u £ L p { R"), we may apply Exercise 3.7.15 to get 

lirn || T h {T x u) - r x u||£,p( R n\ = 0, 

h — >0 

entailing the continuity of u* v. 


Exercise 6.6.2. We define E = {(x\,X 2 ) £ R 2 ,£i — X 2 ^ Q}. Show that E cannot 
contain a set A\ x A 2 with A±,A 2 measurable with positive Lebesgue measure. 

Answer. Reductio ad absurdum: let us assume that E D Ai x A 2 with Aj , A 2 
measurable with positive measure. We may assume 

0 < Ai(Hj) < + 00 , for j = 1, 2, 

and we define <p(xi) = f R l^i(a;i + x 2 )lA 2 ( x 2 )dx 2 . The function <p is continuous, 
since with the notation of Exercise 3.7.15 we have 

<p(x + h) - <p(x) = / [T- x - h (l Al ) -T- x (l Al )](y)lA a (y)dy 
Jr 

so that since t_ x (1ai) £ L 1 (R n ), we get from Exercise 3.7.15, 

\ip(x + h) - p{x)\ < ||r_h(r_ x (lA 1 )) - ^(lAjIU^Rn) ^>0. 

The function p is thus continuous on R valued in R + . Moreover, we have 


ip(xi)dx\ = 
l J JRx r 


1aA x i +x 2 )±a 2 (x 2 )dx 2 dxi = Ai(Hi)Ai(H 2 ) £ R+. 
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As a consequence, there exists x\ G K. such that ip(x i) > 0; we have then X\ G 
A\ — A 2 , otherwise 

VX2 G A 2 , X\ + X2 (f: Ai, 

which implies 1a x {x\ + X2)1a 2 ( x 2) = 0 for all X 2 G R and thus ip(x 1 ) = 0. As a 
result, we have 

0 ^ > 0} C Ai - A 2 . 

Moreover, we have {A\ — A 2 ) fi Q = 0, otherwise 

3xi G Ai,3x2 G A 2 , x\ -12GQ ==>■ (xi,X2) ^ E 
contradicting A\ x A 2 C E. We have proven A\ — A 2 C Q c and thus 

0 ^ {y > 0} c Q c . 

But the non-empty open set > 0} contains a non-empty open interval ]a, b[, a < 
b; the density of Q in R. implies ]a, 6[flQ 7^ 0, which is incompatible with the above 
inclusion. 


Exercise 6.6.3. Let p G L 1 (M n ) with integral 1. For e > 0, we define p t {x) = 
e~ n p{ x/e). 

(1) Let pG [1, +00 [ and let u G L p (M. n ). Show that u* p e converges with limit u 
in L p () R") when e — > 0+. 

( 2 ) Let us take u = 1 [ 0 , 1 ] an d p( x ) = e~A\A\ _ Show that u* p e does not converge 
in L°°(R). 

Answer. (1) We have seen in Theorem 6.2.5 that L 1 (W n ) * L p {R n ) C L p (R n ), and 
we have 


J \(u * Pe){x) — u{x)\ P dx 



- u(x))p{y)dy 


p 

dx, 


so that with the notation of Exercise 3.7.15, using Jensen’s inequality (Theorem 
3.1.3), 


\\u* p e -u\\ p LP(Rn) < 


\p(y)\ 

llplk i (R n ) 


II TeyU 


U IIlp(R")^II^IIl 1 (R’*)- 


From the same Exercise 3.7.15, we find that 0 = lim e _^o \\T ey u — u||iP(Rn) and since 
\p{y)\\\ x e V u - w||lp(r») < 2||u|| L p (R n)|p(2/)| G L 1 (R n ), 

we may apply Lebesgue’s dominated convergence theorem to get the sought result. 
(2) (see also Exercise 4.5.8 for analogous results). From Exercise 6.6.1, the func- 
tions u * p e are continuous. If the sequence of continuous functions u * p e were 
converging in L°°(1R"), the convergence would be uniform and the limit would 
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be a continuous function v. This would imply the convergence of (u * p e ) |[-2,2] 
towards U|[_2,2] i n 2]). But we know from the previous question that u * p e 

converges towards u in L 1 (K n ): this would imply that the continuous function v 
would satisfy 

0= f |u(a:) — l\dx + f \v(x)\dx = 0 => v = l[o,i] on [— 2, 2], 

Jo J [— 2,0]U[1,2] 

which is impossible since v is continuous. We can say a little bit more, since the 
expressions are quite explicit here. We have for e > 0, 


(u*p e )(x) = / l[ 0 ,i ](x-ey)e ny dy = 


'{x-l)/e 


e ny dy. 


Consequently for x £]0, 1[, x/e —> +oo and ( x — l)/e — >■ — oo so that 

! 1 for 0 < x < 1, 

1/2 = e~’ Ky2 dy = / 0 + °° e ~ vy2 dy for x = 0, 1, 

0 for x ^ [0, 1], 


since for x > 1, 


rx/e 

< / e~ 7Ty dy < e 
J (x—D/e 


— n(x— l) 2 e 2 — 1 


J(x-l)/e e_>u + 

The case x < 0 is dealt with analogously. The pointwise limit is actually discon- 
tinuous at 0 and 1. 


Exercise 6.6.4. Let pi, . . . ,pk, q G [1, +oo] such that 

E - = k-i + -. 

Show that ||ui * • • • * u fe || L 9 ( R n) < ||«i||lpi(R") • • • ||«fc||z,Pk(R™)- 

Answer. For k = 2, this is Young’s inequality since 

1 1 , 1 . ,1,1,1 

1 — in — , i.e., 1 — hi — — — 1 — — . 

Pi P2 q Pi P2 q 

We have for k > 2, if ^7 + ^ = p-, using induction on k, 

||ui * • • • *Uk*Uk+l\\L r < II Wl *■ • •*Ufc||L«||Mfc+l||LP < ||ui||lpi . . . ||lifc ||x,*>fe ||ufc+l||LP 


W E = ( E v) + v 


Z ✓ J)' 

1 <j<k 3 


i\ 1 


itr<k p i' p 


1 11 1 

/ v 1 — = k + 1 7 = k H — , 

' Vs p r r 

l<j<k^ J 
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Exercise 6.6.5. Let n £ N*, a €]l,+oo[, p <E]l,+oo[ and let k £ C' 1 (K"\{0}) 
homogeneous with degree —n/a. We define 

7 = n(l ) and we assume 7 GlO, If. 

V a pj 


( 1 ) Show that for x 7 ^ 0, |fc(cc)| < Co\x\~ n ^ a . For u £ L^ omp (K"), we define 
(k * u){x) = / k(y)u(x — y)dy. Show that k * u is meaningful and that for 
R > 0, 



y)\dy < c ntP \\u\\ L pR? . 


(2) Show that for u £ L^ omp (K"), k * u is an Holderian function with index 7. 
Answer. (1) For x ^ 0, we have 


|Jfe(a:) = /c(a;/|a;|)|a;|- n/o | < \x\~ n/a sup \k\. 

S ’— 1 


We have also 


'\y\ <R 


\y\~ n/a \u{x - y)\dy < ||«|| L p ( [ \y\~ np ' /a dy 

\J\y\<R 


1 /p' 


\ !/?' 

P ^dr ) 

= C'MlpRI?-* = C'\\u\\ L vR\ 


< C\\u\\ L p (J r n 1 »’ dr^j 


since n — 1 ~ 77- = n P'(j; t — 7) — 1 = np'( 1 — ^ — 7) — 1 = 7 p' — 1 > — 1. As a 
result, 


( k*u)(x)= / k{x — y)u(y)dy 

J vGsuw u 


' yGsupp u 

is a bounded measurable function since u £ LP Qmp and k £ Af oc : we have indeed 


np 


> —n 


since 1 — ^ ^ >0 => A. > I 2- < 1. We can prove as well that k * u is 

continuous, but the next question provides a sharper Holderian regularity. 

(2) For u £ A2 omp (]R”), x, h £ l n , we have 


( k * u)(x + h) — (k * u)(x) 


k{y)u{x + h- y)dy - 
k{y + h)u(x — y)dy — 


k{y)u(x - y)dy 
k(y)u(x - y)dy, 
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so that 


\(k * u)(x + h) — (k * u)(x)\ < / \k(y + h) — k(y)\ \u(x — y)\dy 

J\y\<2\h\ 

' V ' 

It 

+ \k(y + h)-k(y)\\u(x-y)\dy. 

J\y\>2\h\ 

' ' 

12 

To handle I\ we note that \k(y)\ < Co\y\~ n ^ a and | k(y + h)\ < Co\y + h\~ n ^ a , so 
that, using the estimate of question (1), we get 

h < C' 0 C' , (2|/i|) 7 ||u||lp + C 0 C'(3\h\y\\u\\ LP . 


We have thus, using the mean value theorem and the homogeneity of k! for I 2 , 
|(fc * u)(x + h) — ( k * u)(a:)| 

<2C 0 C'(3\h\y\\u\\ L p + C"\h\ f sup \y + 9h\~ «~ 1 \u(x - y)\dy. 

■J\y\>2\h\ 06 [ 0 , 1 ] 

If \y\ > 2|/i|, we have | y + 9h\ > \y\ — \h\ > \\y\ and the factor of C" is bounded 
above by 


uj = \h\2° +1 \\u\\ LP ^ 
= \h\2^\\u\\ LP ^ 


|y|>2|/i| 

+ OO 


\y\~^ +1)p 'dy 


1 /p' 


„n- 1-ire — 


\ !/p' 

“ p 'dr j |S n -Y /p ' 


and since 


Tip 1 / , 

n—I p = np 

a 



^ - 1 - // = 7// — p — 1 = p ’{ 7 — 1) — 1 < — 1, 


we get 

w < C"'\\u\\ L p\h\(\h\ p 7'r-V) 1 /p' = C'"\\u\\ LV \h\\ 


Exercise 6.6.6. Let n be an integer > 3. For x £ M n , we denote by ||a;|| the Eu- 
clidean norm of x. Let p 6 [1, + 00 ]; a measurable function f : R" — >■ C is said to 
belong to Lf oc when for all compact subsets I< ofW 1 , lxf G L P (R"). 

(1) We define E(x) = \\x\\ 2 ~ n and p n = Yl- Show that E belongs to L\\< p<Pn L p , 
and E Lf 0 n c . 
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(2) Let q e]n/2,+oo] and let F be a function in L q (JS. n ) with compact support. 
We define 

C F (x)=[ \\x-y\\ 2 - n F(y)dy. 

Show that C F belongs to Lfff c . 

( 3 ) Let ip be a function in C 2 (M. n ). Show that C v is twice differentiable. 

( 4 ) Let e > 0 be given and p £ C 2 (M. n ). Let x £ C 00 ^, [0, 1]) such that 


x(t) 


0 for t < 1, 

1 for t> 2. 


We set Ap = ^ I(p, e) = J \\y\\ 2 n x(\\y\\/e)(Ap)(y)dy. 


Show that 


l<j<n 3 


lim I{p,e) = Ca v (0) and ^<^(0) = a n p{0), 

e— >-0+ 


where a n is a constant depending only on n {hint: calculate A(0(||x||)) where 
9 is twice differentiable vanishing near 0) . 

( 5 ) Let F be as in question ( 2 ) . Show that for any function p, compactly sup- 
ported and twice differentiable 


C F {x){Ap){x)dx = 


F{x)p{x)dx. 


Answer, (l) We have 
finite iff 



p{ 2 — n) + n — 1 > —1, i.e. , 



r p( 2-n)+n-i dr which jg 


P < 



= Pn- 


(2) For a given x £ K n , the function y || a: — y\\ 2 n belongs to Lf oc for 1 < p < p n . 

As a result, with K = suppF (a compact set), the function 


y \\x-y\\ 2 n i K {y) — Gx(y) 


belongs to L p (W n ) for 1 < p < p n . If q' is the conjugate exponent of q > n/2, we 
have 1/q < 2/n and 

1 1 2 n — 2 , n 

— = 1 >1 = 1-e., q < 7:=Pn, 

q' q n n n— 2 

so that the function G x belongs to L q (K”). From Holder’s inequality, the product 
G X F belongs to L l and 


\C F {x)\ < \\F\\ Lq \\G x \\ Lq '. 
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But we have for L compact and x £ L, 

\\G x \\t'= [ \\y-xr'^dy= f W'V~ n Ut 

JK J-x+K 

< f < +oo, 

J-L+K 

since K — L = {a — b} a ^K,beL is compact and q'(2 — n) > —n (since q' < from 
above). 

(3) Indeed, with C v (x) = J \\y\\ 2 ~ n p(x - y)dy, defining < p jk = dx .g Xk (a C° 
function), we see that for a compact set M, 

sup \\yf~ n Wjk{x - y)\ < ||j/|| 2_ ”lM-supp V (2/)||^fe|U~ e L 1 , 

xeM 


since if x — y £ slippy , y = y — x + x £ M — supp</? which is compact. 
(4) Since p £ C 2 and thus A <p £ C®, we have 

lll/l| 2 _n x(lll/IIA)l(A^)(y)| < |M| 2 -"|(A ¥ >)(j,)| € L 1 . 


Moreover for y ^ 0, lim e _ >0+ x(|MI/e) = 1, Lebesgue’s dominated convergence 
theorem gives the first result. Moreover integrating by parts in the simple integrals 
in Xj (on C\ functions), we get 

E ( \\yf~ n x(\\y\\/z)Vjj(y)dy 

1 <3<n^ 

= E f (\\y\\ 2 ~ n x(\\y\\/e))p(y)dy. 

1 <j<n J ° y i 


We note that for x ^ 0, d Xj (||a;||) = £j/IMI since A 3 (|A|| 2 ) = 2a :j, so that for 6 
as in the statement of question (4) , 


AA(IAID) 


E 

l<j<n 


o 

dxj 



E *"(11*11) 

l<j<n 



0'(IMI) 



Xj Xj \ 

WM\)' 


Denoting r = ||x||, we get 

1 1 n — 1 

A(0(r)) = 9"(r) H — n0'(r) r 2 0\r ) = 9"(r) H d'(r). 

p p* p 

We may now calculate 

A(r 2_n x(r/e)) = (2 - n)(l - n)r _ ”x(r/e) 

+ 2(2 - n)r 1 - n X '(r/e)e- 1 + r 2 ~ n x'' (r, / e)e~ 2 

+ ^ [(2 - n)r 1 -" X (r/e) + r 2 " n x , (r/e)e" 1 ] 
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— x( r / e ) [(2 — ^)(1 — ri)r- " + (n — 1)(2 — n)r "] 
+ x'(r/e)[ 2(2 - + (n - l)** 1 "^" 1 ] 

+ X "(r/e)e- 2 r 2 ~ n 

= X , (r/e)e- 1 r 1 - n (3 - n) + X " (r/e)e~ 2 r 2 - n . 


We find 

e) = J V(y) X , (l|y||/e)e" 1 ||yH 1 “"(3 - n) + X "(\\y\\ /e)e _2 ||y|| 2 “ n 
= [ v(ey) 


dy 


= / <p(ey) 


X 


X 


)e- 1 e 1 -"||y|| 1 -"(3-n)+x ,, (||y||)e- 2 e 2 -"||y|| 2 -” e n dy 


l (3-n)+x /, (N|)N| 2 -” dy, 


and since the function between the brackets is C£°, we get 


p-\-oo 

Ca<p(0) = lim I(<p,e) = ^(0)|§ n_1 | / [xVX 3 - n)+x”(r)r]dr 
e_>U Jo 

= ^(0)|S n_1 | ^(3 - n) - x'(r)dr^j 

= ^( 0)|§"- 1 |(2 -»). 


(5) Thanks to Fubini’s theorem we have, with ip y (x) = ip(x + y), 
J C F (x)(Aip)(x)dx = JJ \\x - y\\ 2 ~ n F(y)(A(p)(x)dxdy 
= JJ \\x\\ 2 ~ n F(y)(Acp)(x + y)dxdy 


INI 2 "(A <p)(x + y)dx 
\\x\\ 2 - n (Atpy)(x)dx 


F{y)dy = 


Ill’ll n (A(p) y {x)dx 


F(y)dy 


F(y)dy = J C Avy (fi)F(y)dy 


= j a n ip v (0)F(y)dy = J a n ip(y)F(y)dy. 


We may note that with F of class C 2 , the above equality gives A{a n 1 C F ) = F 
and gives a solution to the equation 

Au = F 

for F € L% +s with S > 0 and F with compact support. 
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Exercise 6.6.7. Let n > 1 be an integer. For x G R", ||x|| stands for the Euclidean 
norm of x. For (t,x) elx R™, we define 


Eft, x) 


(47t t) S exp— ^jj- if t> 0, 
0 if t < 0. 


(1) Show that for all T eR, E belongs to L 1 {] — oo,T] x R ra ). 

(2) For t > 0, we define on R n the function eft) by e(t)( x) = E{t,x). Show that 
for all t > 0, eft) € E 1 (R"). 

(3) Let if be in For t > 0, we set uft) = eft) * if. Show that for all t > 0, 

uft ) G L 1 {M n ) and 

lim uft) = if in L 1 (R”). 


(4) 

(5) 


We assume in the sequel that if G C c (I n ). For t > 0 and x G R”, we set 
Uft,x ) = u(t)(x). Show that U G C 00 ^^ xl"). 


Show that for t > 0, x G 


dU , , v- d 2 U 

\ we have— {t, x) = ^ -gfj 

l<j<n 0 


(t,x). 


Answer. (1) The function E is positive measurable. For T > 0, we have 



exp — 



dxdt, = 



dt = T. 


(2) For t > 0, the same calculation proves f Rn E(t,x)dx = 1. 

(3) The function uft) belongs to L 1 as a convolution of L 1 functions. We have for 
t > 0, 

u(t)(x) = f if(x — y){4irt)~ n / 2 exp— dy = f iffx + z(47rt) 1 ^ 2 )e _7r ^^ dz. 

J R» At J R n 

Let ifk be a sequence of continuous functions with compact support converging 
towards if in L 1 and let us set e = (47 rf) 1 / 2 . We have 


uft) -if = eft) * if - if = eft) *{if- if k ) - {if - ifk) + eft ) *ifk-tfk 


and thus for a parameter M > 0, 


\\u{t)-if\\m <2\\if~ifk\\m+ [[ \ifk{x + ez)-if k {x)\e 7r||z|1 dzdx 

J jRJx{||z||<M> 


!x{||z||>M} 


\ifk{x + ez) — ifk{x)\e dzdx. 


Lebesgue’s dominated convergence theorem applied to the first integral for e — > 0+ 
(pointwise convergence towards 0 follows from the continuity of ifk , domination is 
due to the uniform compact support for 0 < e < 1) provides 


\im sup \\u ft) - if \\ L i <2\\if - if k \\m + I e dz2\\if k \\ L i. 

t— ► o+ J{\\z\\ >M} 
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As a result, taking the limit when k goes to +oo, we get 

limsup ||u(f) — V’IIl 1 < [ e - 7r ll 2 ll rf22||'i/l|| i i 

for all M > 0, implying the sought result. 

(4) We write for t > 0, x £ R", 

U(t,x) = f i/>(y)(4:TTt)~ n/2 exp — ^' 7 dy 

jR n 


and defining F(t, x, y) = ip(y)(Ant) n ! 2 exp — , we see that 

(i) f R n \F(t,x,y)\dy < +oo, 

(ii) (t, x) H> F(t,x,y) is C°° on R+ x R", 

(iii) for all compact K c R+ x R n ,J r sup( t x ) £if \d^d^F(t, x, y)\dy < +oo. 

The last point follows from the following identity (easily proven by induction on 
k + |a|): 

df d^F{t, x, y) = tp(y)Qka(t~ 1/2 ,x - y) exp- ^ ^ 

where Qk a is a polynomial. The function U is thus C°° on R+ x R". 

(5) We calculate then directly on R+ x R n , 


= Jr " /2 exp- 


-n/2 _ \\x~yf 


4 t 


n \\x-yf 


and 


dU 

dxj 


, if;(y)(4:7Tt) n/2 exp 


-n /2pvn _ \\x-y\\ 


2 1 4 t 2 

2 r {Xj - Vi) 


dy 


At 


2 1 


dy, 


which gives 
d 2 U 


dx 2 


J 4>{y){ATrt) n/2 exp — 


(xj ~ Vj) 2 _ j_ 
4t 2 2 1 


dy 


and then 


d 2 U f /o lla: — y\\ 2 

£ <n af = L exp — . 


\ x — y\\ 2 n 


At 2 2 1 


dy = 


dU 

~9t' 


Exercise 6.6.8. Let (X,Ai,y) be a measure space where y is a positive measure. 
Let p £ [l,+oo),q £ [1, Too] . We define the Lorentz space L p ’ q (X) as the set of 
measurable functions f : X — > C such that 

(Mix £ X, \f(x)\ > t})) 1/P £ L% R + , j). 
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We define the following quantities on L p ’ q (X): 

for p,q € [1, +oo), ||/||lp,<j(.y) = ^ £ X,|/(a;)| > t}))” yj, (6.6.1) 

forpe [l,+oo),g = +oo, ||/||^p,oo (Y) = sup t p p({x £ X, |/(at)| > t}), (6.6.2) 
for p = q = +oo, ||/||l~.~(x) = |l/IU~(xp (6.6.3) 

(1) Show that L P ’ P (X) = L P (X) and L P '°°(X) = L P W (X) ( see Definition 6.3.1). 

(2) Prove that L p ' q (X) is a vector space and that ||/||lp,9(x) is a quasi-norm on 
this vector space. 

N.B. A very complete and accessible description of L p,q spaces is given in the 
survey article [34] by the American mathematician R. Hunt (1937-2009). 

Answer. (1) The second assertion follows immediately from the very definition of 
L^X). The first assertion is obvious by definition for p = oo. If p £ [1, +oo), we 
have for / £ L P (X), 

\\f\\% {X) = [ \f(*)\ P dp= [ (f pt^HdfWl-VdAdp, 

J X J X \ J R-|- / 

and by Tonelli’s theorem, 

f+°° rjf 

II/IIlp ( x) =P J q t P p({x e X,\f{x)\ > t})j =p\\f\\ p LP , P ( X y 

(2) The answer is obvious for p = q = oo, and is already known for q = oo. We 
may thus assume that p,q £ [1, +oo). Let us prove that || • \\lp<i(x) is a quasi-norm: 
if ||/||lp,«(x) = 0, then for all t > 0, p({x £ X, \f(x)\ > f}) = 0 so that 

{x £ X , f(x) ± 0} = U„ eN .{a: £ X , \f(x)\ > 1/n} 

has measure 0 and thus / = 0 a.e. Moreover || • || lp’Q(x) is positively homogeneous 
with degree 1, and L p,q (X) is stable by multiplication by a complex number since 
with z £ C*, 

t q [p{{x G X,\zf(x)\ > t})) 9/Pd j = \z\ q s q (p({x G X, \f(x)\ > s»y /P y. 

Let f,g be in L p ’ q (X). Let 0 G (0, 1). Since for t > 0, |/| < (1 — 9)t and l^l < Ot 
imply \f + g\ < t, we have 

{1/ +g\>t} C {\f\ > t{ 1 - <?)} U {| 5 | > tO}, 


so that 


t p h({\f + g\ > 0 ) < t p n{{ I/I > t( 1 - 0)}) + t p p({\g\ > to}) 
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and thus 

(t p n{{\f + g\> *})) /P < (t p v{{\f\ > t( 1 - 0 )}) + t p g({\ g \ > te })) /P 
< turn >t{i-e)}f/ p + turn >te}Y/ p 

where the last inequality follows from the sharp elementary 3 
Vo,6>0,Vp>l, {a p + bP) 1/p < a + b. 

We obtain 

[t p n{{\f + g\ > i})) VP < tn ({ |/| > t{ 1 - 9)})V* + t M ({ |/| > td}) 1 /*’ 
and the triangle inequality in L 9 and the homogeneity give 

11/ + 9\\lp’1(x) S (1 — 1 ||/||lp-«(x) + # 1 ||0||lp.«(x)- 

We may assume that both ||/||lp,«(x)> ||fl'||z,p.«(x) are positive (otherwise / or g are 
0 a.e.) and choosing 9 = ||t/|| 1 / 2 /(||/|| 1 / 2 + H^H 1 / 2 ), we get 

11/ + g\\LP’i(x) < (Il/Il^ m + WgllL^a^x)) - 2(||/||lp-«(x) + IIsIIlp^^y)) , 
proving the result. 

Exercise 6.6.9. Let (X,ftA,n) be a measure space where g is a positive measure. 
Let f : X — > C be a measurable function. We define the distribution function 
/* : [0, +oo] — ► [0, +oo] of f and the decreasing rearrangement function f* : 
[0, +oo] — > [0, +oo] by 

f*(t ) = g,({x e X, \f(x)\ > t}), (6.6.4) 

f*(s) = inf{t > 0,/»(t) < s}, (6.6.5) 

with the usual convention inf0 = +oo. 

(1) Prove that /* and f* are decreasing. 

(2) Prove that /* is right- continuous. 

(3) Prove that for all t> 0, f*(f*{t)) < t and that for all s > 0, f*(f*(s)) < s. 

(4) Prove that f* is right- continuous. 

(5) Prove that f and f* have the same distribution function ( with R+ equipped 
with the Lebesgue measure). 

3 For p > 1, the function [0, 1] 3 r i — > t p + (1 — t) p = 7 (r) is convex as a sum of convex functions 
and thus for a, b > 0 , 

t p + (1 — t) p = 7 (rl + (1 — r) 0 ) < T 7 (l) + (1 — r) 7 ( 0 ) = 1 =>■ ( a p + b p ) < (a + b) p . 

This inequality is shown to be sharp by taking 6 = 0. 
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Answer, (l) Note that 

/*(+oo) = 0, /*(0) = n({x,f(x) ^ 0}), 

/* (+oo) = 0, r (0) = inf {t > 0 ,/*(*) = 0}. 

Let t\ < t 2 in K+: then 

{x G X, |/(x)| > t 2 } C {x G X, \f(x)\ > h}, 

implying readily that /* is decreasing. Let si < s 2 in R + : then 

(/.) _1 ([0, «r]) C (/*) _1 ([0, S 2 ]) => f*(s 2 ) < f*( Sl ). 

(2) Let (e*;) be a sequence of positive numbers decreasing towards 0. We have 

(l/l > 0 = UfcgN{|/| > t + Cfc}, 

so that by Proposition 1.4. 4(2) (or Beppo Levi’s theorem), we get hup, /*(£ + £&) = 
/*(/)■ 

(3) Let t G R+. If s = /*(f), we have f*(s) < t (otherwise t < f*(s) and from 
( 6 . 6 . 5 ) we find /*(f) > s = f*(t) which is impossible): we have proven /*(/*(£))< t. 
Let s G R+. We have /*(+oo) = 0 , and thus if f*(s) = + 00 , /*(/*(«)) = 0 < s. 
We may thus assume f*(s) < + 00 . Let (tk) be a decreasing secjuence converging 
towards f*(s) with /*(tfe) < s. By the already proven right-continuity of /*, we 
have 

lim/»(tfe) = f*(f*(s)) => < s. 

k 

(4) Let s G R+ and (e*,) be a positive sequence decreasing to 0. We already know 
that f*(s + tk) < /*(s) and let us assume that there exists t, such that 

V*G N, f*(s + e k ) <t< 

This implies + e k )) < f*(t) < /*(/*(s)) < s, and thus t > f*(s) which 

contradicts the assumption. 

(5) We start with a lemma. 

Lemma 6.6.10. Let g : [0, + 00 ] — > [0, + 00 ] be a decreasing function. Then, 

g*(t) = sup{s G R+,5(s) > t}. 

Proof. Let s be such that g(s) > t. Then, since g is decreasing, g([0, s]) C (t, + 00 ], 
so that s < g*(t) and thus sup{s G R + ,g(s) > t} < g*{t). Conversely, let s^ = 
sup{s G R+,g(s) > t}. If s > s oo, we have g(s) < t, so that 

(soc+oo] C (s,g(s) < t} => (s,flf(s) > t} C [0,Soo] => g*{t) < s^,, 


concluding the proof of the lemma. 


□ 
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We can apply this lemma to the decreasing function /* to get 
( ) = sup{s <E R+, f*(s) > t}. 

We have 

(t) m > (rut), 

otherwise, we would have /*(£) < ( /*)*(£ ) and thus we could find s such that 
/*(£) < s with f*(s) > t, which would give f*(s) < /*(/*(£)) < t, contradicting 
f*(s) > t. Conversely, we note that 

/■ + 00 

(. rut)= H(r(s)-t)ds 

Jo 

and since /*(/*(£)) < £, we get the first inequality 

(t) (n*(t) < J o + °° H(f*(s) - f*(f*(t)))ds < H(f*(t) - s)ds = /*(£), 

where the second inequality follows from the inclusion 

{s,f*(s) > /*(/*(£))} C {s,s < /*(£)}, 

due to the implication s > /*(£) => f*(s) < /*(/*(£))• The inequalities (f),(|) 
give the answer. 

Exercise 6.6.11. Let t>e a measure space where p is a positive measure 

and let 

1 < pi < p < P2 < +oo. 

Prove that L p (p) C L pl (p.) + L P2 (/x). 

Answer. We may of course assume that pi < p < P 2 . We note then that, for 
u e L p (n), 


p({x e X, |u(a;)| > 1}) = [ dp< f \u(x)\ p dn < |M|£ P( } < +oo. 

We have u = m1{| u i>i} + U l{|u|<i} and €= L°°(/x). We have also with 

Q = p/pi > 1, 1/Y = 1 - Pi/P, 
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so that we have proven that «l{i u i>i} £ L Pl {p). If p2 = +oo, we use ul{|u|<i} £ 
L°°(/i) to conclude. If P2 < +oo, we estimate 

[ \ul{\u\<i } r dp = [ \ul {M < 1 } \ P 2 ~ p \u\ p dp < ( \u\ p dp = \\u\\ p LP{ii) < +00. 

J X j X J X 

Finally we have proven more precisely that for u £ L p (p), 
u = ul { |»|>i} + ul { |t t |<i} , ||wi||lpi ( m) < ||w 2 ||lp 2( m ) < (6.6.6) 

Ui U2 



Chapter 7 

Complex Measures 


T.l Complex measures 

Definition 7.1.1. Let (X,A4) be a measurable space (see Definition 1.1.1). A com- 
plex measure on {X,M) is a mapping ^ : M — > C such that /x(0) = 0 and for any 
sequence (A k )k£n of pairwise disjoint elements of AA, 

M(UfceN^fc) = ^ M+fc), (7.1.1) 

fee N 

i.e. , the series Efc<= N^(^-fc) converges in C with limit fj,(Uk^nAk)- A real measure 
is a complex measure valued in R. 

N.B. Reading Definition 1.1.1 of a positive measure, we realize the unpleasant 
fact that a positive measure is not always a complex measure, since for a positive 
measure the convergence of the series with positive terms Y k ^ always 
holds in R + , but not necessarily in R: in the first place, some n(A k ) could be 
+oo and even if every /a(A k ) is non-negative finite, it could happen that the series 
EfcGNM^fc) = +00. 

We note also that the set of complex measures on (X,M) is a C- vector- 
space. We could have defined easily a vector- valued measure: with (X,M) being a 
measurable space and B being a Banach space, Definition 7.1.1 gives a meaning to 
a B-valued measure. In particular when B is finite dimensional, the notion of an 
R^-valued measure follows easily from the notion of a real- valued measure. When 
B is infinite dimensional, integration theory presents specific difficulties which are 
beyond the scope of this book. 

Remark 7.1.2. Definition 7.1.1 implies the so-called commutative convergence of 
the series Yken M-^fc)> which is equivalent to its absolute convergence (see Exercise 
7.7.1). So it is a consequence of the definition of a complex measure, that for 
(A k )keN pairwise disjoint sets in M, Yke n IM^fc)l < +°°- 
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The following definition provides a good set of examples of complex measures. 

Definition 7.1.3. Let (X,M,n) be a measure space where /.t is a positive measure 
and let h G L 1 (/i). The complex measure v defined on M. by v(E) = J E hd/i 
is called the measure with density h with respect to /i and we use the notation 
dv = hd[i. For / G L l (y ), we have fh G and 


fdv = / fhdfi. 


lx 


ix 


Remark 7.1.4. We have seen in Proposition 1.6.5 that in a measure space (X,A4,/j,) 
where /r is a positive measure, given a measurable function h : X — > R + , we may 
define a new positive measure v on (X,A i) by 


v{E) 



and for / : X — > R + measurable 




/ • hd^i. 


Of course when h belongs to L 1 (^.), we can write 


h = (Reh) + — (R eh)- + i(Im/i)+ — i(Im/i)_, 


and we may define the complex measure 


dv = hdjjL , v(E) 



The measure v is the complex linear combination of the finite positive measures 


dv = (Re h) + dfi — (Re h)-dfi + *(Im h)+dfi — i(Im h)-dfi. 

There are various extensions of this notion when h does not belong to L l {n), for 
instance if h = h+ — h-,h± > 0 measurable and h- G T 1 (/r): in that case the 
positive measures h±djjL, well defined by Proposition 1.6.5, are such that h-d^i is 
bounded so that h + dfj, — h-dfi makes sense and is a measure. 

Remark 7.1.5. More generally, on a measure space (X,A4) we may consider /ti, fi 2 
two positive measures such that 

{EeM,^(E)= ^{E) = +oo}=V>, (7.1.2) 


so that we may define the signed measure 

H : M — » R, n(E) = Hi(E) — ^{E). 

We have of course /x(0) = 0 and if (Ak)ken is a pairwise disjoint sequence of M, 
we have 

m(Un^U) = ^ 

N 
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To verify that the sum above converges in R and that equality holds, we note that 
with A = UnA/c, either H\(A) < +oo or 112(A) < +00. Let us assume that the 
latter holds: then we have 

/ii (A) = ^ fii(Ak), convergence in R + , 

N 

P2 (Ak), convergence in R + , 

N 


so that i-ii(A) — 112(A) makes sense, belongs to (—00, +00], and is equal to +00 if 
/ii(.A) = +00 = fii(A) — H2 (A) = J 2 fq^(Ak), with convergence 1 in (—00, +00]. If 
/ii (A) < +00, the cr-additivity property is obvious. Of course if [12(A) = +00 so 
that fii(A) < +00, the discussion is similar, leading to convergence in [—00, +00). 
In both cases, convergence and equality hold in R. 


7.2 Total variation of a complex measure 

Definition 7.2.1. Let (X, Ai) be a measurable space and let A be a complex measure 
on (X,A 4 ) (Definition 7.1.1). The total variation measure of A, denoted by |A|, is 
defined on M as 


\M( E ) = sup E|A(£ fe )l- (7.2.1) 

(-Efc)fceN pairwise disjoint 
with union E , 

E k eM 

The name total variation measure is justified by the following results proving 
that | A| is actually a positive measure on M. 

Remark 7.2.2. We may use the word partition of E for the (Ej-)ken although 
according to our definition, a partition (X,:)ie/ of a set X is a pairwise disjoint 
family of subsets of X, with union X and also such that no Xi is empty. Adding 
empty sets in the family does not change the sum in (7.2.1). 

Proposition 7.2.3. Let (X,Ai) be a measurable space and let X be a complex mea- 
sure on (X,A 4 ). The total variation measure of X is a positive measure on (X, M.) 
with a finite total variation, i.e., such that |A|(X) < +00. 


1 Let. fa/,) be a sequence in R_|_ such that , a/, = +00 and let ( 6 *.) be a sequence in M_|_ such 
that N &/, < +00. Then linin^-i-oo J2o <k<n( a k ~t>k) = +00: in the first place for each k, a^ — bk 
makes sense in (—00, +00] and 

E (“fc - 6fc) > E a k E K 

0 <k<n \<k<n N 



n — > + 00 


+OO, 


qed. 
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Proof. We have obviously |A|(0) = 0. Let A € M and let (A n )„ £ N be a partition 
of A. Let us consider (Fk)ken a partition of A: we have 


E w*»i = EE A(A„nF fe )| 


fceN 


fceN neN 


nSN fceN 


net 


implying 

|A|(A)<^|A|(A„). 

™eN 

Since Formula (7.2.1) is obviously increasing 2 with E, we may assume that for all 
n £ N, |A|(A„) < +oo. This implies that for all n, all e > 0, there exists (£ , n ,fc,e)fce N 
partition of A n such that 


|A|(A„) - e2 - ™ -1 < Y \HK,k,e)\ < I A | (A n ). 
fceN 


Since we have X^n.fceN \M E n,k,e)\ < |A|(A) we obtain 


Ve > 0, -e + Y, l A l(^n) - l A l(^) ==> Y, l A l^") - l A l(^)> 

n n 

proving that |A| is indeed a positive measure on (X, M). 

Let us now prove that |A| is bounded. 

Lemma 7.2.4. Let X 0 £ M such that |A|(X 0 ) = +oo. Then there exists X\, Y\ £ 
A4 such that 


X 0 =X 1 UY 1 , X 1 nY 1 = 0, |A(yi)|>l, |A|(X 1 ) = +oo. 


Proof of the lemma. From the assumption on Xq, for any e > 0, we may find a 
partition (A^)*^ of Xq such that 


Y | A(A fe e )| > =>■ 3N, such that Y l A (^fc,<OI > , 

e z — ' e 

ke N 0<k<N 

and according to Exercise 7.7.2, we find J C {0, . . . , N} such that 


|A(U kejAk,e)\ = 


Y 


fceJ 


> 


2 Let E C F in A4 and (Ek)keN be a partition of E: we have 

Y < i A ( F n EC )\ + Y i A (^)i ^ i a k f )- 

ke N ke N 


(7.2.2) 
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and this implies 


l^(UfeeN\j^fc,e)| = |A(X) — A(Ufc e jA fei£ )| > - — |A(X)| > — , 

provided e is chosen ab initio such that 2e|A(X)| < 1. Moreover, since |A| is a 
positive measure and Xq is the disjoint union of (U^gj ^\jAk <e ), (U k£jAk, e ), at least 
one of these sets has infinite |A| measure and we have proven above that both 
have A measure with absolute value > 1, providing we choose e = 2 + 2 |A(x)| ' This 
completes the proof of the lemma. □ 

Now let us show that |A|(X) = +oo leads to a contradiction. Using the 
previous lemma, we set Xq = X and we find X \ , Y t disjoint subsets of Xq such 
that |A|(Xi) = +oo and |A(Yi)| > 1. We may thus apply the lennna again and 
find X 2 ,Y 2 disjoint subsets of X\ such that |A|(X 2 ) = +oo and | A(l^)| > 1. Let 
us assume that we have found {X\, Yi), . . . , ( X n , Y n ), with 

Xj n Yj = 0, Xj U Yj = Xj-u |A|(Xj) = + 00 , |A(Y*)I > 1, 3 > 1- 

we may apply the lemma and find X n+ i, Y n+ 1 disjoint subsets of X n = X n+ iUy„+i 
such that |A|(X n+ i) = +oo and |A(U n+ i)| > 1. As a result, we have constructed a 
sequence (Y n ) n > i of elements of M., such that |A(U„)| > 1 and for n,m > 1, 

Y n n Y n j rra c Y n n c Y n n x n = 0, 

so that the (F n )„> i are pairwise disjoint elements of M such that |A(F„)| > 1. 
This is incompatible with the convergence of the series Yl n >i -M ^n)- The proof of 
the proposition is complete. □ 

Definition 7.2.5 (Jordan decomposition of a real measure). Let (X,A4) be a mea- 
sure space and let A be a real measure. We define 

•^+ = 9(l^l + ^)> = 2 (1^1 ~ • (7.2.3) 

The positive measures A± are both bounded and satisfy 

|A|=A++A_, A = A+ — A_. (7.2.4) 

7.3 Absolute continuity, mutually singular measures 

Definition 7.3.1. Let (X, Ai) be a measurable space, let /i be a positive measure 
on (X,M) and let A be a complex or a positive measure on (X,M). We shall say 
that A is absolutely continuous with respect to /a, and use the notation A <C /+ 
whenever 


for EeM, n{E) = 0 ==+ X(E) = 0. 


(7.3.1) 
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Lemma 7.3.2. Let (X, AI) be a measurable space, let X be a complex or a positive 
measure on (X, Ai) and let C £ Ai. The following properties are equivalent: 

(i) for all E G Ai , A (E) = A (E n C ) . 

(ii) for all E £ M, E C C c => A (E) = 0. 

Such a set C will be called a carrier of X. 

Proof. Obviously (i) implies (ii) since A(0) = 0. Conversely, if (ii) holds, and 
EeM, we have A (E) = X(E nC) + A (E 0 C c ) = X(E n C). □ 

=o 

Definition 7.3.3. Let (X, AI) be a measurable space, and let Ai , A 2 be two measures 
on AI. These two measures will be said to be mutually singular whenever they are 
carried by disjoint sets: there exist A\,A 2 £ AI, Ai fl A 2 = 0 such that Aj is a 
carrier of A j,j = 1, 2. We shall then use the notation Ai _L A 2 . 

Proposition 7.3.4. Let (X, AI) be a measurable space, and let p,X,X\,X 2 be mea- 
sures on Ai with p a positive measure. Then we have 


Ai .1 p and X 2 T p = 

=> Ai + A 2 -L p, 

(7.3.2) 

Ai <C p and X 2 <C p = 

=> Ai + A 2 <C p, 

(7.3.3) 

Ai <C p and X 2 T p = 

=> Ai 1 A 2 , 

(7.3.4) 

X <C p and X A. p = 

d 

II 

-c 

11 

(7.3.5) 


Proof. If A j T p, j = 1, 2, then there exist A\, A 2 , A G Ai such that Aj is a carrier 
for A j, B\,B 2 are carriers for p and Aj fl Bj = 0, j = 1, 2. Then Bi fl B 2 is also a 
carrier for p (obvious from (i) in Lemma 7.3.2) and Ai UA 2 is a carrier for Ai + A 2 
since \/E G Ai , 

(Ai + A 2 )(E) = (Ai + A 2 )(E n (Ai U A 2 )) + (Ai + A 2 )(E n A\ n A c 2 ) 

= (Ai + X 2 )(E D (Ai U A 2 )), 

since A j(E fl A\ fl A 2 ) = 0. Since we have (A\ U A 2 ) D (B\ fl B 2 ) = 0, this gives 
the sought result. 

Let us assume now Ai <C p and A 2 p and let E £ Ai such that p(E) = 0. 
Then we have A j(E) = 0 and the result. 

If Ai <C p and X 2 L p, we find A 2 , B £ Ai such that A 2 fl B = 0, p carried 
by B and X 2 carried by A 2 . We have thus for I? G AI, 

Xi(E) = Xi(E n A 2 ) + Xi(EC\ A 2 ) = Ai (EnA%), 

CA 2 (ZB c 

since E n A 2 c B c => p(E fl A 2 ) = 0 => Ai (E n A 2 ) = 0. As a result Ai is 
carried by A 2 which is disjoint from A 2 , a carrier of A 2 , entailing Ai J_ A 2 . 

We assume now A <C p and A T p. Let A, B be disjoint in AI respective 
carriers for A , p. For E £ Ai, we have A (E) = X (E fl A) and since p(E fl A) = 
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p{E C\ An B) = /x(0) = 0, the assumption A <C p implies \{E (~1 A) = 0 and thus 
A (E) = 0. The proof of the proposition is complete. □ 

Lemma 7.3.5. Let (X,Ai ,p) be a measure space where p is a positive measure. 
Then p is a -finite if and only if there exists w € >C 1 (/x) such that for all x € X , 
0 < w(x) < 1. 

Proof. A simple modification of Exercise 3.7.9: if p is u-hnite, take w = // 3 
where / is given by (3.7.4) on page 161. The same exercise provides a stronger 
converse. □ 


7.4 Radon-Nikodym theorem 


Theorem 7.4.1 (Radon-Nikodym Theorem). Let (X,A4) be a measurable space, 
let p be a positive a-finite measure on (X,A4) and let X be a complex measure on 
(X,M). 

(1) There exists a unique couple (A a ,A s ) of complex measures on (X, M.) such 
that 

A — A a T A s , A a p , As T p. 


( 2 ) 


There exists a unique element h £ L l (p) such that d\ a 
E&M, 

A a(E) = [ hdp. 

Je 


hdp, i.e., for all 


The couple of measures (A a ,A s ) is called the Lebesgue decomposition of X with 
respect to p and h is called the Radon-Nikodym derivative of X with respect to p. 


Proof. We shall follow the proof given by John von Neumann ([66]). Let us prove 
the uniqueness properties: if for X a j,X s j,j = 1,2, complex measures, we have 


A — X, h] T X s p, Ab A sj T p, 

then, from (7.3.3), A a q — X a ,2 “C p and since A a p — A 0j 2 = A s ,i — A s ,2 T p (from 
(7.3.2)), property (7.3.5) implies A a p — A a ,2 = 0 and thus A Sj i = A s , 2 - Moreover, 
if dX a = hjdp, hj € L 1 (p), j = 1, 2, we obtain for all E G A4, 



h 2 )dp = 0, 


which implies hi = h 2 from Exercise 1.9.27. We shall now prove the existence part, 
which is the most interesting part of this theorem. 

Let us assume first that X is a bounded positive measure. Let w be a function given 
by Lemma 7.3.5 and let us define the bounded positive measure <j> by 


d(f> = dX + wdp. 
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For E £ M. and / = 1 E , we have 

f f<U= f fd\+ [ wfdfi. (7.4.1) 

J x Jx Jx 

As a result, this equality holds as well for simple functions (see Definition 1.3.2), 
and thus for a non-negative measurable function, we apply Beppo Levi’s theorem 
1.6.1 and Theorem 1.3.3 (to the three positive measures d<j),dX,wdg). For / £ 
L 2 (</>), we have 

[ fdX < f \f\dX < [ \f\d<f><\\f\\ Law <KX)i 
Jx Jx Jx 

<\\f\\ L 2 W (x(x) + \\w\\^ ) y. 

Consequently, the mapping L 2 (</>) 9 / H > J x fdX is a continuous linear form on 
L 2 (</>): by the classical Riesz representation theorem of continuous linear forms in 
a Hilbert space, we know that there exists a unique g £ L 2 ((f>) such that 

V/£i 2 W, f fdX=(f,g) L , w . (7.4.2) 

Jx 

Let E £ M such that <j){E) > 0; for f = 1 E in (7.4.2), we find 

H E ) = [ gd(j>, 

J E 

and since X(E) is real this implies in particular that J E lmgd(j) = 0, for all E £ 
A4, so that g is real- valued </>-almost everywhere. Moreover, from the inequality 
X(E) < 4>(E), we infer that for all E £ M. such that <fi(E) > 0, 

and from Exercise 1.9.30 and g £ L 2 ((j)) C L 1 (0) (due to </> bounded measure), this 
implies that g(x) £ [0,1], </>-almost everywhere, i.e., on N c where TV £ A4 with 
(j)(N) = 0. We may replace g in (7.4.2) by g = gljv<= and find that Vcc £ X, g{x) £ 
[0, 1], so that we may rewrite (7.4.2) as 

V/ £ L 2 ((j)), f fdX = [ fgd(j)= [ fgdX+ [ fgwdg, 

Jx Jx Jx Jx 

i.e., [ f{l-g)dX= [ fgwdg. (7.4.3) 

Jx Jx 

Let us now define the positive measures A 0 , A s on (A, M) by 

A = {a: £ X, 0 < g(x) < 1}, B = {x £ A, 0 < g(x) = 1} (note A,Be M), (7.4.4) 
for E £ A4, X a (E) = X{A(1E), X S (E) = X{B n E). (7.4.5) 



7.4. Radon-Nikodym theorem 


325 


Taking / = 1^ in (7.4.3), we obtain J B wdp = 0, and since w(x) > 0 for all x, 
this implies 1 bw = 0, p-a.e. and thus p(B) = 0, so that 

A s J_ n, ( B is a carrier of A s ). 

In (7.4.3), we may as well take / = (1 + </ + ••• + c/ n )1e for E £ M since g is 
bounded and the measure <j> is bounded, entailing 

f {l-g N+1 )dX = f(l-g N+1 )dX = [ g(l+g-\ h g N )wdp. 

Jeha Je Je 

For x € A, the sequence (1 — g N+1 (x )) converges monotonically to 1, so that, 
thanks to Beppo Levi’s theorem, the lhs converges to A (E (~l A) = A a (E). The 
sequence (<?(;r)(l +g(x) H — • + g N (%))) converges increasingly towards a non- 

negative measurable function h(x), so that 

ME e M, A a (E) = f hdg. 

J E 

Since A 0 (X) < +oo, we get as well that h £ L l (g) and A 0 <C /x, which concludes 
the proof for a A bounded positive measure. 

Let us assume now that A is a complex measure on Then, according to 

the decomposition into real and imaginary parts and to the Jordan decomposition 
(Definition 7.2.5), we have 

A = Re A + *Im A = (Re A)+ — (Re A)_ + i(Im A)+ — i(Im A)_ 

where (Re A)±, (Im A)± are bounded positive measures to which we may apply the 
previous result. This completes the proof of Theorem 7.4.1. □ 


Remark 7.4.2. If A is a positive u-finite measure (as well as /x), then using Lemma 
7.3.5 we can find a measurable function v valued in (0, 1) such that vdX is a 
bounded positive measure. We can use the Lebesgue decomposition of vdX, so 
that for / non-negative measurable, 


fvdX = / fhdp, + 


v a < Ab 0 < h € v s T g. 


This implies J x fdX = f x fv 1 hdfi + f x fv 1 dv 3 , and 


dX = v 1 hdp, + v 1 du s , X(E) = / v 1 hdg+ / v 1 du s , n{C) = 0. 

Je JehC 

The positive measure v~ 1 hdfi is absolutely continuous with respect to /x, thanks 
to (3) in Proposition 1.5.4 which implies as well that v^ 1 du s and dg are mutually 
singular. This means that the first part of the Radon-Nikodym Theorem holds 
for A a positive a - finite measure (and of course p positive er- finite), although the 
second part may not hold since the function v~ l h need not be in L 1 (p): however, 
due to the explicit construction used in Lemma 7.3.5, we see that v~ 1 hlx n will 
belong to L 1 (p) if U n£ NX n = X, X(X n ) < +oo. 
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Lemma 7.4.3 (Hahn decomposition). Let (X, M.) be a measure space and let X be 
a real measure. There exists a partition {A + ,A_} of X with A± € A4 such that 

ME e M, X±(E) =±\(A±nE). 

Proof. See Exercise 7.7.9. □ 

Theorem 7.4.4. Let (X, Ai) be a measure space. The mapping A |A|(X) is a 
norm on the vector space ^K{X, M.) of complex measures on (X,Xi). Using the 
notation ||A|| = |A|(X), |||A||| = sup^g^ |A(£’)|, these formulas are defining norms 
on J%(X,M) which are equivalent and make ^(X,A4) a Banach space. 

Proof. Note first that (X, Xi ) is obviously a complex vector space and Defini- 
tion 7.2.1 implies that || • || is valued in R + , homogeneous with degree 1, separated, 
and satisfies the triangle inequality. The quantity |||A||| = sup^g^ |A(E)| is such 
that 

ll|A||| < sup |A| (E) < ||A|| < +oo. 
egm 

Thus HI • HI is a norm on ^(X, A4) (we have proven finiteness, which was the 
only non-obvious property). Moreover, if A is a real measure, we have from the 
Jordan-Hahn decomposition (Definition 7.2.5, Lemma 7.4.3), 

\X\(X) = X + (X) + A_(X) = A (A + ) - A(H_) < 2|||A|||. 

If A is a complex measure, we have A = Re A + * Im A and thus 

l|A|| < || Re A|| + || Im A|| < 2||| Re A||| + 2||| Im A||| = |||A + A||| + |||A - A||| < 4|||A|||, 

where the definition of A is simply A (E) = X(E), which makes A a complex measure 
with the same norm as A (true for || • ||, |j| • |||). 

Let us now consider a Cauchy sequence (/z„) nS N in ^(X, M). For each 
E G A4, the sequence of complex numbers (ix n (E)) ne ^ is a Cauchy sequence and 
we may define 

p.(E) = lim p, n {E). (7.4.6) 

n 

We have thus obviously /z(0) = 0 and finite additivity. Let (H*,)*,^ be a pairwise 
disjoint sequence of elements of M. We note first that 

\p(E) — p, n {E)\ = lim \p, m {E) — p. n (E)\ < limsup|||/x m — ^ n ||| = e n — ^ 0. 

m m n— »-+oo 

Using the finite additivity property of /i we have 

MUfceN^fc) = ^2 P(Ak) + u(X)k>NAk). 

0<k<N 
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We have also for n,N £ N, 

|M(Ufc£N^4fe) — ^2 MA)| = |/Lt(Ufe> AT^4fc) | 

0<fc<iV 

< |Ai(Ufe>jv^4fc) — p n {^k>NA k )\ + |Ain(Ufc>Ar^4fc)| < e ra + ^ \p n (A k )\, 

k>N 


so that for all n £ N, limsup^^^ \p{U kGJ qA k ) - J2o<k<N M(A) I < e™, and since 
lim„ e n = 0, this implies 


lim |/x(U fceN ^fe) - 

N — >+oo 


X! M(^fc)l=0, 

0<k<N 


proving the convergence of the series Yhk>o P^k) towards p(Li k £?fA k ), which is 
the sought cr-additivity. The proof of Theorem 7.4.4 is complete. □ 


7.5 The dual of L P (X , A 1, At), 1 < p < +oo 

Let (X,A4, p) be a measure space where /i is a positive measure. We consider the 
Banach spaces L p (p) (see Theorem 3.2.8) and we want to determine their dual 
spaces whenever 1 < p < +oo and the measure p is <r- finite. For 1 < p < +oo, we 
shall denote by p' the conjugate index such that 

i + i-i 

V P 

(p' = p/(p — 1) if 1 < p < +oo and p' = +oo if p = 1). 

Main result 

Theorem 7.5.1. Let (X,Xi,p) be a measured space where p is a a-finite positive 
measure and let 1 < p < +oo. Let f £ (L p (p))*, the topological dual of L p (p). 
Then there exists a unique g £ L p (p) such that 

V/ G L p {p), (£,/)= f fgdp, ||£||( tP ( M )). = \\g\\ LP ’ W , 

J X 

so that, for 1 < p < +oo, ( L p (p ))* = L p ( p ). 

N.B. We may consider the sesquilinear mapping 

$ : L p (p) x L p \p) — > C 

if, 9 ) ^ f x fddp- 

which is well defined, thanks to Holder’s inequality (Theorem 3.1.6), and satisfy 

!$(/,<?)! <||/MML P '- 
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Let us check that the mapping IP (p) 9 j 4 G (L p (p))* given by $ g (f) = 
$(/, g) is isometric, i.e., 


II^sII(lp)* 


sup 

ll/ll r.p=i 



llflllip'- 


(7.5.1) 


In fact the inequality || c E > 9 ||(lp)* < ||g|| iP ' follows from Holder’s inequality and for 
a given 0 ^ g G L p and 1 < p < +oo we have, with 




l|P = / \g\ p M\g\\~Z = 1, 


I Lp 


ix 


and the equality 


J x fa d ^ = J x \g\ 1+Pp M\g\\ L l' /p = h\\ LP p ' +P = \\g\\ L p'- 

The same type of argument works for p — 1: here p' = +oo and for 0 ^ g £ L° 
we choose e > 0 such that /z({|g| > ||< 7 ||l~ — e}) >0 and we set 


/ = 


> IMU°° - e) 


\g\ v({\g I > - 4) ’ 


so that 


= 1 , 


and 


^ f , , hM > IlfflU- - e ) , 1 

$ 9 (/)=/ Iffl vn., - ii _ ii — = 


lx At( {|g| > || - e} ) illsIHoo-e^lgl^HslUoo 


\g\dp 


> 


p(G e 


£” - e)MG e ) = |M|z/» - e. 


As a result ||<l> g (/) || (z^i)* = As a result the mapping 

>(ZA(p,))*, = 

is injective and isometric and thus has a closed image isomorphic to IP (p) (thanks 
to the Open Mapping Theorem 10.2.43). The main difficulty of the above theorem 
is the proof that ip is indeed onto when 1 < p < +oo. We shall see some examples 
(see (7.5.11)) showing that for p = oo, the dual space of L°°, i.e., the bidual of 
L 1 is much larger than L l and that the mapping ip is not onto in general in that 
case 3 . 


Proof of the theorem. Let then 1 <p< +oo and £ G (L p (p))*. We assume first 
that p{X) < +oo. For E G M, we define 

\(E)=£(1e). (7.5.2) 

3 lt is true however that ^ is an isometric one-to-one mapping, even for p = oo: for g E L 1 , we 
have = llffllil- 
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If A, B are measurable and disjoint, we have \aub = 1a + 1_b, which implies that 
A is finitely additive. Let us consider E = Uj^Ej with [Ej)j^ pairwise disjoint 
elements of JA. With Ak = U j< k Ej, we have 

Ills - 1 A k \\ p L p = [ dn = n{E\A k ). 

JE\A k 

By the Lebesgue dominated convergence theorem, we know that linr^ p{E\A k ) — 
0, and since £ is continuous on L p , we get that lim*, A (A k ) = A (E), i.e., 

X(E)=J2HEj), 

je N 

so that A is a complex measure. Moreover if g(E) = 0, we have 1 E = 0, /z-a.e. and 
Ie = 0 in L p implying X(E) = 0. As a result we have A <C /i. We may apply the 
Radon-Nikodym Theorem 7.4.1: there exists g £ L 1 (/r) such that 

£(1 e) = X (E) = f gdp = f gl E dp. 

J E J X 

Thus, by the linearity of £, for any simple function / (finite linear combination of 
characteristic functions of measurable sets) we get 

£(/) = f fgdjj,, which is true as well for / G L°°(p), (7.5.3) 

■lx 

since a function in L°°(p ;) is a uniform limit of simple functions. If p = 1, for all 
E £ A4, we have 

[ ^Egdg = |£(1e)| < ||C||(ii)*||lB||i,i = /r(E’) ||C||(i,i)*, 

J x 

and thus \g{x)\ < ||£||( L i). p- a.e., implying 

llfll|L~ W <||^| (il )*. (7.5.4) 

If 1 < p < Too, we consider a measurable function a such that ag = \g\ (see 
Exercise 1.9.16), and we define 

fn = lE„\g\ p '~ 1 a, E n = {\g\<n}. 

We have |a| = 1 on the set {g ^ 0} and pip' — 1) = p' so that 

\f\ P n = l En \g\ P ', \fn\<n p , 

and applying (7.5.3) to the L°° function f n , we get 

t(fn)= f l En \g\ p '~ 1 agdg= [ \g\ p 'dp } 

JX J E n 
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and 


I En \a\ P ' d h < U\\(LP)*\\fn\\Lr = ||£|| (/*;„ \a\ p ' d fj) ^ and this implies 




< ll^ll(LP)- 


Beppo Levi’s theorem 1.6.1 then implies that ||<7|| iP ' < ||£||(lp).. Since £ and 
/ i— » f fgdfi coincide (and are continuous) on L°°(/x), which is dense in L p (/j,) (see 
Proposition 3.2.11), they coincide on L p (g) and ||£||(lp)* = ||<7|| iP '. The proof is 
complete in the case fi(X) < +oo. 

Let us now assume that g{X) = +oo. From Lennna 7.3.5, we know that there 
exists w £ L 1 (g,) such that \/x £ X, 0 < w(x) < 1. We consider now the finite 
measure du = wdg (v{X) = f x wdfi < oo) and the linear isometries 


— > L p (v)\ {L p (g) — ► L p W) 

F h-> Fud/Pj ’ \ / ^ fw-VP ’ 

noting that we have 

\\f\\ p lp M = [ \ F \ Pwd »=\\ F w 1/p \\% w , 

j x 

\\f\\ P L» M = [ \f\ p w- 1 dv=\\fw- 1 '>r L , {vr 

J X 

As a consequence, if £ £ (L p (/x))* we can define 77 £ ( L p (v ))* by 

\/F £ IX {v ), (77, F) ( ^p (l / )) * = (£5 F) (£p(/i))* ,L p (/x) 5 

and 

IMI(l*>W)* = ||£||(lj>( m ))*- 


(7.5.5) 


We can use the proven result on finite measures to find G £ L p {v) such that 
lie'll lp» = lkll(LP(i/))* with (?7,F 1 )(LP( i ,))*,LP( i .) = /y FGdv so that 

(t,f)(LP(n)y,LP(») = f fw~ 1/p Gwdn= [ fgdu , g = Gw 1 ~v , 

./X ./x 

and, if p' < oo, 

IKII^OO). = II^Ulp'h = / N P W = [ {\G\w 1 -iy d n=\\gr iy 

J X J X 


If P = l,p' = OO, we have g = G and ||£||(li( m ))* = ||G|| L oo (i ,) = ||fl'||z,~(i/) - The 
proof of the theorem is complete. □ 
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The Banach spaces Cq , P’ 

These are spaces of sequences of complex numbers (x k ) k > i- We have 

co = {(£Cfe)fc>i, limzfc = 0}, ||(x fc ) fc >i||oo = sup |ar fe |, (7.5.6) 

k k> 1 

for p > 1, HP = {(x k )k>i, ^2 \ Xk \ P < +°°}> ll( a; fc)fc>i||p = f^E , 

(7.5.7) 

£°° = {{x k )k>i, sup \x k \ < +oo}, II (£Cfc)fc>i ||oo = sup|x fe |. (7.5.8) 
k > 1 k > 1 

These spaces are Banach spaces, and P is a Hilbert space (see Theorem 3.2.8). 
Note also that the space co is a closed subspace of P° (Exercise 3.7.29). The spaces 
co,P, for 1 < p < +oo are separable since the finite sequences of complex numbers 
with rational real and imaginary part are dense (Exercise 3.7.29). The space t°° 
is not separable (see Exercise 3.7.20). 


Duality results 

Let us prove that Cq = P. We consider the mapping 

co x i 1 — > C 

(x,y) J2 k >i x kyk ■= {x,y) 


(7.5.9) 


and we have |(+y)| < ||^ || c 0 II 2/H^ 1 • As a consequence, we have a mapping 
P 9 V j(y) G Cq with j(y) ■ x = {x,y). 

The mapping j is linear, sends P into Cq and that inequality proves as well that j 
is continuous: ||j(y)|| c * < ||j/||^i. On the other hand, for a given y in P, N G N*, 
choosing x k = y k /\y k \ when y k ^ 0 and k < N, x k = 0 otherwise, we have 
x = (x k )k> l € c 0 , ||a:|| Co < 1, 


l|j(y)l|cj = sup |(x, y)\ > J2 for all N > 1, 

IklUo^ 1 1 <k<N 


so that ||i(j/)||cj = ||y||+- As a result j(P) is a closed subspace of Cq which is 
isomorphic to P . 

We need to prove that j is onto. Let us take £ G cj; we define for j > 1, 
e i = (^j,fe)fe> l (G cq). We choose some real numbers 9j so that e l6j £ • ej = |£ • ej\ 


and we consider x = (e 


iO i 


e^ n , 0, 0, 0 . . . ) G cq, H^llco — so that 


p x = J2 e 

l<j<n 


iOi 


£ • e, : 


= E if- 

l<j<n 
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As a result, we have for all n > 1, Ei<j<„ 1C ' e j I < ll^lUg ||ar|| Co = IICIU 3 , proving 
that y = (C' e j)i> 1 C ^ ■ Now, we have for x = (xj)j> 1 € Co, by the continuity of C, 

C • x = lirn V Xj(£ ■ ej) = (x, (C ■ e,)^) = (x, y), 

n — >+00 z — ' 
l<j<n 


proving that C = j(y) for some y € i 1 and the sought surjectivity. 

Theorem 7.5.1 implies that (£ 1 )* = £°° (a direct proof analogous to the 
previous one is also possible). 

Let us now prove that (£°°)*, which is the bidual of l 1 , is (much) larger than 
£} . The space cq is a closed proper subspace of £°° , and the Hahn-Banach theorem 
(Theorem 10.2.38) allows us to construct £0 €E (£°°)* such that 

Coieo = 0, *0 = 1, X 0 = (1,1,1,...) €t°°\co. (7.5.10) 

As a consequence, the mapping j : £ 1 — > (t 1 )** = (£°°)*, defined in Proposition 
10.3.13, is not onto since there is no y £ £ Y such that j(y) = Co : otherwise, we 
would have for x G £°° , 

(Co = = {^,y)(e 1 y,e 1 = T 

i> 1 


and since (Co, £j)u = 0, that would imply yj = 0 for all j > 1, and Co = 0, 
contradicting (7.5.10). The next proposition summarizes the situation. 

Proposition 7.5.2. We consider the spaces Co,£ p defined in (7.5.6), (7.5.7), (7.5.8). 
When 1 < p < +00 we define p' G]l,+oo[ by the identity 1 + ^ = 1. Then we 
have 


(fi 1 )* = £°°, {£ 1 )** y £ x , £} is not reflexive, (7.5.11) 

1 < p < + 00 , (£ p )* = £ p ' , (. g? )** = £ p , £ p is reflexive, (7.5.12) 

£°° is not reflexive, (7.5.13) 

Cq = g 1 , Cq* = (f? 1 )* = £°° co, Co is not reflexive. (7.5.14) 

Proof. The first and the fourth lines are proven above, the second line follows from 
Theorem 7.5.1, the third line is a consequence of Proposition 10.3.16, since i 1 is 
not reflexive. □ 


Examples of weak convergence 

Definition of weak convergence and elementary properties related to that notion 
are given in Section 10.3. We consider the space L P (R) for some p € [1, + 00 [. We 
want to provide some examples of a sequence (uk)k&N of T P (R) weakly converging 
to 0, but not strongly converging to 0. Here we assume 1 < p < + 00 . 
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• A first phenomenon is strong oscillations: take u k (x) = e*' sx l[o j i](a;): the L p 
norm of Uk is constant equal to 1 but for v € L p , the sequence 

(uk,v) = j u k (x)v(x)dx 

has limit zero (a consequence of the Riemann-Lebesgue Lemma 3.4.5). 

• The sequence (rtfc)fegN may also concentrate at a point: take 

Uk{x) = k^^ui^kx), 

where u\ has norm 1 in L p . Here also the L p -norm of Uk is a constant equal to 1. 
However for v £ L p , 

(uk,v) = J Uk(x)v(x)dx = J u\(t)v(t/k)dtk T 7 , 

with p,p' g]1,+oo[. With tp,ip € C°(K) we have with tfk(x) = ^^^(kx), 

|(«fc,u)| < \{uk,v- p)\ + \(u k - i[> k ,<p)\ + \{tpk,tp)\ 

< IMM|u - ¥>ll lp ' + IK - V’lMMIzy + IKKI, 

which implies limsup fc \(u k , v)| < ||iti ||z,*> ||v — y\\ LP ' + ||wi — V’lK IMIl?' > and this 
gives the weak convergence to 0 since p,p' are both in ] 1 , +oo[. 

• The sequence (u k )ke n may also escape to infinity: take u k ( x) = uo(x — k), where 
uq has norm 1 in L p . Reasoning as above, we need only to check 

J if{x — k)<p(x)dx, 

for ip,ip € C°(K): that quantity is 0 for k large enough. 


7.6 Notes 

Hans Hahn (1879-1934) was an Austrian mathematician. He served as an adviser 
for Kurt Godel (1906-1978) (see our appendix on page 414). 

Otto Nikodym (1887 1974) was a Polish mathematician. 

John VON Neumann (1903-1957) was a Hungarian-born American mathemati- 
cian, a major scientist of the twentieth century, with fundamental contribu- 
tions in Quantum Mechanics, Information Theory, Functional Analysis and 
Set Theory. 
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7.7 Exercises 

Exercise 7.7.1. Let (ak)keN be a sequence of complex numbers such that for any 
bijection a : N — ► N, the series a v(k) converges. Then 

y \ a k\ < +oo, 

ke N 

i.e., the series is absolutely converging. 

Answer. Let us assume that all a k are real valued and EfceN l a fc| = +°o- Writing 

a k = o-t - a~ k , a k = max(ot, 0), af = max(-a fe ,0), \a k \ = a £ + af , 

we have EfceN a fc = + 00 = Efc<=N a fc> otherwise if one of this series converges 
in R. (say EfceN a t < + 00 )) since EfceN ak convergent, this would imply that 
EfceN a fc < +°° an d the convergence of Efcg N |dfc|, contradicting the assumption. 
Let us define 


N + = {k G N, a k > 0}, N- = {k € N, a k < 0}. 

We have from the properties of divergence 

N + U N- = N, card = Ho- 

Let {mi}i > i = N-, {vj}j>i = N + be strictly increasing sequences. 

Take ni such that a Uj + a mi > 1 (possible since ^ ak = +oo). 

1< j<ni fc€AT_(_ 

Take n .2 > n\ such that a Vj + a mi + a m2 > 2, 

l<j<n 2 


Take rq > rq _ 1 such that 


a Uj + a mi + • • • + a mi > l. 

l<j<ni 


Then we can find rq+i > ni such that 

^ ' cii/j T i T * * * T a mi T a mi ^_ 1 7^ l T 1- 


We have thus constructed a strictly increasing sequence (rq)/> i of integers such 
that VZ > 1, Ei<j<n, &i/j + CLmi H + CLmi ^ SO that 


lim 

l — ^ -|-oo 


E 

A<j<ni 


a Vj 



= +oo. 
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This implies that we have found a bijection a from N onto N such that a <r(k) 

diverges. 

If the a k are complex valued, and if |«fe| = +oo, then we have 

| Reafc| = +oo or | Ima^l = +oo. 
fee n fceN 

In the first case, we find a bijection of N such that J) fcgN R ea,^) diverges which 
implies that J]fceN a cr(fc) diverges as well (its convergence would imply the conver- 
gence of the real parts). 

Exercise 7.7.2. Let n > 1 be an integer and let || • || be a norm on R n . Show that 
there exists a positive constant c ( depending only on the norm || • || and on n) such 
that for all N > 1, all v\, . . . , Vn 6 R", there exists J C {1, . . . , N} such that 

- c H INI- 

ieJ i<i<iv 

Show that for the sup-norm, c can be taken as ^ , and for the Euclidean norm as 

2 riy/n ' 

Answer. Since all the norms on R" are equivalent (Exercise 1.9.8), we may assume 
that 

||:r|| = max layl. 

1 <r<n 

We may also assume by homogeneity that J2i<j<N II w jII = 1- We note that 
R" = Ui<;< n Ti, with Ti = {x € R n , \x t \ = max \x r \}, 

l<r<n 
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and we can take J = {1 < j < N,Vj £ Ti, Vj t i > 0} and c = ^. Since 

/ C/2 

max la:* I < ( > |a:z I 2 ) < \A- max \xA, 

l<l<n \ ' / l<Kn 

v l<i<ra 7 

we get as well the constant for the Euclidean norm. 

Exercise 7.7.3. Let (X,A4,p) be a measure space where p is a positive measure 
and let X be a complex measure on (X,AA). Prove that if A <C p then |A| <C p 
( prove that the converse is also true). 

Answer. Let E £ M such that p{E) = 0 and |A|(.E) > 0: we can find a partition 
(Ek)ke N of E ( Ek £ M) such that 

X) |A(£? fc )| > ||A|(£7) > 0, 

fce N 

which is impossible since p{E) = 0 => Vfc, p(Ek) = 0 => Vfe, A (Ek) = 0. The 
converse is obvious since p(E) = 0 => |A|(E) = 0 and since |A|(if) > |A(if)| we 
get A (E) = 0. 

Exercise 7.7.4. Let (X,A4,p) be a measure space where p is a positive measure 
and let X be a complex measure on (X,AA). Prove that X <C p iff 

Ve > 0, > 0,\/E £ M, n(E) < 6 => \X{E)\ < e. (7.7.1) 

We can write this property symbolically as lim^^^o A (E) = 0 unifoimly with 
respect to E £ M. 

Answer. If (7.7.1) holds, with E £ Xi such that p(E) — 0, we obtain immediately 
A (E) = 0, proving A <C p. Let us assume conversely that (7.7.1) does not hold: 

3e 0 > 0,Vfc € N, 3 E k £ M, p(E k ) < 2 -fc and |A(.Efc)| > e 0 . 

We define Fj = U k,k>jEk so that the sequence {Fj)j>\ is decreasing and 

< E 2 ~* = 2l_J =► M F = = 0. 

k>j 

On the other hand we have |A|(Fj) > |A \(Ej) > |A(£lj)| > eo and since |A| is a 
bounded positive measure, thanks to (3) in Proposition 1.4.4, we have |A|(Fi) < 
+oo and we get 

0 < £o ^ lim | A | (Fj) = A ( F) => |A| is not absolutely continuous with respect to //. 
j 

proving that A is not absolutely continuous with respect to p from the previous 


exercise. 
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Exercise 7.7.5. Let be a measurable space and let X be a complex measure 

carried by a set A £ M. Then |A| is also carried by A. 

Answer. We have A (E) = X(EC\ A) so that forEeM and for a partition (Ek)ken 
of E, we have 

E i A (^)i = E iw n A )i ^ i a i^ n A ). 

k k 

so that \\\{E) < |A|(£7n A) =» \X\(E n A) = |A|(£). 


Exercise 7.7.6. Let (X,M) be a measurable space and let X be a measure on (X,A4) 
valued in M m for some in £ N* . 

(1) Give a definition of |A| such that this total variation measure is a positive 
bounded measure on (X,A4) which coincides with |A| when X is a complex- 
valued measure (see Definition 7.2.1). 

(2) Let f : X — ► K m be in L 1 (|A|). Prove that 

[ fd\X\ < f \\f\\d\X\. (7.7.2) 

J X Jx 

Let T be a closed set of R m such that 

\/E £ M with |A|(£) > 0, -L— [ fd\X\ £ T. (7.7.3) 

|A| (E) J E 

Prove that f(x) £ T, |A|-a.e. 

(3) Prove that there exists a measurable function f : X ]R m such that 

Vx £ X, || /"(a:) || = 1, ( Euclidean norm) dX = /d|A|. 

This identity is called the polar decomposition of the vector-valued measure A. 
Answer. (1) We use the very same definition as in Definition 7.2.1, 

|A|(£)= sup EH A (^)H’ (7-7.4) 

(-Efc)fc 6 NPairwise disjoint N 
with union E , 

E k eM 

and the proof that |A| is a positive measure is identical to the case where A is 
complex valued in Proposition 7.2.3. To check that |A| is bounded requires a simple 
modification of the proof of Lemma 7.2.4. We modify (7.2.2) as follows: 


E l^fc,e)l > ( 2w + 1)v ^ => 3N, such that E > 

feeN e o<fe<iv 

and according to Exercise 7.7.2, we find J C {0 , ... ,N} such that 



II A(Ufcg jAfe je )|| — El 

feed e 


and the sequel of the proof does not need any modification. 
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(2) We have 



fd\\\ 


sup /[ fd\\\,t)= sup [ (f,Qd\X\< [ \\f\\d\X\. 
||{|| = 1 \ Jx / ||C|| = iV.y Jx 


For p G T c ,3p > 0 with B(p,p) C T c . If we had |A|(/ x (B(z,p))) > 0, this would 
give, with E = / _1 (B(z, p )) , Je fd\X\ £ T. However, we have 


1 

We) 


1 f~ 1 (B(z,p)) 


fd\X\ 


1 



( B (z,p)) 


(/ — r])d\X\ +t), 


and since 


1 





(f~v)d\X\ 


< p\M(E) 

- |A|(£7) 


= P-, 


this would imply \\rj — T|| < p , which contradicts B(r],p) C T c . Consequently, 
|A|(/ _1 (H(? 7 ,p))) = 0. Since the open set T c is a countable union of closed balls, 
this implies that |A|(/ _1 (T C )) = 0. 

(3) We have obviously A <C |A| which is a positive bounded measure, so that we 
may apply the Radon-Nikodym Theorem to the m components of A and get a 
function / : X — > R m in L 1 (|A|) such that 


dX = fd\X\. 


We define for p > 0, L p = {x £ X, ||/(x)|| < p}. Let (Ek)k£N be a partition of L p : 
we have, using (7.7.2), 


Eiia(^)ii = E 

fee N feeN 


fd\X\ 


< P 


E / d\X\=p\X\(L p ) 

ken-lBk 


so that |A|(L p ) < p\X\(L p ), which implies |A|(L p ) = 0 for p < 1. As a result 
|| /|| > 1, |A| a.e. On the other hand for |A|(i?) > 0, we have 


1 



wmw <1 

ia|(a) - 


and (7.7.3) implies ||/|| < 1, |A| a.e., and eventually the sought result. 


Exercise 7.7.7. Let k £ [0, 1) and let be the Hausdorff measure of dimension 
k on a finite interval I of the real line with a non-empty interior (see Definition 
2.6.5). 

(1) Prove that X± = f)i <C f) K where Ai is the Lebesgue measure on I. Prove that 
f) K is not a-finite on I. 

(2) Prove that there is no f £ L 1 ( f) K ) such that dX\ = /dl) K . 
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N.B. This implies that the conclusions of the Radon-Nikodym Theorem 7.4.1 do 
not hold in general when the u-hniteness of p is not satisfied, even though A is a 
bounded positive measure. 

Answer. (1) We consider the measurable space (1,13) where B is the Borel a- 
algebra on I and f) K as measures on that measurable space. From Lemma 2.6.7, if 
A is a Borel subset of the real line, 

fuO 4 ) < +oo => fli(A) = 0, 

proving in particular the absolute continuity of f)i with respect to f) K for k £ [0, 1). 
Moreover if t) K were cr-finite on I, we could find a sequence (X n )„ £ N such that 
/ = UnX„ and t) K (X n ) < +oo. From Lemma 2.6.7, this would imply t)i(X n ) = 0 
and thus f)i(I) = 0, contradicting the assumption on I. 

(2) If we could find a Borel function / such that fdt) K = dX±, this would imply 
for e > 0 and J e = {t £ I, f(t) > e}, 

Too > Ai(J e ) = J fdt) K > ef ) K (J e ) => f) K (J e ) < Too => Ai(J e ) = 0, 

so that fj fdt) K = 0, proving that f ) K (J e ) = 0. As a result / < 0, f) K a.e., implying 
d\i T 0. 

Exercise 7.7.8. Let (X,M.,n) be a measure space where p is a positive measure 
and let f € L 1 (p). Let dX = fdp be the absolutely continuous complex measure 
with density f with respect to p. Prove that 

d\M = \f\dp. 

Answer. According to (3) in Exercise 7.7.6, there exists a measurable function w 
of modulus 1 such that 

wd |A| = dX = fdp => d|A| = wfdp, 

implying that wf > 0, p- a.e. Since we have also \wf\ = |/|, we find wf = |/|, 
p- a.e., proving the sought result. 

Exercise 7.7.9. Let (X, M.) be a measurable space and let X be a real measure on 
(X,SA). Show that there exists a partition of X, {A + ,A_}, elements of M. which 
are carriers respectively of A_|_,A_ ( cf . Definition 7.2.5) and 

X ±(E) = ±X(E n A±). 

Answer. We have from the polar decomposition (Exercise 7.7.6), 


dX = ud|A|, |u| = 1 
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and since A is a real measure, u is real valued |A| a.e. Thus modifying uona set 
of measure 0, we may assume that u takes only the values ±1. Consequently, we 
have 

dX = w+d|A| - U-d\X\ = l{. u=1 }d|A| - l {u= ^ 1} d\X\, 
so that U-y. -{- U— — 1 and 

dX+ = -(d|A| + dX) = 1 { M= i} A| , dA_ = -(d|A| — dX) = l{ u= -i}<i|A|, 
and we can take A± = {u = ±1}. 

Exercise 7.7.10. Let (X,A4) be a measurable space and let X be a real measure on 
(X,JXi) such, that there exists positive bounded measures Hi, 1^2 with X = Hi — H 2 - 
Prove that Hi > A+, H 2 > A_. 

Answer. We have from the previous exercise for E £ A4, 

x+(e) — x(A + n m) ft hi{A+ n if) ^ /ti(if), 

A _(E) = -A (A_ n E) < H2(A_ n E) < H2{E). 

Exercise 7.7.11. Let h be a positive a-finite Borel measure on the real line ( h is 
a positive measure defined on the Borel cr-algebra of R which is finite on compact 
sets) and let Ai be the Lebesgue measure on R. 

(1) Show that there exist three positive Borel measures Hac, Hsp, Hsc such that 

H = Mac + Hsp + Hsc, (7.7.6) 

Mac < Ai, Hsp = '^2,oi k 5 ak , where a k eR,a t > 0, (7.7.7) 

fceN 

Hsc- LAi, Vx e R, Hsc{{x}) = 0. (7.7.8) 

(2) Prove that the above decomposition is unique. The measure Hac is called the 

absolutely continuous part of //. Hsp the pure point part of h an d Hsc the 
singular continuous part of h- A measure such that for all x, Hsc{{x}) = 0 
is also said to be diffuse. 

(3) Give an example of a measure h such that h = Hsc- 
Answer. (1) The Radon-Nikodym Theorem 7.4.1 implies that 

H Hac A Hs, dHac — fdXi , 0 ft f £ L (R), Hs T Ai, 

where Hs is a positive measure (note that Hs is finite on compact sets since /i is a 
Borel measure). The measure Hs is carried by a measurable set C with Lebesgue 
measure 0. Now Exercise 1.9.24 applied to the positive Borel measure Hs, implies 
that there exists a countable subset D = {afc}fe S N of R such that 

Hs — ^ ( Hs ({^})^a AHsc, 
a£D 

' V ' 

Msp 
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where /j, 3C is a Borel measure such that for all x € R, /i sc ({x}) = 0. Moreover n sc 
is also carried by C and thus i± sc _L Ai and /r sc _L n sp since n sp is carried by the 
countable set D. 

( 2 ) Let us prove the uniqueness of this decomposition. If 

P — d” l-^spj d - Mscp , j — 2, 

with the properties of ( 1 ), we find from the uniqueness part in the Radon-Nikodym 
Theorem, that ^ ac ,i = /z OCi2 , H sp ,i + thc,i = Hs P ,2 d- Use, 2 = v. For x e R, we have 

d - — fXsp,2 ({*£}) d" f^sc,2 ({*^} ) d l^sp, l({*^}) — l^sp,2 ({*^}) 7 

proving that ^ sPi i = ^ sPj2 and thus ^ SCj i = /z sc , 2 . 

(3) The Cantor measure T' defined in Proposition 5.7.7 is the derivative of the 
Cantor function lk and is a positive Radon measure supported in the (compact) 
Cantor ternary set which has Lebesgue measure 0, so that ’F' T Ai. Moreover 
T' has no atoms (is a diffuse measure), so that Ik' = (\k') sc . 



Chapter 8 

Basic Harmonic Analysis on IR n 


The Fourier transform of L 1 (K n ) functions was defined in Chapter 3 with the 
Riemamr-Lebesgue Lemma 3.4.5. We need to extend this transformation to various 
other situations and it turns out that L. Schwartz’ point of view to define the 
Fourier transformation on the very large space of tempered distributions is the 
simplest. However, the cost of the distribution point of view is that we have to 
define these objects, which is not a completely elementary matter. We have chosen 
here to limit our presentation to the tempered distributions, topological dual of 
the so-called Schwartz space of rapidly decreasing functions; this space is a Frecliet 
space, so its topology is defined by a countable family of semi-norms and is much 
less difficult to understand than the space of test functions with compact support 
on an open set. Proving the Fourier inversion formula on the Schwartz space is a 
truly elementary matter, which yields almost immediately the most general case 
for tempered distributions, by a duality abstract nonsense argument. This chapter 
may also serve the reader as a motivation to explore the more difficult local theory 
of distributions. 


8.1 Fourier transform of tempered distributions 

The Fourier transformation on S fi (R n ) 

Definition 8.1.1. Let n > 1 be an integer. The Schwartz space ^(M") is defined as 
the vector space of C°° functions u from R" to C such that, for all multi-indices. 
a,/3 € N n , 

sup \x a :r)| < +oo. 

a?(=R n 

Here we have used the multi-index notation: for a = (cci, . . . , a n ) € N™ we define 

x a = x? 1 ...<**, d% = d*\ ...5“”, |a| = a i- ( 8 - L1 ) 

l<j<n 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers , 
DOI 10.1007/978-3-0348-0694-7 8, © Springer Basel 2014 
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A simple example of such a function is e~ ^ , (|ar| is the Euclidean norm 
of x) and more generally, if A is a symmetric positive definite n x n matrix, the 
function 

v A (x) = e - n{Ax ’ x) (8.1.2) 

belongs to the Schwartz class (Exercise 8.5.1). The space is a Frecliet space 

(see Exercise 8.5.2) equipped with the countable family of semi-norms (pk)ke Ni 

Pk{u) = sup \x a d^.u{x)\. (8.1.3) 

a?£]R n 

M.lfefc 

Definition 8.1.2. For u £ we define its Fourier transform u as 

u(0 = [ e~ 2inx ^u(x)dx. (8.1.4) 

J R n 

Lemma 8.1.3. The Fourier transform sends continuously J^(R") into itself. 

Proof. Just notice that 

f“qf«(£) = J e- 2inxi d°(xPu)(x)dx( 2wr)^N“l(_i)M. 

and since sup a , 6R n(l + \x\) n+1 \df{x^u)(x)\ < +oo, we get the result. □ 

Lemma 8.1.4. For a symmetric positive definite n x n matrix A, we have 

tu(0 = (det (8.1.5) 

where va is given by (8.1.2). 

Proof. In fact, diagonalizing the symmetric matrix A, it is enough to prove the 
one-dimensional version of (8.1.5), i.e., to check 

where the second equality is obtained by taking the ^-derivative of f e -’ r O+*<;) dx: 
we have indeed 

^(/ e ~ AX+ii?d *) = J e~ Hx+ii)2 {-2in){x + iOdx 

= -i f ^-(e~^ x+i ^ 2 )dx = 0 . 

J dx K ' 

For a > 0, we obtain f R e~ 2mx ^e~ wax2 dx = a~ 1 ^ 2 e~ xa ^ 2 , which is the sought 
result in one dimension. If n > 2, and A is a positive definite symmetric matrix, 
there exists an orthogonal n x n matrix P (i.e., f PP = Id) such that 

D = PAP , D = diag(Ai, . . . , A n ) , all A j > 0. 
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As a consequence, we have, since | detP| = 1, 



e -2iTTX-£, e -TT 


< Ax ’ x >dx = 


e -2iTT(Py)-£ e -ir(APy,Py) ^ 


e -2inyCPS) e -ir(Dy,y) ^ 


(with r? = *P£) = Yl e- 21 **™ dy, = \J 1/2 e~ nX i ^ 

1 <i<n R 1 <j<n 

= (det A)- 1 f 2 e~ v(D ~ lr, ’ r,) 

= (det A)- l / 2 e~^ tpA ~ lp tp ^ 

= (detA)- 1 /^-^' 1 ^. □ 


Proposition 8.1.5. The Fourier transformation is an isomorphism of the Schwartz 
class and for u £ we have 


u{x) 


e 2 ™ xi u(Odf- 


( 8 . 1 . 6 ) 


Proof. Using (8.1.5) we calculate for u € S fi (M n ) and e > 0, dealing with absolutely 
converging integrals, 

u e (x) = J e 2 l ^u^)e~ ne2 ^ 2 df 

= IJ e 2 inxi e- ne 2 ^ 2 u(y)e- 2i ^dydf 

= J u{y)e-* € ~ 2 \ x - y \ 2 e- n dy 

= / (u(x + ey) — u(x)) e _7r ^ dy + u(x). 

J ^ ' 

with absolute value<e|i/| Hit'll ^oo 

Taking the limit when e goes to zero, we get the Fourier inversion formula 

u(x) = J e 2lnx ^u(Odf. (8.1.7) 


We have also proven for u £ ^(R") and u(x) = u{—x), 

u = u. (8.1.8) 


Since u u and u u are continuous homomorphisms of J^(R n ), this completes 
the proof of the proposition. □ 
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Proposition 8.1.6. Using the notation 
Id n 

Dxj = 2i7r = II /X o mtha = (a 1 ,...,a n )eN n , (8.1.9) 

l7T X 3 j= 1 

we have, for u G 

(^xo = (-i) |a| *'^)K). (s.i.io) 

Proof. We have for u G =5^(M"), «(£) = f e~ 2l7rx '^u(x)dx and thus 
( D?i)K ) = (-!)" 

Cu(0 = J (-2in)-Wd2(e- 2i ™-t)u(x)dx = J e - 2i ^(2in)-^{d^u)(x)dx, 

proving both formulas. □ 

N.B. The normalization factor leads to a simplification in Formula (8.1.10), 
but the most important aspect of these formulas is certainly that the Fourier 
transformation exchanges the operation of derivation with the operation of multi- 
plication. For instance with 

P(D) = J2 a a D a x , 

\cx.\<.m 

we have for u G y(R n ), Pu(£) = )C| Q |<m = -P(£M0> and thus 

(Pu)(x) = f e 2i * x *P(£)u(£)d£. (8.1.11) 

J R» 

Proposition 8.1.7. Let p,ip be functions in S fi (W n ). Then the convolution <p*ip as 
given by (6.1.1) belongs to the Schwartz space and the mapping 

y(R n ) x y(w n ) b (p, if) h> p * ip g y(R n ) 

is continuous. Moreover we have 

(f> * ip = (fff . ( 8 . 1 . 12 ) 

Proof. The mapping ( x,y ) i-)- F(x,y) = p(x — y)4>(y ) belongs to y(R 2n ) since 
x, y derivatives of the smooth function F are linear combinations of products 
( d a p){x — y)(d^ip)(y) an( t moreover 

(1 + |z| + \y\) N \{d a <p)(x - y)(d p i>)(y)\ 

< (1 + \x - y\) N \(d a p)(x - y ) |(1 + 2\y\) N \(d ,3 ip)(y)\ 

<p{p)q{yp), 
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where p,q are semi- norms on y(R n ). This proves that the bilinear mapping 
(<p, ip) i — ^ F{<p,ip) is continuous from ^(K”) x ^(K™) into j7'(JR 2n ). We have 
now directly 9“(</> * ip) = (9“</>) * ip and 

(1 + \x\) N \d*((p*ip)\ < J \F(d a (p,ip)(x,y)\(l + \x\) N dy 

< [ \F(d a (j),iP){x,y)\(l + laD^l + |y|)” +1 (l + \y\)~ n - l dy, 

<P(F) 

where p is a semi-norm of F (thus bounded by a product of semi-norms of <p and 
ip), proving the continuity property. Also we obtain from Fubini’s theorem 

{<P * ip)(£) = JJ e~ 2m{x ~ v)< e~ 2l ^ v< (p{x - y)ip{y)dydx = $(£,)$(£), 

completing the proof of the proposition. □ 


The Fourier transformation on 

Definition 8.1.8. Let n be an integer > 1. We define the space J?"(R™) as the 
topological dual of the Frecliet space S fi (W n ): this space is called the space of 
tempered distributions on R". 


We note that the mapping 

J^(IT) 3 e^(R n ), 


is continuous since for all k £ N, pk(d<p/ dxj) < pk+i{(p), where the semi-norms pk 
are defined in (8.1.3). This property allows us to define by duality the derivative 
of a tempered distribution. 

Definition 8.1.9. Let u £ 5^' (W 1 ). We define du/dxj as an element of J^'(R™) by 


du 

dxj 


= ~ \ u, 




d±\ 

dxj / 




(8.1.13) 


The mapping u H > du/dxj is a well-defined endomorphism of ^'(1") since 
the estimates 


V</> e y(R"), 



^ C uP k u 



^ CuPk u + l ( 0 ) ; 


ensure the continuity on d?(R n ) of the linear form du/dxj. 

Definition 8.1.10. Let u £ d/'iW 1 ) and let P be a polynomial in n variables with 
complex coefficients. We define the product Pu as an element of y'(l") by 


{Pu,<p)se>,se = {u,P<p)j7” t _y. 


(8.1.14) 
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The mapping u i->- Pu is a well-defined endomorphism of ^'(R”) since the 
estimates 


V0 e y(M. n ), I (Pu, 0)1 < c uPku (p 0) < c„p fcu+D (0), 
where D is the degree of P , ensure the continuity on y(R") of the linear form Pu. 

Lemma 8.1.11. Let fl be an open subset of R", / £ Aoc(^) suc ^ that, / or 
£ C'^°(f2), / f (x)ip(x)dx = 0. Then we have f = 0. 

Proof. Let K be a compact subset of Q and let % £ C£°(C2) equal to 1 on a 
neighborhood of K as in Exercise 2.8.7. With p as in Exercise 6.6.3, we get that 

lim p e *(xf) = Xf in Z/ 1 (R n ). 

£->-U + 

We have (pe*(xf))(%) = / f{y) x(y)p((x - y)e^ 1 )e~ n dy, with supp ip x C suppx, 

J v ' 

=Vx(y) 

(p x £ C^° (ft), and from the assumption of the lemma, we obtain (p e * (%/)) (x) = 0 
for all x, implying \f = 0 from the convergence result and thus / = 0, a.e. on 
K ; the conclusion of the lemma follows since D is a countable union of compact 
sets. □ 

Definition 8.1.12 (support of a distribution). For u £ J?"(R n ), we define the sup- 
port of u and we denote by supp u the closed subset of R n defined by 

(suppu) 0 = {x £ R”, 3V open £ u\ v =0}, (8.1.15) 

where Tf stands for the set of neighborhoods of x and u\y = 0 means that for all 
0£C c oo (E), <«,0) =0. 

Proposition 8.1.13. 

(1) We have S / "(R n ) D Ui< p <+ 00 L :P (]R”), with a continuous injection of each 
L p (R n ) into S fi '(R n ). As a consequence y'(R n ) contains as well all the 
derivatives in the sense (8.1.13) of all the functions in some L P (R"). 

(2) For u £ C' 1 (R n ) such that 

(|u(x)| + |du(x)|)(l + Ixl)-^ £ L 1 (R n ), (8.1.16) 

for some non-negative N, the derivative in the sense (8.1.13) coincides with 
the ordinary derivative. 

Proof. (1) For u £ L P (R") and </> £ J^(R n ), we can define 

(u,4>)s^',s f = [ u(x)<f>(x)dx, (8.1.17) 

ip 
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which is a continuous linear form on 

\{u,4>)s"M < ||u||LP(R»)||^|lLP'(Rn), 

II^IIlpTr**) < Sup ((1 + \x\)~?~ \(t>{x)\)Cn tP < C ni pPk{4 > ), for k > k UtP = — — , 
i6K» P 

with pk given by (8.1.3) (when p = 1, we can take k = 0). We indeed have 
a continuous injection of L p (M. n ) into ^'(K™): in the first place the mapping 
described by (8.1.17) is well defined and continuous from the estimate 


\(u,4>)\ < \\u\\ L pC„ t pPk n:P {(l>). 

Moreover, this mapping is linear and injective from Lemma 8.1.11. 

(2) We have for (j) £ y(R n ), xo € C£°(R n ), Xo = 1 near the origin, 


du 


dx-j 




dcj) 


A = \^r^) =-{ u inr) =-/ u(x) — {x)dx 


dx 


dcj) 


j / 


dXn 


so that, using Lebesgue’s dominated convergence theorem, we find 


A = — lim 
€ — ^0+ t 


u (x)-^-{x)Xo(£ x )dx. 


Performing an integration by parts on C 1 functions with compact support (see 
Proposition 2.3.2 (2)), we get 


A = lim 

e^0+ 


(dju)(x)(j>(x)xo(ex)dx + e / u(x)cf>(x)(djXo)(ex)dx 


with djU standing for the ordinary derivative. We have also 


\ u {x)4>{x){djXo){f-x)\dx < ||9jXo)||l~(R") J |u(a;)|(l + |x|) N dxp N (<j>)<+ oo, 


so that , 4 >) = lim e _ >0+ J R n{dju)(x)cj)(x)xo(^x)dx. Since the lhs is a con- 
tinuous linear form on y(R") so is the rlis. On the other hand for <j> £ C^QR”), 
the rhs is f Rn (dju)(x)<j)(x)dx. Since C'^°(R™) is dense in S fi (M n ) (Exercise 8.5.3), 
we find that 

= f {dju){x)<t>{x)dx, 

\OXj / yiy Jp 

since the mapping <f> i-»- f Rn (dju)(x)cf>(x)dx belongs to S fi, (R. n ), thanks to the 
assumption on du in (8.1.16). This proves that = djU. □ 

The Fourier transformation can be extended to We start with notic- 

ing that for T, cf> in the Schwartz class we have, using Fubini’s theorem, 

J f(M(£)dt = Jl T(x)^)e- 2i ^<dxdi = J T(x)j>(x)dx, 

and we can use the latter formula as a definition. 
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Definition 8.1.14. Let T be a tempered distribution; the Fourier transform T of T 
is the tempered distribution defined by the formula 

{T, p)y,y = (T, ’$)&',&’■ (8.1.18) 

The linear form T is obviously a tempered distribution since the Fourier trans- 
formation is continuous on 5? . Thanks to Lemma 8.1.11, if T G y, the present 
definition of T and (8.1.4) coincide. 

This definition gives that, with <5o standing as the Dirac mass at 0, (<5o, </)) = 
0(0) (obviously a tempered distribution), we have 

<f 0 = 1, (8.1.19) 

since {S 0 ,p) = (S 0 ,p) = p(0) = / p{x)dx = (1 ,p). 

Theorem 8.1.15. The Fourier transformation is an isomorphism of y(M. n ). Let 
T be a tempered distribution. Then we have 1 

T = T, T = f. (8.1.20) 

With obvious notation, we have the following extensions of (8.1.10), 

d°t(q = rm (D^fm = (-i)^xmxm. (8.1.21) 

Proof. We have for T G y , 


{T,p)y,y = {T,<p)s>”^ = (T, <p)sr’,sf = {T,p)y,y = {T,p)s>”,se, 

where the last equality is due to the fact that p K > p commutes 2 with the Fourier 
transform and (8.1.7) means 

<P = <P, 

a formula also proven true on y by the previous line of equality. Formula (8.1.10) 
is true as well for T G y since, with jjG^ and p a (£,) = we have 

(D^T, p)^^ = (T, (-l)H D a p)^^ = (T, = (f , p a )^^, 

and the other part is proven the same way. □ 

1 We define T as the distribution given by (T,(f) = ( T,(f ) and if T £ 5?' , T is also a tempered 
distribution since <p i— »■ Cp is an involutive isomorphism of 5? . 

2 If (f G J?’, we have cp(£) = f e~ 2,t7rx ‘^tp(—x)dx = f e 2x ' rrx '^ip(x)dx = <£(—£) = <£(£). 
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The Fourier transformation on L L (K n ) 

Theorem 8.1.16. The Fourier transformation is linear continuous from L 1 (K n ) 
into L°°(\ R") and for u £ T 1 (K”) ; we have 

u{€) = j e~ 2l7VX< u(x)dx, Hwllioo^n) < ||u|| L i (R n). (8.1.22) 


Proof. Formula (8.1.4) can be used to define directly the Fourier transform of a 
function in L 1 (R n ) and this gives an L°°(M. n ) function which coincides with the 
Fourier transform: for a test function ip £ J^(R”), and u £ L 1 ( R n ), we have by 
the definition (8.1.18) above and Fubini’s theorem 


{u,T)y',y = J u(x)f>(x)dx = JJ u(x)<p(£)e 2ixx< dxd£ = J u(£)<p(Od£ 


with it(£) = J e 2znx '^u(x)dx which is thus the Fourier transform of ■ 


The Fourier transformation on L 2 (R' n ) 

Theorem 8.1.17 (Plancherel formula). The Fourier transformation can be extended 
to a unitary operator of L 2 (R n ), i.e., there exists a unique bounded linear operator 
F : L 2 (R n ) — > L 2 (R"), such that for u £ Fu = u and we have F*F = 

FF* =Idr, 2 ( R n). Moreover 

F* = CF = FC, F 2 C — Id i 2 (Rn) , (8.1.23) 

where C is the involutive isomorphism of L 2 (R") defined by (Cu)(x) = u(—x). 
This gives the Plancherel formula: for u,v £ L 2 (R n ), 


u(£)v((;)d£, = / u(x)v(x)dx. 


(8.1.24) 


Proof. For test functions ip,ip £ J^(K"), using Fubini’s theorem and (8.1.7), we 
get 3 

= J , 4>(0<p(£)d£ = JJ 4>(£)e 2mx< v(x)dxd£, = (V’, ^)l 2 (r»)- 

Next, the density of in L 2 shows that there is a unique continuous extension 
F of the Fourier transform to L 2 and that extension is an isometric operator (i.e., 
satisfying for all u £ L 2 (M"), ||Fu || i 2 = ||u||l2, i.e., F*F = Id^). We note that 
the operator C defined by Cu = u is an involutive isomorphism of L 2 (R n ) and 
that for «ey(R n ), 

CF 2 u = u = FCFu = F 2 Cu. 

3 We have to pay attention to the fact that the scalar product (u,v ) L 2 in the complex 
Hilbert space L 2 (R n ) is linear with respect to u and antilinear with respect to v : for X, /j, E 
(Xu, fiv) L 2 =Xjl(u,v) L 2 . 
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By the density of S fi (M n ) in L 2 (R"), the bounded operators 

CF 2 , Id L 2 (R „), FCF, F 2 C, 

are all equal. On the other hand for u,tp £ y(R n ), we have 
( F*u,ip)l 2 = (u,F(p)l 2 = J u(x)(p(x)dx 

= JJ u(x)(p(^)e 2l7!X '^dxd£ t = (CFu, <p)l 2 > 

so that F*u = CFu for all u £ M and by continuity F* = CF as bounded 
operators on L 2 (R”), thus FF* = FCF = Id. The proof is complete. □ 


Some standard examples of Fourier transform 

Let us consider the Heaviside function defined on R by H (x) = 1 for x > 0, H (x) = 
0 for x < 0; as a bounded measurable function, it is a tempered distribution, so 
that we can compute its Fourier transform. With the notation of this section, we 
have, with do the Dirac mass at 0, H(x) = H(—x), 

H + H =1 = 6 0l H - H = sign, — = — 2do(£) = Z?sign(£) = £sign£. 

17T Z17T 

We note that R i— In \x\ belongs to and 4 we define the so-called principal 

value of 1 /x on R by 


P v ( -) = j-( ln M), 
. x ) dx 


so that, 


(p v— ,</>)=— [ (j> (x) In \x\dx = — lim [ </>' (x) In I x Id; 

\ X / J ^°+J\x\>e 

= lim ( [ (j>(x)—dx + (Me) — M—e)) lne 

e_>0 + \J\x\>e x ' — — v — ' 

->0 

= lim [ cj)(x)—dx. 
e ^°+J\x\>e x 


This entails £(sign£ — j-pv(l/£)) = 0 and from Exercise 8.5.4, we get 


(8.1.25) 


(8.1.26) 


sign£ - —pv( I/O = c6 0 , 

ITT 


4 For 4> S y(S.), we have (In |x|,0(x))^/(r),j*(r) = / R 4>[x) In \x\dx. 
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with c = 0 since the lhs is odd 5 . We obtain 


sign(0 = —pv\, 

ITT £ 



—i sign£, 

1 1 

{x — to) 2t7T 


(see Exercise 8.5.6). 


(8.1.27) 

(8.1.28) 
(8.1.29) 


Let us consider now for 0 < a < n the L 1 1 oc (K") function u a {x) = \x\ a ~ n (|at| is 
the Euclidean norm of x); since u a is also bounded for |a;| > 1, it is a tempered 
distribution. Let us calculate its Fourier transform v a . Since u a is homogeneous 
of degree a — n, we get from Exercise 8.5.9 that v a is a homogeneous distribution 
of degree —a. On the other hand, if S' € 0(R") (the orthogonal group), we have 
in the distribution sense 6 since u a is a radial function, i.e., such that 


v a (SZ) = v a (Z). (8.1.30) 

The distribution |£| Q u Q (£) is homogeneous of degree 0 on R™\{0} and is also 
“radial”, i.e., satisfies (8.1.30). Moreover on R"\{0}, the distribution v a is a C 1 
function which coincides with 7 

J e- 2i ^ X o(x)\x\ a - n dx+ \t\~ 2N J e- 2i ™-*\D x \ 2N (xi(x)\x\ a - n )dx, 

where xo & C£°(R n ) is 1 near 0 and Xi = 1 — xo, -V G N, a + 1 < 2 TV. As a result 
|£|“w a (£) = c a on R"\{0} and the distribution on R" (note that a < n), 

T = v a (t)-c a |£|-“ 

is supported in {0} and homogeneous (on R") with degree —a. From the Exercises 
8. 5. 7(1), 8.5.5 and 8.5.8, the condition 0 < a < n gives v a = c a |£| -a . To find c a , 
we compute 

f \x\ a - n e-™ 2 dx = { u a , e~™ 2 ) =Ca f \i\~ a e~^ 2 dS, 

J R n JR n 


which yields 



5 A distribution T on is said to be odd (resp. even) when T = —T (resp. T). 

6 For M e GZ(n,R), T G y'(R n ), we define (T(Mx), <p(x)) = (T(y), 4>(M~ 1 y))\ det M| _1 . 
7 We have = xqu^ + XlUa and for <j> supported in R n \{0} we get, 
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We have proven the following lemma. 

Lemma 8.1.18. Let n € N* and a £ (0 ,n). The function u a (x) = |a:| a-n is 
L \, oc (®") and also a temperate distribution on R". Its Fourier transform v a is 
also Lj^R") and given by 

mo = i^r a 7rT-° 


Fourier transform of Gaussian functions 

Proposition 8.1.19. Let A be a symmetric nonsingular n x n matrix with complex 
entries such that Re A > 0. We define the Gaussian function va on R" by va{x) = 
e -ir(Ax,x) ' p our i er transform of va is 

vX(0 = (det A)- 1/2 e - v{A ~ lu) , (8.1.31) 

where (det A)- 1 '' 2 is defined according to Formula (10.5.8). In particular, when 
A = —iB with a symmetric real nonsingular matrix B, we get 

Fourier(e i7r < Sx ’ x >)(0 = £~5(£) = | det ( 8 .i. 32 ) 

Proof. We use the notation of Section 10.5 (in the subsection Logarithm of a 
nonsingular symmetric matrix). Let us define Tfj_ as the set of symmetric n x n 
complex matrices with a positive definite real part (naturally these matrices are 
nonsingular since Ax = 0 for x £ C n implies 0 = Re(Ar,a:} = ((Re A)x, x), so 
that t; c T+). 

Let us assume first that A £ T!j_; then the function va is in the Schwartz class 
(and so is its Fourier transform). The set T!j_ is an open convex subset of C ra ( n+1 )/ 2 
and the function T+ 9 A H y va(0 is holomorplric and given on T+ fl R”( n +b/ 2 
by (8.1.31). On the other hand the function 

x(j_ 3 4i~> e -|traceLog^g-7r<A _1 ^,J) 

is also holomorphic and coincides with the previous one on ]R n ( rl + 1 V 2 . By analytic 
continuation this proves (8.1.31) for A £ T+. 

If A £ Y + and ip £ we have (va, = f VA(x)<p(x)dx so that 

Y + 9 A i-A (va, <p) is continuous and thus (note that the mapping A i-9 A^ 1 is an 
homeomorphism of Y + ), using the previous result on Tfj_, 

(va,<p) = lim (uXf 7i,<p) = lim [ e -5 traceL °g (A+eI) e ~*((A+eI) 

e->0+ e->0 + J 

and by continuity of Log on T + and dominated convergence, 

(v2,p)= j 

which is the sought result. □ 
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Multipliers of y'(R n ) 

Definition 8.1.20. The space ^(I") of multipliers of y(R") is the subspace of 
the functions / G C 00 ^" - ) such that, 

Va € N”, ~^C a > 0, 3N a G N, Va: G R n , \(d%f)(x)\ < C a (l + \x\) Na . (8.1.33) 

It is easy to check that, for / G the operator «g/m is continuous 

from ^(R") into itself, and by transposition from y'(l") into itself: we define 
for T G J?"(R n ), / G ^ m (R”), 

( fT , y)#",sr = (T, f<p) 

and if p is a semi-norm of 5? , the continuity on <5? of the multiplication by / implies 
that there exists a semi-norm q on S? such that for all <p G 5? , p{f<p) < q(<p). 
A typical example of a function in ^m(R") is e lP< ' x> where P is a real- valued 
polynomial: in fact the derivatives of e lP ^ x 'l are of type Q(x)e lP ^ x ) where Q is a 
polynomial so that (8.1.33) holds. 

Definition 8.1.21. Let T, S be tempered distributions on R" such that T belongs 
to <^m(R")- We define the convolution T * S' by 

T7S = TS. (8.1.34) 

Note that this definition makes sense since T is a multiplier so that TS is 
indeed a tempered distribution whose inverse Fourier transform is meaningful. We 
have 

(T * S, 0)^"(R»),^(Rn) = (T * S, 4>)s f, (R n ),s'(R n ) = 0, 

Proposition 8.1.22. Let T be a distribution on R" such that T is compactly sup- 
ported. Then T is a multiplier which can be extended to an entire function on C n 
such that */suppT C B(0,Rq), 

3C 0 ,IVo>0,VCGC n , |T(C)| < C 0 (l -(- |C|) JVo e 27rRo|ImCl . (8.1.35) 

In particular, for S G ^'(R"), we may define according to (8.1.34) the convolution 
T*S. 

Proof. Let us first check the case Rq = 0: then the distribution T is supported 
at {0} and from Exercise 8.5.5 is a linear combination of derivatives of the Dirac 
mass at 0. Formulas (8.1.19), (8.1.21) imply that T is a polynomial, so that the 
conclusions of Proposition 8.1.22 hold in that case. 

Let us assume that Rq > 0 and let us consider a function % that is equal to 
1 in a neighborhood of supp T (this implies yT = T) and 

= (xT^)y-,y = (T, x4>)s",jr- 


(8.1.36) 
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On the other hand, defining for (eC" (with x ■ ( = J2 x j(j f° r x G R n ), 

F( C) = (T(x), x(x)e- 2i ™<)^^ , (8.1.37) 

we see that F is an entire function (i.e. , holomorphic on C"): calculating 

F( c + h)~ F( C) = (T(x),x(x)e- 2i ™<(e~ 2i ™- h - 1)) 

= (T(x), x(x)e~ 2 ™ x< (~2inx ■ h)) 

+ (r(x),x( x ) e ~ 2l ™ < J (! - 0)e~ 2W7TX ' h dd(—2inx ■ h ) 2 ^ , 

and applying to the last term the continuity properties of the linear form T, we 
obtain that the complex differential of F is 

(T(x), X (x)e-^ x <(-2i7rx j ))dC j . 

l<j<n 

Moreover the derivatives of (8.1.37) are 

F™( C) = (T(x),x(x)e- 2i ™<(-2iTrx) k )^^. (8.1.38) 

To evaluate the semi-norms of x H > x( x ) e 2l ^ x ^ (— 2mx) k in the Schwartz space, 
we have to deal with a finite sum of products of type 

\x^{d a x){x)e~ 2 " x< {-2mCf\ < (1 + |C|) I/3 ' sup \x"< (d a X )(x)e 2 ^ ImCI |. 

xeR n 

We may now choose a function Xo equal to 1 on B{ 0, 1), supported in B( 0, 2e ) 

such that ||d /3 Xo||i,°° < c(/3)e~^ with e = We find with 

X(x) = Xo( x /{Ro + e)) (which is 1 on a neighborhood of B( 0, Rq)), 


sup |a; 7 (a a x)(a;)e 2,r|a:||ImCI | < (Ro + 2e)' 71 sup \(d a xo)(y)e 2 * l ' Ro+2e ^ Im< ^ I 

x6R n y6R n 

< (Rq + 2e)^e 2n(Ro+2 ^ ImCl c(a)W |Q| 


= ( Ro + 2-^-r ) l7 ' e 2 -(«o+ 2 i|ftr)l Im «l c(a) ( ^ 

V i + ICI/ \ Ro 

< (3i?.o) l7l e 2 ^ o|ImCl e 4 ^°c(a)i?” |Q| (l + |C|) l “ l , 


M 


yielding 

|F (fc) (C)| < e 2wflo|ImCI C fe (l + |C|)W, 
which implies that K n 9 £ i— >• F(£) is indeed a multiplier. We have also 


{T,x4>)^,^ = (T(x), X (x) [ me- 2 *” 3 *#)*',*. 

JR n 



8.2. The Poisson summation formula 


357 


Since the function F is entire we have for £ C“(R n ), using (8.1.38) and Fubini’s 
theorem on £ 1 (N) x L 1 (R"), 

f F(0m^ = ^2(T(x), X (x)(-2inx) k ) f (8-1.39) 

JR n ^>0 Jsupp0 

On the other hand, since </> is also entire (from the discussion on F or directly 
from the integral formula for the Fourier transform of <j> £ we have 

{T,x4>) = (T^),x(cr)^( 0 )W(O)xVfc!) 

k> 0 

= (T( X ), X (x) lim £ (^ k \0)x k /k\) 

N—t+oo ' 

0<k<N 

S v ' 

convergence in C£°(R n ) 

= M lim 51 {T{x),x(x)x k /k\) f <t>(£){-2iTr€) k <%. 

N ^ + °°o Mn J »" 

Thanks to (8.1.39), that quantity is equal to f Rn F(^)<p(^)d^. As a result, the 
tempered distributions T and F coincide on C^R"), which is dense in y(R") 
(see Exercise 8.5.3) and so T = F, concluding the proof. □ 

8.2 The Poisson summation formula 

Wave packets 

We define for x £ R", (y, if) £ R” x R™, 

<p y , v (x) = 2 n / 4 e -^ x - y)2 e 2i7l{x - y) ' r] = 2"/ 4 e _7r ( x_s ' _ * ?) ) 2 e _7rr)2 , (8.2.1) 

where for C = (Ci> • ■ • , Cn) e C n , C 2 = 5Z (8.2.2) 

l<j<n 

We note that the function ip ytV is in <5^(R") and with L 2 norm 1. In fact, ip VtV 
appears as a phase translation of a normalized Gaussian. The following lennna 
introduces the wave packets transform as a Gabor wavelet. 

Lemma 8.2.1. Let u be a function in the Schwartz class i y’(R n ). We define 

C Wu)(y , y) = ( u , <p v „)m r») = 2 n / 4 J u(x)e~< x -^ e~^ x -^dx (8.2.3) 

= 2 n ' A J u(x)e-^ y - ir) - x '> 2 dxe-^ 2 . 


(8.2.4) 
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For u € L 2 (M. n ), the function Tu defined by 

(Tu)(y + irj) = e 7 ” 7 Wu{y,—rj) = 2"/ 4 J u{x)e~’ K ^ v+ir, ~ x ' ) dx (8.2.5) 

is an entire function. The mapping u i-»- Wu is continuous from J? (W 1 ) to J^(!b n ) 
and isometric from L 2 (R") to L 2 (R 2 ™). Moreover, we have the reconstruction for- 
mula 

u ( x )=[[ {Wu)(y,r})tpv, v {x)dydr). (8.2.6) 

J il n xl n 

Proof. For u in y(R n ), we have 

{Wu){y,i ?) = e 2myr, Cl {r],y) 

where Cl is the Fourier transform with respect to the first variable of the J^(R 2 ") 
function Cl(x,y) = u(x)e~ v( - x ~ v ' >2 2"/ 4 . Thus the function Wu belongs to ^(R 2 ™). 
It makes sense to compute 

2- n / 2 (Wu,Wu) L 2 {R i n) 

/ (Q 2 7 ^ 

u(x 1 )u(x 2 )e-^ Xl - v)2+(x2 - y)2+2iixi - X2)ri+e2ri2 Uyd'ndx 1 dx 2 . 

Now the last integral on R 4n converges absolutely and we can use Fubini’s theorem. 
Integrating with respect to rj involves the Fourier transform of a Gaussian function 
and we get e~ n e~' Kt ( Xl ~ X2 l . Since 

2(zi - y) 2 + 2 ( x 2 - y ) 2 = (aq + x 2 - 2 y) 2 + (xi - x 2 ) 2 , 

integrating with respect to y yields a factor 2 _ ™' /2 . We are left with 

{Wu, Wu) L 2 {k 2 n) 

= lim J u(x 1 ) u(x 2 )e-^ Xl ~ X2)2 /2 e- n e-* e ~ 2{xi ~ X2)2 d Xl dx 2 

Changing the variables, the integral is 

lim [ u(s + et/2) u(s — et/2)e~ 7T<L 1 / 2 e -7I ’ t dtds = llull 

e ^o + J 


( 8 . 2 . 8 ) 


2 

L 2 (R”) 


by Lebesgue’s dominated convergence theorem: the triangle inequality and the 
estimate |u(a;)| < C( 1 + |a7|) _ra_1 imply, with v = u/C, 

|v(s + et/2) v(s - et/2)\ < (1 + |s + ef/2|) _rl_1 (l + |s + et/2\)~ n ~ 1 

< (1 + |s + et/2\ + |s — et/2|) _ra_1 

< (1 + 2|s|) - ™ -1 . 



8.2. The Poisson summation formula 


359 


Eventually, this proves that for u £ =5^(R"), 

HIEull ^ 2 (|| 2 ti) = |M|l,2( R n), (8.2.9) 

so that by density of ^(K™) in L 2 (R ra ), 

W : L 2 (M”) -> L 2 (K 2n ) with W*W = id L 2 (Rn) . (8.2.10) 

Noticing first that ff Wu(y, r))<p yiT} dydr) belongs to L 2 (R") (with a norm smaller 
than || W / 'w||li(r 2 ")) and applying Fubini’s theorem, we get from the polarization 
of (8.2.9) for u,v £ J^QR"), 


(«,u)l 2 (R") = (Wu, Wv) L 2 {R 2 n) 


j j Wu(y,i l)(‘p y , v ,v) L 2 (Rn) dydr] 

JJ Wu{y,rj)<p y>r ,dydr),v 


L 2 (R”) 


yielding u = Jf Wu(y,rf)(p y>T ,dydr), which is the result of the lemma. 


□ 


Poisson’s formula 


The following lemma is in fact the Poisson summation formula for Gaussian func- 
tions in one dimension. 

Lemma 8.2.2. For all complex numbers z, the following series are absolutely con- 
vergent and 

( 8 . 2 . 11 ) 

mGZ 

Proof. We set u(z) = ]F] meZ e - 7r ( 2 + m ) 2 . The function u> is entire and 1-periodic 
since for all m £ Z, z i-T e~ 7T ^ z+m ' >2 is entire and for R > 0, 

sup | e -*(*+"*) a | < sup | e -^ 2 | e -™ 2 e 2 -Mfl e <T(Z). 

|z|<K \4<R 


E 


, — 7T (z-\-m) 2 


= E 


^—irm z ^ 2iTtmz 


Consequently, for z G M, we obtain, expanding u) in Fourier series 8 , 
u(z) =Ve 2ilb / u(x)e~ 2i7rkx dx. 


feez 


'0 


“Note that we use this expansion only for a C°° 1-periodic function. The proof is simple and 
requires us only to compute 1 + 2 Re Eu<fc<iV e 2z7rkx = • Then one has to show 

that for a smooth 1-periodic function c o such that cj(0) = 0, 

rl sin Air 


lim 

A — ^ -j- oo 


/ 

Jo 


-uj(x)dx = 0, 


which is obvious since for a smooth v (here we take v(x) = u(x)/ sin-7r:r), | v(x)sin(\x)dx\ = 
0 (\— -*■) by integration by parts. 
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We also check, using Fubini’s theorem on L 1 ( 0, 1) x £ 1 (Z), 

p 1 pi 

/ ui(x)e~ 2i7rkx dx = Y e-^ x+m)2 e~ 2ivkx dx 
"'° me z 1 ' 0 

= £ 


/*m+l 


e -7Tt 2 e -2 inktfa 


m£Z *" 


/ g— 7rt 2 2inkt ^ — irk 2 


So the lemma is proven for real 2 and since both sides are entire functions, we 
conclude by analytic continuation. □ 


It is now straightforward to get the nth-dimensional version of the previous 
lemma: for all z £ C™, using the notation (8.2.2), we have 

Y g-^+m) 2 = Y e _7rm2 e 2i7rm ' z . (8.2.12) 

Theorem 8.2.3 (Poisson summation formula). Let n be a positive integer and let 
u be a function in <5^(R n ). Then we have 

£ u{k) = Y *( fc )> (8.2.13) 

fee z” fee z" 

where u stands for the Fourier transform of u. In other words the tempered distri- 
bution Dq = X^fceZ" ^fe suck that Dq = Dq. 


Proof. We write, according to (8.2.6) and to Fubini’s theorem 


£ u(k) 
fee z” 


£ Wu(y,ri)<py, v (k)dydri 
feez" J J 

JJ Wu(y, rj) Y Ty,v( k)dydy. 


Now, (8.2.12), (8.2.1) give 


£ <Pv,r,( k ) = Y $v,v( k )’ 

fee z” feez” 


so that (8.2.6) and Fubini’s theorem imply the result. 


□ 
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8.3 Periodic distributions 


The Dirichlet kernel 

For N £ N, the Dirichlet kernel Dm is defined on R by 


2inkx 


Dn{x) = Y 

— N<k<N 

= 1 + 2 Re Y 


J2 iTvkx 


= 1 + 2 Re e 


Kk<N 


Jli-nNx 


- 1 


- 1 


1 + 2 Re(e»'— = 1 + 2 cos MW + , W *!^ 
v 7 sm(7ra:) sm(7rx) 

1 / , . .\ sin(7nr(2./V + 1)) 

1 + + - “"'"'O = slnfa+l ’ 


and extending by continuity at x £ Z that 1-periodic function, we find that 

sm(nx(2N + 1)) 


D n (x) = 


sin(7 


Now, for a 1-periodic v £ C ,1 (R), with 

(Dn*u)(x)= / Dm(x — t)u{t)dt 1 

J o 


(8.3.1) 


(8.3.2) 


we have 


D D (v(x — t') — u(x)) 

lim / D]y(x—t)v(t)dt = v(x)+ lim / sin(7rt(27V+l)) — -dt, 

N^f+oo J 0 iV-H-oo J 0 Sm(7T<) 

and the function 9 X given by 9 x {t) = is continuous on [0, 1], and from 

the Riemann-Lebesgue Lemma 3.4.5, we obtain 

r-l 


lim V i 

N — >+oo * ^ 

— N<k<N 


,2iivkx 


[ e 2l7rkt v(t)dt = lim [ Dm(x — t)v(t)dt = v(x). 

Jo N—t+oo J q 


On the other hand if v is 1-periodic and C 1+l , the Fourier coefficient 
Ck(v) = f e~ 2lwkt v(t)dt 

Jo 


for k ^ 0 


2l7Tk 


s - 2 i W W w ( t )]t=0 


2iirk 


e~ 2inkt v'{t)dt, 


and iterating the integration by parts, we find Ck(v) = 0(k 1 l ) so that for a 
1-periodic C 2 function v, we have 

Ye 2tTkx c k (v)=v(x). 
fee z 


(8.3.3) 
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Pointwise convergence of Fourier series 


Lemma 8.3.1. Let u : R — > R be a 1-periodic L 1 1 oc (M) function and let xo G [0, 1]. 
Let us assume that there exists wq G R such that the Dini condition is satisfied, 
i.e., 

f 1 ^ 2 \u(xq +t) + u(xq — t) — 2wo\ 


t 


-dt < +oo. 


(8.3.4) 


Then, limjv_,. +00 J2\k\<N Ch{u)e 2%nkxo = w 0 with c k (u) = f Q e 
Proof. Using the above calculations, we find 


1 „ — 2i7rtk„ 


,{t)dt. 


Y c k (u)e 2mkx ° = (D n *u)(x o) = tu 0 + 
|fe|<JV 


sin(nt(2N + 1)) 
sin(7rt) 


(u(x o — t) — Wo)dt, 


so that, using the periodicity of u and the fact that Dn is an even function, we get 

f 1//2 sin(nt(2N + 1 )) . . 

(D N -ku){x 0 ) - w 0 = / . , ' (u(xo-t)+u(xo+t)-2w 0 )dt. 

Jo sm(7rtj 

Thanks to the hypothesis (8.3.4), the function 

u(x o — t)+ u(x o + t) — 2 wq 




sin(7rt) 


belongs to T 1 (]R) and the Riemann-Lebesgue Lemma 3.4.5 gives the conclusion. 

□ 


Theorem 8.3.2. Let 


be a 1-periodic Lh function. 


(1) Let Xo G [0, l],u>o G R. We define co XOiWo (t) = \u(xo + t) +u(xo — t) — 2wo\ 
and we assume that 

r V 2 dt 


,w 0 (t)— < +°0- 


t. 


(8.3.5) 


Then the Fourier series (D^ku){x o) converges with limit wq- In particular, if 
(8.3.5) is satisfied with wq = u{x o), the Fourier series (Dn*u)(xo) converges 
with limit u(x o). If u has a left and right limit at xo and is such that (8.3.5) 
is satisfied with wo = ^(w(a;o + 0) + w(a;o — 0)), the Fourier series (Dn*u)(xq) 
converges with limit \(u(x o — 0) + u(xo + 0)). 

(2) If the function u is Holder- continuous 9 , the Fourier series (Djy -k u)(x) con- 
verges for all x G R with limit u{x). 

(3) If u has a left and right limit at each point and a left, and right derivative at 
each point, the Fourier series (Dn *u)(x) converges for all x G R with limit 
\(u{x - 0) + u(x + 0)) . 


9 Holder-continuity of index 9 S]0, 1] means that 3C > 0, Vt, s, \u(t) — u(s)| < C'\ I — s \ (1 . 
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Proof. (1) follows from Lemma 8.3.1; to obtain (2), we note that for a Holder 
continuous function of index 9 G]0, 1], we have for t G]0, 1/2], 

i _1 <w, u (x)(t) < ct 9 ~ 1 g TQo, 1/2]). 

(3) If u has a right derivative at xo, it means that 

u(x o + t) = u(x 0 + 0) + u' r (xo)t + teo(t), lim e 0 (t) = 0. 


As a consequence, for t G]0, 1/2], t~ 1 \u(xo+t) — u(a:o + 0)| < \u' r (xo) + eo(i)|- Since 
lim t _ > .o + eo (f) = 0, there exists T 0 G]0, 1/2] such that |eo(/)| < 1 for t G [0, To]. As 
a result, we have 


r 1/2 

/ t~ 1 \u(xo + t) — u{xq + 0)\dt 

Jo 

[■To r 1/2 

< / (\u’ r (x 0 )\ + l)dt + / \u(x 0 +t) 

J 0 J Tq 


u(x o + 0)\dtT o 1 < +oo, 


1 /2 

since u is also L\ oc . The integral f 0 t~ 1 \u(xo — t) — u(xo — 0)|df is also finite and 
the condition (8.3.5) holds with wq = ^(u(x o — 0) + u(xo + 0)). The proof of the 
lemma is complete. □ 


Periodic distributions 

We consider now a distribution u on R" which is periodic with periods Z”. Let 
X G C/ , °(]R";]R + ) such that x = 1 on [0, l] n . Then the function xi defined by 

xi(*) = x( x ~ k ) 

fcez n 

is C°° periodic 10 with periods Z". Moreover since 

]^[ [E(xj),E(xj) + l\, 

l<j<n 

the bounded function xi is also bounded from below and such that 1 < Xi{ x )- 
With xo = x/Xi, w e have 

£xo(® -*) = i> xo e CT(r). 

fee z n 

For ip G C£°(]R n ), we have from the periodicity of u, 

(u,<fi) = ^2 ( u ( x )^( x )Xo( x ~ &)> = ( u ( x )’V( x + k )Xo(x)), 

kez n kez n 


10 Note that the sum is locally finite since for K compact subset of ( K — k) fl suppxo — 0 

except for a finite subset of k E Z n . 
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where the sums are finite. Now if <p £ K 1 1 ), we have, since \o is compactly 

supported (say in \x\ < Rq), 

\{u(x),<p(x + k)xo{x))\<C 0 sup \ip {a) (x + k)\ 

\a\<N 0 ,\x\<R 0 

<C 0 sup |(1 + i? 0 + |x + k\) n+1 ^ a) {x + fc)|(l + |/c|)" n_1 
M<iVo,M<-Ro 

< Po(^)(l + |fc|)"” _1 , 

where po is a semi-norm of ip (independent of k). As a result u is a tempered 
distribution and we have for <p £ K™ ), using Poisson’s summation formula, 

= (u(x), Y f( x + k )Xo{x)) = (u(x), Y ^x{k)). 

fceZ" ' ' k£L n 

V'x(fe) 

Now we see that ip x (k) = f Rn p(x + t)xo(x)e~ 2lwkt dt = xo (x)e 2inkx ip(k), so that 

{u,ip}= Y ( u ( x )’Xo(x)e 2l7rkx )>p{k), 
fee z n 


which means 

u(x) = Y (u(t),xo(t)e 2i ” kt )e- 2 ™ k * = Y <«(*). Xo(t)e^ kt )e 2Mx . 
fee z n fee z n 

Theorem 8.3.3. Let u be a periodic distribution on R" with periods Z". Then u is a 
tempered distribution and if x o a C™(M. n ) function such that z „ xo(x — k) = 
1, we have 


u= Y c k{u)e 2 ™ kx , (8.3.6) 

fee z n 

U = Y c k{u)h, With c k (u) = (u(t),xo{t)e~ 2tvkt ), (8.3.7) 

fee z n 

and convergence in y'(R"). If u is in C m (R") with m > n, the previous formulas 
hold with uniform convergence for (8.3.6) and 

Cfe(u) = [ u(t)e~ 2xvkt dt. (8.3.8) 

•HO,!]" 

Proof. The first statements are already proven and the calculation of u is immedi- 
ate. If u belongs to L\ oc we can redo the calculations above, choosing xo = l[o,i]"> 
and get (8.3.6) with c k given by (8.3.8). Moreover, if u is in C m with m > n, 
we get by integration by parts that c k (u ) is 0(\k\~ m ) so that the series (8.3.6) is 
uniformly converging. □ 
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Theorem 8.3.4. Let u be a periodic distribution on R" with periods Z”. If u £ L 2 oc 
( i.e u £ A 2 (T”) with T ra = (R/Z) ra ), then 

u(x) = N' Ck(u)e 2znkx , with c k (u) = f u(t)e~ 2l * kt dt, (8.3.9) 

fee Z” d[o,i] n 

and convergence in L 2 (T n ). Moreover ||u|| 2 2 ( T n) = Sfeez* 1 |cfe(w)| 2 • Conversely, if 
the coefficients c k (u) defined by (8.3.7) are in £ 2 (Z n ), the distribution u is L 2 (T n ). 


Proof. As said above the formula for the c k (u) follows from changing the choice 
of xo to 1 [o.i] n in the discussion preceding Theorem 8.3.3. Formula (8.3.6) gives 
the convergence in ^'(R") to u. Now, since 

[ e 2i ^ k - l ^dt = S kil , 

•'[ 0 , 1 ]" 

we see from Theorem 8.3.3 that for u £ C n+1 ( T"), 

{u,u) L 2 ( t») = X] |cfc(u)| 2 . 
fee z n 

As a consequence the mapping L 2 (T”) 9 u i-)- (c k (u))ke z*> G £ 2 (Z n ) is isometric 
with a range containing the dense subset £ x (Z n ) (if (c k (u))he z n 6 t ?1 (Z n ), u is a 
continuous function); since the range is closed 11 , the mapping is onto and is an 
isometric isomorphism from the open mapping theorem. □ 


8.4 Notes 

Johann Dirichlet (1805-1859) was a German mathematician. 

Maurice Frechet (1878-1973) was a French mathematician. 

Joseph Fourier (1768-1830) was a French mathematician, inventor of the tri- 
gonometrical series, a versatile tool used now in many branches of Science. 
Dennis Gabor (1900-1979) was a Hungarian-born British electrical engineer. 
Oliver Heaviside (1850-1925) was a British electrical engineer. 

Michel Plancherel (1885-1967) was a Swiss mathematician. 

Denis POISSON (1781-1840) was a French mathematician. 

Laurent Schwartz (1915-2002) was a French mathematician, creator of the mod- 
ern theory of distributions. In 1950 he became the first French recipient of 
the Fields medal. 

11 If A : 'H i — > “H 2 is an isometric linear mapping between Hilbert spaces and (Au k ) is a con- 
verging sequence in H 2, then by linearity and isometry, the sequence (uf, ) is a Cauchy sequence 
in Hi, thus converges. The continuity of A implies that if u = limj. u k , we have 

v = lim Au k = Au, proving that the range of A is closed. 
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8.5 Exercises 

Exercise 8.5.1. Let A be a positive definite nxn symmetric matrix. Prove that the 
function % pA defined by i/ja{x) = e~( Ax,x ^ belongs to 

Answer. The function xpA is smooth and such that 

x a (d^ip A ){x) = P at p(x)ip A {x), 

where P a ,p is a polynomial (obvious induction). Since ( Ax,x ) > <5||:r|| 2 with a 
positive 5 and \P a ,p(x)\ < C( 1 + ||a:|| 2 ) d / 2 , where d is the degree of P, we obtain 
the boundedness of x a (d^ipA){x) 1 proving the sought result. 

Exercise 8.5.2. The Schwartz class of functions is defined by 

y’(R n ) = lu € C°°(]R"),Va,/3 € N™, sup \x a d£u(x)\ = p a p{u) < oo 
l x6R n 

where a = (a \ , . . . , a n ) £ N", x a = x f 1 . . . x% n , (3 £ N n , = d%.\ . . . . Show 

that the p a p are semi-norms on 3P(M. n ), making this space a Frechet space. 

Answer. The p a p are semi-norms, i.e. , valued in R + such that p a p{\u) = \\\p a p(u) 
and they satisfy the triangle inequality. We consider a Cauchy sequence ( Wfc)fceN • 
It means that for all a, (3, for all e > 0, there exists k a p e such that for all k > 
kajSei l 0; 

Pa/nid^k+i Vk) e. 

Using the case a = ft = 0, we find a continuous function u with a uniform limit 
of Uk ■ Using the uniform convergence of the sequence (df!uk)k£Th we get that u is 
C°° and that the sequences {dfuk)ke_n are uniformly converging towards dfu. We 
write then 

\x a dP(u k - u)(x)\= lim \x a d£ (u k - ui)(x)\ 

Z— H-oo 

< lim sup p a p(uk -Ui) < e 

i 

for k > k a p e . We get p a p{uk — u) < e for k > k a p e , proving the convergence 
in y(R n ). 

Exercise 8.5.3. Prove that C'£°(]R n ) is dense in the Schwartz class 

Answer. Let xo £ C£°(M. n ) equal to 1 on the unit ball. Let <p £ 3P(W. n ) and let us 
define for k £W, 


<t>k{x) = Xo(x/k)<j>(x), fceC c °°(r), <j>k(x) - <p{x) = <j>{x)(xo{x/k) - l), 
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and with the p a p defined in Exercise 8.5.2, we have 

E ^d^{x)dfxo(x/k)k~^ 

P'+P"=P P ' P 
\P"\>± 

+ sup x a (dP(l))(x){xo (f) - 1) , 

ccGM n ,|x|>fc \fc/ 

— Ck Pmax(|a|,|/3|) (4*)P max(|a| , |jS|)(Xo ) + k 1 sup \\x\x a {d^4>){x% 

a;Gl n 

with pi~ defined in (8.1.3), proving the convergence towards 0 in the Schwartz 
space of the sequence (4>k)k£N- 

Exercise 8.5.4. Let T £ such that xT = 0. Prove that T = c5q. 

Answer. Let 0 £ J^(K) and let \o G C)? 0 )!!") such that xo(0) = 1. We have 

<P(x) = Xo (x)<j>{x) + (1 - Xo(z))0(:r). 

Applying Taylor’s formula with integral remainder (see, e.g., Theorem 5.9.3), we 
define the smooth function 0 by 

,, ^ (! - Xo{x)) , 

V\x) = <p{x) 

X 

and, applying Leibniz’ formula, we see also that ^ belongs to ^(R). As a result 

{T,4>)^'( R),^(R) = (T,Xo4>) = ( T ,Xo(<t> ~ <t>(0))) +0(O)(T,xo) = 0(O)(T,xo), 

since the function x >->• Xo(x)(<f>(x) — 0(0)) /x belongs to C£°(R). As a result 

T = (T,xo)So- 


Pap (0fe - 0) = SUp 

i6R“ 


Exercise 8.5.5. Prove that a distribution with support {0} is a linear combination 
of derivatives of the Dirac mass at 0, i.e., 

u = E c « 5 o a) > 

|a[< AT 

where the c a are some constants. 

Answer. Let No £ N such that |(u, <p)\ < CpN 0 (p), where the semi-norms pk are 
given by (8.1.3). For ip £ J^(K n ), we have 


v(x) = E 

\a\<N 0 


(d^m. 


rl (1 - 0) N ° Mi) 


( 9x)d0 x r 


ip(x), y>eC“(R n ) 
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and thus for x 0 £ C(?°(R n ),xo = 1 near 0, 

{u,ip) = (u,x ov) = ^2 {u,xo{x)x a ) + (u,x 0 (x)ip(x)x No+1 ). (8.5.1) 

a\ 

\a\<N 0 

We note that 

\(u, X0 (x)iP(x)x N ° +1 )\ <C 0 sup \d“( X o(x)iP(x)x N ° +1 )\. (8.5.2) 

M<iV 0 

We can take xo(;r) = p(x/e) 1 where p € Cc°(R n ) is supported in the unit ball B\, 
p = 1 in |l?i and e > 0. We have then 

Xo{x)ip(x)x N ° +1 = e^p (£) ^ ( e £) = e^ pi (£) , 

with pi(t) = p(t)ip(et)t No+1 , so that pi £ C“(R n ) is supported in the unit ball 
B\ and has all its derivatives bounded independently of e. From (8.5.2), we get for 
all e > 0, 

\(u,xo(xMx)x N ° +1 )\<C 0 sup e^+i-M ( d ? Pl )(-) < C l£ , 

\a\<N 0 Ve/ 

which implies that the left-hand side of (8.5.2) is zero. 

Exercise 8.5.6. Let u £ J?"(R") and A £ C. The distribution u is said to be homo- 
geneous with degree X if for all t > 0, u(t-) = t x u(-). Prove that the distribution u 
is homogeneous of degree A if and only if Euler’s equation is satisfied, namely 

y Xjd Xj u = Xu. (8.5.3) 

l<j<n 

Answer. A distribution u on R" is homogeneous of degree A means: 

V(,?£ C^°(R"),Vt > 0, {u(y), P (y/t)t~ n ) = t x (u(x), <p(x)), 

which is equivalent to \/p £ C'(?°(R"),Vs > 0, (u(y), (p(sy)s n+x ) = (u(x),ip(x)), 
also equivalent to 

Vpec c °°( R"), ±((u(y),cp(sy)s n+x )) =0 on s > 0. (8.5.4) 

The differentiability property is easy to derive 12 and that 

(u(y), ip{sy)s n+x ) = (u(x), ip{x)) at s = 1. 

12 We have for s > 0, 

< p((s + h)y) - (fi(sy) = p'(sy)hy + [ (1 - 0)p" ((s + dh)y)d0h 2 y 2 . 

Jo 

It is enough to prove that for a in a neighborhood V of s, the function y i— »■ (pW (cry) is bounded 
in ^(R n ). This is obvious, choosing for instance V = (s/2, 2s). 
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As a consequence, we get that the homogeneity of degree A of u is equivalent to 
Vs > 0, (u(y),s n+x ~ 1 ((n + \)<p{sy) + ^2 {d j ip)(sy)sy j )\ = 0, 

\ 1 <j<n / 

also equivalent to 0 = ( u(y ), (n + A + <j<n an d by the definition 

of the differentiation of a distribution, it is equivalent to 

(n + X)u — ^2 dj(Vju) = 0, 

l<j<n 

which is (8.5.3) by Leibniz’ rule. 


Exercise 8.5.7. 

(1) Prove that the Dirac mass at 0 in M™ is homogeneous of degree —n. 

(2) Prove that if T is a homogeneous distribution of degree A, then dfT is also 
homogeneous with degree A — \a\. 

(3) Prove that the distribution pv(^) is homogeneous of degree — 1 as well as 
l/(x±i0). 

(4) For A £ C with Re A > — 1 we define the A[ oc (M) functions 


x 


A 

+ 



if x > 0, A = x\ 
ifx< 0, X+_ T(A + 1)' 


(8.5.5) 


Prove that the distributions x+ and x+ are homogeneous of degree A. 


Answer. (1) We have for t > 0, 


{S 0 {tx),<p(x)) = {S 0 {y),<p(y/t)t n )=t n <p(0 )=t n {S 0 ,y>). 


(2) Taking the derivative of the Euler equation (8.5.3), we get 

hdx^u T ^ ) Xj d X j &xk n A d Xk u — 0, 

1 <j<k 

proving that d Xk u is homogeneous of degree A — 1 and the result by iteration. 

(3) It follows immediately from the definition (8.1.26) that the distribution pv(A) 
is homogeneous of degree —1. The same is true for the distributions -^0 as it is 
clear from 

^*0 = ^ L ° g(a: ± = ±^H(x)) = P v “ “F (8.5.6) 

(4) The distributions \+ and £+ are homogeneous of degree A. By an analytic 
continuation argument, we can prove that x+ may be defined for any A € C and 
is a homogeneous distribution of degree A which satisfies 

X + = (^) (A+ +fc )> X+ k = k € N*. 
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Exercise 8.5.8. Let ( Uj)i<j< m be non- zero homogeneous distributions on R" with 
distinct degrees (Xj)i <j< m ( j k implies X j ^ X k). Prove that they are indepen- 
dent in the complex vector space 

Answer. We assume that to > 2 and that there exists some complex numbers 
( c j)i<j<m such that Y^i<j<m. c j u j = 0- Then applying the (Euler) operator 

£ = Xj d Xj , 

l<j<m 


we get for all k £ N, 0 = J2i<j<m c j^ k ( u j) = We consider now 

the Vandermonde matrix m x m 


V m 


( 1 1 

I Ai X2 


m— 1 \m— 1 

‘1 A 2 


1 \ 

\m— 1 1 
A m ) 


detV m = J^[ (Afc — Xj) ^ 0. 

1 <.j<k<m 


We note that for <p £ C%°(M. n ), and X £ C m given by 

/ ci(ui,¥j) \ 

Y _ C 2 {u 2 ,p) 


yc m (ii m , cp ) J 

we have V m X = 0, so that X = 0, i.e., Vj , £ Cf°(M. n ),Cj(uj,<p) = 0, i.e., 
CjUj = 0 and since Uj is not the zero distribution, we get the sought conclusion 
Cj = 0 for all j. 


Exercise 8.5.9. Let T £ AX' (R") be a homogeneous distribution of degree to. Prove 
that its Fourier transform is a homogeneous distribution of degree —to — n. 

Answer. We check 


(5 • D ( )T = -£.xT= —(D^r~xT) = -^-T - ^-(a T^T) = 
so that Euler’s equation £ • d(T = — (n + m)T is satisfied. 


(n + m) 

2in 


Exercise 8.5.10. Let u £ such that Xu = (d± u, . . . ,d n u) = 0. Prove that 

u is a constant. 

Answer. For all j, we have £jw(£) — 0 and since a polynomial is a multiplier of 
we have also |£| 2 u(£) = 0, which implies that suppu C {0}. From Exercise 
8.5.5, we find that u is a linear combination of derivatives of the Dirac mass at 0 
and (8.1.19) implies along with (8.1.21) that u is a polynomial. Now a polynomial 
with a vanishing gradient is a constant (use Taylor’s formula). 
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9.1 Riesz-Thorin interpolation theorem 

Theorem 9.1.1 (Hadamarcl three-lines theorem). Let a < b be real numbers, let 
Lt = {z € C, a < Re z < b} and let f : LI — > C be a bounded continuous function 
holomorphic on Q. We define for x € [a, b\, 

M{ x) = sup \f(x + iy)\. 
ye R 


Then the function M is log-convex on [a, b], i.e., 

M(x) < M(a)^M(b)^ . (9.1.1) 

N.B. Exercise 3.7.2 provides some information about logarithmic convexity. We 
note here that this proposition implies in particular that if / vanishes identically 
on the vertical line {Rez = a} or on {Rez = b}, then it should vanish identically 
on fl. If M(a),M(b) are both positive, then (9.1.1) reads 

(In M) ((1 — 6)a + 9b) < (1 - 6) In M(a) + 9 In M(b), 

which means convexity of In M on [a,b\, i.e., log-convexity. Defining InO = — oo, 
we recover the fact that if / vanishes on one vertical line, it vanishes on O. 

Proof. We may of course assume without loss of generality that a = 0, b = 1: given 
a < b real numbers, and / as in the proposition above, we may consider 

f{z) = f ((b ~ a)z + a ) , 

which is defined on (z S C,0 < Rez < 1}. If we get the result for /, it will read 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers , 371 

DOI 10.1007/978-3-0348-0694-7 9, © Springer Basel 2014 
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for 9 £ [0, 1] 

sup |/(C)|= sup |/(z)| 

{Re £=a+0(6— a)=a?} {Re z=G} 

< (sup |/(iy)|) 1_0 (sup 1/(1 + iy)\Y 

yeR yeR 

= ( SU P |/(a + (b — a)iy)\Y 8 (sup \f(a + b - a + (b - a)iy)\) 6 

ye R ye R 

= ( sup |/(C)|)^( sup 1/(01)^, 

Re £=a R e£=b 

which is the sought result. 

We assume first that M{ 0) = M( 1) = 1. We define for e > 0 the holomorphic 
function h e on Re z > — 1/e given by 


We note that Vz £ DQ, \f(z)h e (z)\ < 1 (in fact |/(z)| < 1 there as well as h e (z )) 
and moreover with C = supfj |/|, we have for 0 < Rez < 1, | Imz| > C/e, 

|/(z)/i e (z)| < C\\ + ez | _1 < Ce^ 1 | Imz| _1 < 1. (9.1.2) 

As a result, considering the rectangle R e = {0 < Re 2 : < 1, | lmz\ < C/e}, we see 
that the continuous function fh e : R e — > C is bounded above by 1 on the boundary 
and is holomorphic in the interior. Applying the maximum principle, we obtain 
that 

(tt) Vz G R e , \f(z)h e (z)\ < 1. 

On the other hand if z G Cl with | Im z\ > C/e, we get from (9.1.2) the same 
inequality (ft). Consequently, we have for all e > 0 and all z £ Cl, \f(z)h e (z)\ < 1, 
which implies the sought result |/(z)| < 1 for z eCl. 

We assume now that M{ 0), M( 1) are both positive, and we introduce the function 
F(z) = M(0) _(1_z) M(l) _z /(z) = /(z)e z(lnM(o)_lnM(1)) M(0) _1 . (9.1.3) 

The function F is holomorphic onf2 = {0<Rez<l},is and bounded on Cl since 
sup |F(z)| < M(0) _1 el lnM(0)-lnM(l)| sup |J|_ 

Moreover, on the vertical lines Rez = 0, 1, |F| is bounded above respectively by 
M(0)M( 0) -1 = 1, M(1)M(0)M(1)- 1 M(0)“ 1 = 1, 

so that we may apply the previous result to obtain 

Vz G Cl, |M(0)- (1 “ z) M(l)- z /(z)| < 1, 
which is precisely the sought result. 
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We assume now that M( 0) > 0,M(1) > 0. Let e > 0 be given. We introduce the 
function 

F e (z) = (M(0) + e)-^- z \M(l) + e)- z f(z). (9.1.4) 

Then, using the previous result, we obtain 

Ve > 0, Vz £ n, \f(z)\ < |(M(0) + 1) + e) z |, 

which implies the result, letting e — > 0+. The proof of the theorem is complete. □ 

Theorem 9.1.2 (Riesz-Thorin Interpolation Theorem). Let (X,M.,p) be a measure 
space where pi is a cr-finite positive measure. Let po,pi,qo,qi £ [l,+oo] and let 
T : L Pi (p) — > L qj (p),j = 0, 1, be a linear map such that 

\\Tu\\ L y M < Mj\\u\\ L p jW , j = 0, 1. 

For 9 £ [0, 1] we define — = — - + — , — = + — . Then T is a bounded 

l ’ J J pe po pi ’ qe qo qi 

linear map from L pe (p) into L qe (p) and 

V«eI w W, \\Tu\\ l ^ m < Ml~ e M(\\u\\ L Pe(p). (9.1.5) 

Proof. We may of course assume that 9 £ (0, 1). 

[1] Let us first assume that pg = +oo, so that po = Pi = +oo. 

Let u be a function in L°°(p): Tu belongs to L q °(p) fl L qi (p). 

Claim. For 9 £ (0,1), we have L qo (p)C\L qi (p) C L qe (p). This is obvious if qg = +oo 
(implying qo = qi = +oo) and if qg < +oo, assuming that qo,qi are both finite 
(and distinct), we find some t £ (0, 1) such that 

q$ = (1 — <)<7o + tqi, so that with — = 1 — t, 

r 

[ \v\ qs dp = [ Usoli-tlU q ^dp 

Jx Jx (9.1.6) 

If qo = +oo, 1 < qi < +oo, we have qg = q\j 9 and 


[ \v\ q ° dp [ \v\ qi dp, (9.1.7) 

Jx Jx 

proving the claim in that case as well. 

We find thus that Tu £ L qe and when q 0 , qi are both finite, applying (9.1.6), 
\\Tu\\Z < \\Tu\\Z^\\Tu\\^ < 

and since 


tqi 

- SL 

- qo qi _ 

l - 

qo 

qe 

= 9ol 

-qe 1 

qe 

qi 

- qo qe 

l - 

qo 

qi 

qo 1 

-qf l 


so that — — — — = 1 — 9, 
Qe 
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proving (9.1.5). If qo = +oo, 1 < qi < +oo, we have qg = qi/9 and applying (9.1.7) 

\\Tu\\% < llTtill^’-^IITull^ < ||«||®, 

and since 

Qe-qi , Qg 1 * a ,, , Qi „ 

= 1 — : — p = 1 — 9, so that — =9, 

qe q 1 - q 0 qe 

this implies (9.1.5) in that case as well. 

[2] We assume now that 1 < pg < +oo, qg > 1. Let u be a function in S (defined 
in (3.2.20)), so that 

u= ^ atje^lA], OLj > 0, <j)j e M, n(Aj) < + oo, (9.1.8) 

1<J <771 

where the Aj are pairwise disjoint elements of A4. Then Tu makes sense, belongs 
to L qe (n) and since S is dense in L pe (/x) (Proposition 3.2.11), it is enough to prove 
that 

Vi>€ £<«>', J(Tu)vdfi KM^M^uWMk.eY- (9-1-9) 

In fact, if we prove the above inequality, thanks to Lemma 6.2.1, this will imply 
that ||Tu|| ge < Mf\\u\\ pg . Now since T is a linear operator, and S is dense in 

L Pe (/x), there is a unique extension of T to a bounded linear operator from L Pe (/x) 
into L qe (fi) with operator-norm bounded above by Mq~ 9 Mf. To obtain (9.1.9), it 
is enough to prove that 

Mv&S, j (Tu)vdn < M^ 9 M?\\u\\p s \\v\\ (qg y, (9.1.10) 

since qg > 1 (S is dense in L^ qe > ). We may thus assume that 

v = ^2 Pke^ k l B k , A>0,ieR, K B k) < +oo, (9.1.11) 

l<fc<]V 


where the Bk are pairwise disjoint elements of A4. We define the entire functions 

u(z)= V af )/a(J) e^ l Aj , a(z) = — + -, (9.1.12) 

i Mm Po Pl 

v(z)= V p<A~ Kzmi ~ b{e)) e ^l B„, b(z) = + (9.1.13) 

l<k<N q ° qi 

F{z ) = [ {Tu(z))v(z)dfi 1 
Jx 


(9.1.14) 
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and we note that a(&) = 1 /p(&),b(&) = 1 /q(0) £ (0,1) since 9 £ (0,1). The 
function F is bounded on {z £ C, 0 < Re z < 1}: we have to deal with a finite sum 
and 

Reo(z) e [0,1], Re(l — b{z)) £ [0, 1]. 

Moreover, for y £ R, we have 


F(iy) = J 


E 

l<j <m 


a(iy) 

a JW e i <h 


3 1a 


)( 


E 

l<k<m 


1 B k P, 


(l-b(iy)) 

(1 -b{0)) i'ljjk 


) dy , 


and thus 


\F(iy)\ < M 0 

_ , a(iy) 


(l-6(4»)) 

^ l Sfe /? fc TT3W e^ 


1< j<m 

Po 

l</c<m 


Since the (and the (l?fc)i<fe<Ar) are pairwise disjoint, we have 


_ a(iy) 

E 

= 

Re a(it/) 

E a i aW u- 

= 

pW 

E «/" 

1< j<m 

Po 

1<_7 <m 

Po 

1< j<m 


= (/ Y ( E i^(0)r( e )^) 1/PO = n^wii^f 0 . 


and 




1 — Re b(iy) 


«'(») 

E 

= 

E 

= 

E 

1 <k<N 

l'o 

l<k<N 

<l'o 

l<k<N 


= (/( E 0k Wl B k )dS /9o = ( f \vm*'WdX /qo = 

\Jx / Vd.Y / 


so that, for i/gR, \F(iy)\ < M 0 \\u(9)\\ 1 ^^ 0 \\v(9)\\ q q 1 We obtain similarly that 


The last two inequalities and Theorem 9.1.1 imply for Rex £ [0,1], 



so that for Re z = 0, since 


— (1 -9) + — 6= 1 = 4(1 - 0) + 4 ( 

Po Pi % Qi 
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we get 


(Tu)vdfi 


\F(0)\ < 


which is indeed (9.1.10), concluding the proof in this case. 

[3] We assume now that 1 < pg < +oo, qg = 1 ( and thus qo = qi = 1, <Zq = 
q[ = +oo). It is enough to prove (9.1.9) (from Proposition 3.2.11), and to get it, 
(9.1.10) should be modified so that S is replaced by Soo (see Proposition 3.2.13), 
meaning that (9.1.11) must be modified so that p(Bj-) could be +oo. We modify 
(9.1.13) and take v(z) = v. The rest of the proof is unchanged, following case [2]. 
The proof of Theorem 9.1.2 is complete. □ 


The Riesz-Thorin interpolation theorem appears as a direct consequence of 
Hadamard’s three-lines theorem and is a typical example of a complex interpola- 
tion method based on a version of the maximum principle for holomorphic func- 
tions on unbounded domains. Of course holomorphic functions in an unbounded 
domain 0, continuous in Cl, may fail to satisfy the maximum principle 1 . However, 
the Phragmen-Lindelof principle asserts that a maximum principle result holds 
true, provided we impose some restriction on the growth of the class of functions: 
Hadamard’s three lines theorem, in which we have assumed boundedness for the 
holomorphic function, is a good example of this technique. We give below some 
classical consequences of Theorem 9.1.2. 

Theorem 9.1.3 (Generalized Young’s inequality). Let p,q,r € [l,+oo] such that 
(6.2.1) holds. Let (Xi, A4±, p±) and (X 2 , M 2 , ^ 2 ) be measure spaces where each pj 
is a a-ftnite positive measure and let k : X\ x X 2 — > C be a measurable mapping 
( the product X\ x X 2 is equipped with the a-algebra A4± ® Xt 2 ) such that there 
exists M > 0 with 


sup 

X1GX1 


sup 

X2GX2 




\ 1/p 


\k(x 1 ,x 2 )\ p dp 2 (x 2 ) ) < M, 

(9.1.15) 

\ i/p 


\k(x 1 ,x 2 )\ p dpi(x 1 ) j <M. 

(9.1.16) 


The linear operator L defined by 


(Lu 2 )(x 1 ) = / k(x 1 ,X2)u 2 {x2)dp,2(x 2 ) (9.1.17) 

Jx 2 


can be extended to a bounded linear operator from L q (p 2 ) into L r (p 1 ) with opera- 
tor-norm less than M . 


1 The function e z on S7 = {z £ C, Re 2 > 0} is unbounded on 11 although it has modulus 1 on 

an. 
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Remark 9.1.4. The first (resp. second) supremum can be replaced by an esssup 
(see (3.2.6)) in the fii (resp. p 2 ) sense. If p = +00 (which implies q = 1 , r = + 00 ), 
the hypothesis reads as 

esssup (xi >X 2 ' )e x 1 x x 2 \k(x!,x 2 )\ < M = M, 

and the result in that case is trivial since 

\(Lu 2 ){x 1 )\ < M||u 2 || L i (/i2) => \\Lu 2 \\ L oo (tll) < M\\u 2 \\ l i^ 2) . 

We may thus assume that 1 < p < + 00 . If q = +00 (which implies p = 1, r = + 00 ), 
we get also trivially 


|(Lw 2 )(a;i)| < / \k(xi,x 2 )\\u 2 (x 2 )\dp 2 (x 2 ) 

Jx 2 

< M\\ u 2 \\l°°([_l 2 ) 

=> \\Lu 2 \\ L oo^ < M||« 2 || L o. (#ia) . 

We may thus assume that p and q are finite. We may define (9.1.17) for u 2 = l^, 
where A 2 G M , with p 2 (A 2 ) < + 00 . Then we have 



\k(xi, x 2 )\dp 2 (x 2 ) < M||l A2 || iP / (/i2) 


<Mp, 2 {A 2 ) 1 ^ p <+ 00 . 


As a result for u 2 G S q (p 2 ) (the space S p (p) is defined by (3.2.20)), we may define 
Lu 2 as an L°°(p 1 ) function. Since for 1 < q < + 00 , S q (p 2 ) is dense in L q (p 2 ) 
(Proposition 3.2.11), the statement of Theorem 9.1.3 can be rephrased as follows: 
the linear operator L defined from S q (p, 2 ) into L°°(p 1 ) can be uniquely extended 
as a bounded linear operator from L q (p 2 ) into L r (p 1 ) with operator-norm less 
than M. 

N.B. Young’s inequality (Theorem 6.2.2) is indeed a consequence of the above 
result, taking k(x\,x 2 ) = a(x 1 — x 2 ) with Xj G M", p,j equal to the Lebesgue 
measure on M™, M = ||a||LP(R»*). 


Proof of the theorem. As noted in the above remark, we may assume that p , q are 
both finite. For u 2 G S q (p 2 ) (also if p' = +00 for u 2 G S qt00 (p 2 ), where S Pt00 (iJ,) is 
defined by (3.2.24)), we have 

\\Lu2Wl~m < M||u 2 ||^ (M2) . (9.1.18) 

This implies that L can be extended uniquely as a bounded linear operator from 
L p (p 2 ) into L°°(p 1 ) so that (9.1.18) holds true. Moreover, for u 2 G S q (p 2 ), we 
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have if p > 1 (thus p' < +oo), 

\\Lu 2 \\lp(^) = sup 


Lemma 6.2.1 " "r” (m) 

weS p i(p, i) 


IX 1 


(Lu 2 ){xi)w(xi)dp(xi) 


< 


< 


sup // \k(x 1 ,X2)\\u 2 (X2)\\w(x 1 )\dpi(xi)dp2(X2) 

w£S p r(/J. i) 

M sup \\w\\ LP >, , / \u 2 (x 2 )\dp 2 (x 2 ) = M\\u 2 \\ L i^ 2 y 


"LP' ( M1 ) 
w&S „/( au ) 


This implies that if p > 1, L can be extended uniquely as a bounded linear operator 
from L 1 (/x 2 ) into L p (p 1 ) so that 


\\Lu 2 \\lp(^) < M\\u 2 \\ L i^y (9.1.19) 

Applying the Riesz-Thorin interpolation theorem 9.1.2 to the inequalities (9.1.18)- 
(9.1.19), we find that the linear operator L sends continuously L q (p 2 ) into L r (p 2 ) 
(with operator norm M ) with 

11 -9 9 1 _ 1-0 <2 

q 1 p ' ' r p 00 ’ 


for all 0 € [0, 1]. From (6.2.1), we have 1/p' + 1/q' = \/r’ so that p' > r' and 
1 < p < r: thus we may choose 


[0, 1] 9 0=1 — 


l-i 



1-0 0 


1 p' 


1 11 

p r q 1 


q = q. 


This completes the proof for p > 1. Note that if p = 1 then r = q (which can be 
assumed finite from Remark 9.1.4), we have directly 


'Xi \Jx 2 

< , 


Jx\Jx 2 
< M q/q ‘ 


| k (x 1 , x 2 ) 1 1 u 2 (x 2 ) | dp 2 {x 2 ) J dp 1 (x 1 ) 

q 

x 2 )\« \u 2 {x 2 )\) q dp 2 (x 2 )\ ( [ \k(xi,x 2 )\^ dp 2 (x 2 )] dpi(x{) 


f x 2 


\k(x 1 ,x2)\\u2(x 2 )\ 9 dp2(x 2 )dp 1 (x 1 ) < M 7 + 1 \\u 2 \\ q Lq ^ 


X x xX 2 


so that in this case as well, we find that 


\\Lu 2 \\ Lq{lll) < M\\u 2 \\ Lq ^ 2 y (9.1.20) 


The proof of Theorem 9.1.3 is complete. 


□ 



9.1. Riesz-Thorin interpolation theorem 


379 


Theorem 9 . 1.5 (Hausdorff-Young). Letn > 1 be an integer. The Fourier transform 
F maps injectively and continuously L P (R") into L p (R n ) for 1 < p < 2 and 

\ZU G < |M|lp(R»). (9.1.21) 

Proof. Note first that we have defined the Fourier transformation on the space 
of tempered distributions (see Definition 8.1.14), so that Proposition 8.1.13(1) 
provides a definition of the Fourier transform for any function in L p (W n ) and that 
this transformation is injective on y'(R"), since it is an isomorphism (see Theorem 
8.1.15). We have seen as well in Theorem 8.1.16 that the Fourier transformation 
on L 1 (R n ) is given by the explicit formula (8.1.22) and satisfies the inequality 

Vu G L 1 (R”),we have u G L°°(W n j and ||u||loo( R „) < ||«||li(r»). 

Moreover, Theorem 8.1.17 shows that the Fourier transformation is a unitary 
transformation of L 2 (K n ) so that 

Vu G L 2 (] R”),we have u G L 2 (K n j and || / u|| ^, 2 = ||it||L 2 ( R n). 

Applying the Riesz-Thorin interpolation theorem 9.1.2 yields readily that the 
Fourier transformation is a bounded linear map from L p (M. n ) into L p (R n ) for 
1 < p < 2 since for 6 ranging in [0, 1], we have 

11 — 6 6 9 1 _ 6 

p ~ 1 + 2 _ ~~ 2 ^ p 7 _ 2' 

N.B. The constant 1 in (9.1.21) is not sharp. The best constant can be found in 
a paper by E. Lieb [42] who proved that for 1 < p < 2, 

sup IN| LP ' (R „) = (p 1/p p'- 1/p ') nl ‘ 2 . (9.1.22) 

||m||lp(r'*) = 1 

Remark 9.1.6. The mapping L 1 (R n ) 9 u i— »• u G L°°(M. n ) is one-to-one and not 
onto: if it were onto it would be a bijective continuous mapping from L 1 (R") onto 
L°°(] R”) and thus, from the Open Mapping Theorem 10.2.43 (a direct consequence 
of Baire’s theorem) , it would be an isomorphism. Since 

v = v for a tempered distribution v, 

the inverse isomorphism from L°°(]R") onto L 1 (R") would be the inverse Fourier 
transform : and this would imply that the Fourier transform of an L°°(R ra ) function 
belongs to L 1 (R"). However the latter is not true since the Fourier transform of 
1[— 1 , 1 ] (a function in L°° C\ L 1 ) is 

x =i e 2i71 ^ — e -2i71 ^ sin(27r£) 

x=-i 2i7r£ 7 ’ 

which does not belong to L 1 (R) (see Exercise 2.8.20). 


e~ 2l ^dx = 


0 —2i , nx£ > 


L — 2i7r£ J 
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9.2 Marcinkiewicz Interpolation Theorem 

Definition 9 . 2 . 1 . Let p,q G [l,+oo]. A (not necessarily linear) mapping 
T : L p (R n ) — » Ll(R n ) = L q ’°°(R n ), 

such that 3 C > 0 ,Vu G L p (R n ), ||TM|| i9 ,oo (Rn) < C||u|| tP(R n), 

where the Lorentz space L q ’°°(R n ) is defined in Exercise 6.6.8 (see also Definition 
6.3.1) is said to be of weak-type (p, q). 

N.B. When q = +oo, this means: 

3C>0yueL p (R n ), HTuHioo^n) < q|n|U P(R n). (9.2.1) 

For 1 < q < +00 this means: 3 C > 0 ,Vu G L p (R n ),\/t > 0, 

A„({a: G R", |(Tu)(a:)| > t}) < (C\\u\\ LP{m t- 1 ) q , (9.2.2) 

where X n stands for the Lebesgue measure on K". 

Definition 9 . 2 . 2 . A bounded mapping T : L p (K n ) — ■> L 9 (K"), i.e. , such that 

3 C > 0, Vu G L p (R n ), ||T W || i9(R n) < C'||«|| L p (R » ) , (9.2.3) 

will be said of strong-type (p, q). 

Of course, a strong- type (p, q) mapping is also of weak-type (p, q), since the 
notions are identical for q = +oo and if 1 < q < +oo, this follows from Inequality 
(6.3.2) (and the related inclusion L q C L%,). 

Theorem 9 . 2.3 (Marcinkiewicz Interpolation Theorem). Let r G (l,+oo] and let 
T : L 1 (K") + L r (R") — > {measurable functions} be a mapping such that 

\T(u + v)\ < \Tu\ + \Tv\. (9.2.4) 

We assume that T is of weak- type (1,1) and (r, r) (see Definition 9.2.1). Then T 
is of strong-type (p,p) for all p G (l,r) (see (9.2.3)). 

N.B. From the inclusion L p C L 1 + L r (see Exercise 6.6.11), we see that T is 
indeed defined on L p . This very useful theorem (see [45] for the 1939 original 
paper and [44] for a historical perspective) is also very remarkable by the fact that 
it is providing a strong-type information from a weak-type assumption. 

Notation. Let (X,Ai,p) be a measure space where p is a positive measure; we 
shall use the following notation, for a measurable function u and t > 0: 


oj(t,u) = p({x G R", |n(a:)| > t }) . 


(9.2.5) 
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With Cl p (u) given by Definition 6.3.1 (see also Exercise 6.6.8 (1)), we find that 
n p (u) = sup t>0 u). For p £ [1, Too) and u € L p (p), we have, using Fubini’s 
theorem, 


r+oo r+oo r 

J pi p ~ 1 co(t,u)dt = J pt pl yJ 


dp j dt 

{ai,|n(ai)|>t} ' 


p^- 11 

j f pt p ^ 1 H{\u{x)\ — t)dp(x)dt 

J Jr+xX 

r /•!«(») I r 

/ / pt p ~ 1 dtdp(x) = / \u(x)\ p dp(x), 

Jx J 0 Jx 


so that 


= P 1/p \\t^(t^) 1/p \\ LP{K+} My (9.2.6) 

On the other hand for u £ L°°(p) we have, according to Definition 3.2.4, 


IM|l°°( m ) = inf {* > 0 ,u{t,u) = 0}. 

Proof of Theorem 9.2.3. We use the above notation with p = X n , the Lebesgue 
measure on R". Let us assume first r = +oo. The weak type (oo,oo) hypothesis 
means ||Tu||l<» < (7||u||i,oo and we may assume that (7=1. We write for u £ 
L 1 + L°°,t> 0, 


u ~ w l{|u|>t/2} + U ^{\u\<t/2} 

s. y ✓ s. ^ ✓ 

Ui Li 2 

and this gives 

| (Tit) (a;) | < |(Tui)(a;)| + |(Tu 2 )(a;)| < |(Tui)(a:)| + ||u 2 || L =° < |(Tui)(a:)| + 
so that we find the inclusion 


(tt) {x, |(Tu)(a;)| > i} C {a:, |(Tui)(a;)| > i/2}. 

The weak-type (1, 1) assumption reads tuj(t,Tv) < Cn||v||i,i so that 


(b) 


A„ {x,\(T Ul ){x)\ >- < Cii||ui|| L i 


2cn r 
t J\u\>t/2 


w I - ,T«i ) < 


i\dx. 


Applying Formula (9.2.6) to Tu 1 we find, using Tonclli’s theorem and 1 < p < +oo, 

f+oo 
/ 0 


r+oo 

\\Tu\\ p LP =p / t p ~ 1 ui(t,Tu)dt 
Jo 
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(from (#)) <p t p 1 U)[ -,Tu i dt 


/*-)-00 c\ [• 

(from (b)) <p < p_1 — / \u\dxdt 

Jo t J\u\>t/2 

= 2pcu 1 1 t p ~ 2 H (2\u(x)\ — t)\u(x)\dtdx 

J JR+x R n 

= = pcn r (2\u{x)\) p - 1 \u(x)\dx = 2 PCl1 \\u\\ p LP , 

P - 1 P- 1 

which gives the strong-type (p. p) for T. 

We assume now 1 < r < +oo. Let u £ L p , let t > 0 and let Ui,U 2 be defined as 
above. Since | (Tit) (;r)| < |(Tui)(a:)| + \ (Tu 2 ){x)\, we find 

{x, |(Tu)(a;)| > t} C {ar, |(Tui)(x)| > t/ 2} U {a:, |(Tu 2 )(a;)| > i/2}, 

and thus w{t,Tu) < oj(^,Tui) + w(|, Tu 2 )- Following (6.6.6), we see that «i £ 
L 1 , U 2 £ The weak-type assumptions imply with fixed positive constants ci, c r , 


2 V 2 

We obtain thus 


f -U ( i,Tm ) < Ci||ui|| L i, 


f) w(|,r« 2 ) < c ;||u 2 |r L r. 


u>(t,Tu) < — / |u(a:)|i/( 2 |u(a:)| — t)dx + 


Tonelli’s theorem implies 


/0<|«(x)|<t/2 




1 uj(t,Tu)dt 


[[ pt p 1 — -\u(x)\H (2\u(x)\ — t)dtdx 

JJ R_i_xR n t 


pt P i^-£n 1{0< | u |< t/2} | u ( a; )| r dtdx 


|u(a:)|( 2 |u(a;)|) p 1 dx + 2 r c r r p / \ u { x )\' 

J\u(x)\>0 


' . _ r ( 2 |u(:r)|) p r 

\u(x)\ p dx + 2 c r p / ki(x) dx 

J r-p 

2 p pc\ 2 P c r r p\ 


t p 1 r dt dx 


note that p— r<0 


p — 1 r — p J 


so that ||Tu||lp < \\u\\Lp2p 1/p (pri + , concluding the proof. 



9.3. Maximal function 


383 


9.3 Maximal function 

Definition 9.3.1. Let / be a function in L 1 1 oc (K”). The maximal function of /, 
denoted by A if, is defined on R" by 

M f (x) = sup 1 f | f{y)\dy, (9.3.1) 

t > 0 \B(X,t)\ J B(x,t) 

where \B(x,t)\ is the Lebesgue measure of the ball with center x and radius t. 
Using the notation f A fdp = / 4 fdp/ n(A), we find 

Mf(x) = sup / \f(y)\dy = sup -f \f(x + tz)\dz. 

t> 0 J B(x,t) t > 0 J B n 

We note also that the maximal function (of a measurable function) is measurable 
(see Exercise 9.8.3). 

Remark 9.3.2. Let us evaluate A1 i b „. Let x £ R". For t > 1 + |x|, we have 
\y\ < 1 => \y - x\ < l + |x| => y e B(x, t). 

We have thus for t > 1 + \x\, f B ^ x 1b n (y)dy = t~ n , implying 

M lsn (x) > (1 + 1*1)"" =► M lsn i ^(r), 

proving that the mapping / M.f does not send L 1 into itself. We shall see 
below that the maximal function of an L 1 (R") function is nevertheless in 
proving that the mapping / A4 f is of weak- type (1,1). 

Theorem 9.3.3 (Hardy-Littlewood maximal inequality). The mapping f Mf 
is of weak-type (1, 1) and of strong-type (p,p) for all p £ (1, +oo] (see Definitions 
9.2.1, 9.2.2). 

Proof. Since the mapping / i — > M. f is obviously of strong-type (oo, oo) (since 
|| < ll/IU 00 ), according 2 to the Marcinkiewicz interpolation theorem 9.2.3, 

it is enough to prove the weak-type (1, 1) property: 

3 C„,V/ € L 1 ^), supt|{x € M. n ,M f (x) > t}| < C n \\f\\ L i {WL ny (9.3.2) 

t> 0 

Note that from Remark 9.3.2, the Riesz-Thorin Theorem 9.1.2 cannot be used 
since the mapping fails to be of strong- type (1,1). We start with a lemma. 

2 Note that the subadditivity property is fulfilled since 

0 < (Mf+ g )(x) = sup / | (/ + g)(pc + tz)\dz < sup / \f(x + tz)\dz + sup / 
t>0 J B n t>0 JM n t > 0 J B™ 


\g(x + tz)\dz. 
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Lemma 9.3.4 (Wiener covering lemma). Let E be a measurable subset o/K" such 
that E C U jejBj where (Bj)j^j is a family of open balls such that 

2po = sup diain Bj < +oo. 
jeJ 

Then there exists a countable subfamily (Bj)j & n of pairwise disjoint balls such 
that 

A n(E) < 5™ ^ X n (Bj ) . 

j&D 

Proof of the lemma. Let Bj 0 = B(xo,ro) be a ball 3 such that diamI3j 0 = 2ro > 
po- Next, we dehne 


Jo — J, Ji — {j G Jo, Bj n Bj 0 — 0}. 
If j Ji, then Bj fl Bj 0 ^ 0, so that 3 y 0 G Bj fl Bj 0 and 


x G Bj 


\x-x Q \ < Jx - y Q \ + |t /0 -- x 0 \ < 2p 0 + r 0 < 5 r 0 , 
x.yoGBj yo£B(xo,ro) 


entailing j J\ => Bj C B* o which is defined as a ball with the same center as 
Bj 0 and a diameter equal to five times the diameter of Bj 0 . 

• For the family (Bj)j^j 0 of open balls with bounded diameters, 

3j 0 G Jo, with Ji = {j G Jo, Bj n B j0 = 0}, {{ I' 1 ' =* B J ° = 0 ’ 

[JfJi =^ B J cB j 0 - 

• Let us assume that we have found Jo D Ji D • • • D Jk, k > 1, Jo G Jo, • • • , jk G Jk 
such that 

(1) diain B JU > — sup diam Bj, , diam B Jk > — sup diain Bj , 

2 jeJo 2 j£j k 

(2) {. 7 G Jo, j ^ Ji => Bj CB* 0 }, (3) { j G Ji => Bj nB io =0}, 

(2) {. 7 G Jfc-r.j £ J fe =► C (3) {.7 G Jk =$■ Bj n Bj kl = 0}. 

We define then Jfc + i = {j G J*,, BjC\Bj k = 0} and if Jfc + i ^0we find jfc+i G Jfc+i 
such that 

diam Bj k+1 > - sup diamJfj, 

* jeJk+i 


3 We may of course assume that E has positive measure, which implies that J is not empty and 
PO > 0. 
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fulfilling (1) for k + 1 as well. Moreover (3) holds true for k + 1 by construction and 
if j G Jfc\Jfc+i, we have Bj n B jk ^ 0, so that 3y k G Bj n B jk , B jk = B(x k ,r k ), 
and 


x G Bj 


\x - x k \ <\x- y k I + I y k - x k \ 

x,yk&Bj y k eB(x k ,r k ) 

< diarn Bj +r k < 2 diam Bj k +r k = 5 r k , 

j&Jk 


entailing Bj C B* k , proving (2) for k + 1- 
• As a result, assuming that all the J k are non-empty, we find 


Jo Jl ') ■ ■ ■ J k D . . . , jfc G J k , 

such that 

\k> 1 : j G J fc _i\ Jfc => Bj C B* ki , 

\fc > 1 : j G Jfc => Bj n B n;1 = 0. 

The family (Bj k ) k >o is pairwise disjoint: we consider k! > k" + 1. We have jfc/ G 
Jfc' C Jfc”+i and j k " G Jfc" so that 

^ nB Jfc „=0. 

jfc / £^fc // +i 

Claim. If £fc> 0 < +oo we have for all j G Jo, Bj C U k >i B* k i - 

The Claim is obvious if j G Ufc>i(Jfc_i\Jfc). Otherwise we have 

j G (~lfc>i(Jfc_ 1 U Jfc), which means j G C\ k >iJ k : 

in fact, we have Ofc>i(J^_ 1 U J k ) = n k >iJ k since 


{Vfc > 1, j G Jfc U Jfc_J and {3fc 0 > 1 ,j £ J ko } 

=> j e J ko -i,k 0 > 2, since J£ = 0, 

J £ J ko - 2; &o > 3 • • • => j G Jj => j G Jq = 0, 

which is impossible. If j G Hfc>iJfc, we have Vfc > 1, 2diamBj J . > diarn .Bj 
and since the series Jj k>0 \B ]k converges, this implies liiiifc diarn B ]k = 0, and 
diarn Bj = 0 so that the open ball Bj is empty. The claim is proven. 

• Finally, we have either ^ fc>0 I -®jj = + 00 ( a case where the conclusion of the 
lemma is reached trivially) or Y^ k >o l-®j J < +°° an d the above claim implies that 

E C Ufc> 1 B* fc _ i , 

providing the sought answer. 

• When Jfc 0 = 0 for some ko > 1, we find that Jo = Ui<fc<fc 0 ( Jfc-i\ Jfc) and we 

have obviously Vj G Jo, Bj C C k >iB* ki , obtaining the conclusion as well in that 
case. The proof of the Wiener covering lemma is complete. □ 
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Let us go back to the proof of Theorem 9.3.3. Let s > 0 be given. If x £ R” 
is such that Mf(x) > s, we can find t a , x > 0 such that 


1 

\B(x,t s , x )\ 



I f(y)\dy > s 


\B(x,t s , x )\ < S 1 ||/||Li(Rn) < +oo. 


We consider the measurable set 


E s = {x £ R n ,Mf(x) > s} C U X £E e B(x,t StX ), 

and we note that < s _1 ||/||ii(Rn) so that we may apply the Wiener- 

covering Lemma 9.3.4. We find a sequence (xk)ken in R™ such that the balls 
B(xk,t a<Xk ) are pairwise disjoint and 

| E s = {x£« n ,M f {x) >s}| 

<5 n ^2\B(x k ,t StXk )\< s~ 1 5 n ^2 f \f(y)\dy < s~ 1 5 n f \f(y)\dy, 

fee n •' Rra 

proving s\E s \ < 5"||/|| L i( R n) and the weak-type (1, 1) property. □ 

Remark 9.3.5. Note that with the result of Exercise 9.8.2, this implies 

P 1+ ? a 

for 1 < p < +oo, ||A4/|| L p ( Rn) < — y5r ||/||lp ( r»). (9.3.3) 

A result due to E.M. Stein and J.-O. Stromberg [56] shows that the L p to L p norm 
of A4 can be chosen independently of the dimension n. 


9.4 Lebesgue differentiation theorem, Lebesgue points 

Theorem 9.4.1 (Lebesgue Differentiation Theorem). Let f be a function in L 1 (R"). 
Then, there exists a Borel set Lf such that \ n {Lf) = 0 such that 

Vx £ Lf, lim — — 7 TT [ \f(y) - f(x)\dy = 0. (9.4.1) 

r^ 0 + X n (B{X,r)) J B ( X ,r) 

The set Lf is called the set of Lebesgue points of f . 

Remark 9.4.2. Note that this implies that for / £ L 1 (R n ), for all x £ Lf, 
lim r ^ 0 f B{Xyr) f(y)dy = /( x). 

Proof. For p > 0 we define the measurable set 

E p = {x£ R", lim sup 1 f | f(y) - f{x)\dy > p}. (9.4.2) 

t-¥ 0 + JB(x,t ) 
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Let cj) £ C°(M™). We have 

A ff(t,x)<-f- \f(y) - <f>(y)\dy + -f- - <j>(x)\dy + \(f>(x) - f {x)\ 

J B(x,t) J B(x,t) 

< Mcf,-f(x) + -j- | <j)(y) - <f>(x)\dy + \ f(x) - f(x ) |. 

J B(x,t ) 

Since 4> is uniformly continuous, we get 

limsupA//(t, x) < x) + | f{x) — (f>{x)\. 

t — ^ 0 

As a result the set E p defined by (9.4.2) is such that 

E p C {x, | f(x) - (f{x)\ > p/2}U {x^^-fix) > p/2}, 

and this implies \E p \ < | {a:, \f(x) — (f{x)\ > p/2} | + \{x, M^,-f(x) > p/2}\. Using 
now Theorem 9.3.3, we obtain for any </> £ C/(R"), 

\Ep\ < - [ \f{x) - 4>{x)\dx + C n -\\f - </>||Li( R n) = ^ + Cn ' > \\f - ^||z,l(Rn). 

P J R n P P 

The density of in T 1 (K") implies that \E p \ = 0 for all p > 0 and since 

{x £ M n ,limsupA ff{t,x) > 0} = Uk>iEi/ k , 

t — ^ 0 _|_ 

this gives as well that \Eo\ = 0. We define Lf = Eft and we have for a; £ Lf, 
lim^o Aff(t,x) = 0, which is the sought result. □ 

Theorem 9.4.3. Let f £ Ll oc (R). We define for x £ M, F(x) = f* f{y)dy. 

(1) Then the function F is continuous on M, differentiable almost everywhere 
with derivative f{x). 

(2) The weak derivative of F is f. 

Proof. (1) The continuity of F is obvious since for h > 0, 


F(x + h) - F{x) = f f(y)dy, 

J [x,x-\-h\ 

and for h < 0, F(x + h) — F(x) = — J< x+h ^ f(y)dy. Proposition f .7.40 implies 
lim? l _ > o(A(a: + h) — F(x)) = 0. We consider now for h / 0, 


F( x + h) — F(x) 


h 


- f{x) 


— ttt f \f(y)~ f(x)\dy 

1^1 J[x,x-\-h]U[x-\-h,x] 

< f I f(y) ~ f{x)\dy. 

x—\h\,x+\h\] 


2\h\ 
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Applying the previous theorem if / G L 1 (K) (or Exercise 9.8.4 when / £ .Lj oc (R)), 
we find that F is differentiable at the Lebesgue points of /, with derivative /. 

(2) We have for </> £ C'^°(K n ), using Fubini’s theorem, 

= - J (t>\x) J (H(x)l [ 0 , x ]{y) - H(-x)l [xfi] (y))f(y)dydx 
f(y)(~ [ (j)'(x)dx+ f (f>'{x)dx\dy 

^ */0<2/<x ^ x<y < 0 ' 

= J f{y)[H{y)(j)(y) + H{-y)(j)(y))dy = (/, </>), 

proving the result. □ 

Remark 9.4.4. Almost everywhere differentiability is a very weak piece of informa- 
tion. Almost everywhere differentiability of a function A is a very weak property 
that does not tell much about the function F: in the first place the trivial example 
of the Heaviside function shows that a bounded function can be differentiable al- 
most everywhere in R with a zero derivative without being a constant. The much 
more elaborate example of the Cantor function defined in Proposition 5.7.7 shows 
that a continuous function can be differentiable almost everywhere with a null 
derivative without being a constant, so is not the integral of its a.e. derivative. 
Remark 9.4.5. It may also happen that a continuous function is differentiable 
everywhere but with a derivative which is not integrable in the Lebesgue sense 
(see Exercise 9.8.5). Some other theories of integration are devised in such a way 
that a differentiable function is always the integral of its derivative. This is the 
case in particular of the so-called Henstock-Kurzweil integration theory [38] as 
well as some earlier theories due to Denjoy and Perron. 

The distribution (or weak) derivative does not miss jumps and singularities 
as the notion of everywhere differentiability. Here the reader may consider only 
tempered distributions as in Chapter 8, but the statements are true as well for 
general distributions defined as local objects. 

Lemma 9.4.6. Let T be a distribution on R such that T' = 0. Then T is a constant. 

Proof. Let </> £ C£°(R) and let xo 6 C£°(R) with integral 1. Denoting 1(0) = 
Jr <t>{y)dyi the function ip defined by 

ip(x) = 4>{x) - I(<t>)xo{x), 

belongs to C£°(R) and is the derivative of ^(x) = /J ip(y)dy. Note that is 
C°° and with compact support, since for x large enough 

T(x) = 




(p(y)dy - !((/>) 


Xo (y)dy = 0 . 
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As a result, we find 

(T, cf) = (T, if) + I((j>){T, X o) = (T, *’) + I((j>){T, X0 ) = ~(T', *> + /(^)<T, X o), 

so that T = (T, xo)- □ 

Theorem 9.4.7. Let F be a locally integrable function in R such that its distribution 
derivative F' is locally integrable. Then the function F is bounded continuous and 
for all a £ R, 

F(x) = F(a) + f F\y)dy. (9.4.3) 

J a 

The function F is also a.e. differentiable with ( ordinary ) derivative F'{ x). 

Proof. We define G(x) = [)’ F'{y)dy and from Theorem 9.4.3, we find that the 
distribution derivative G of G is equal to F' (and that G is continuous). Thus the 
distribution derivative of F—G is zero, so that F—G is the constant F{a) — G{a ) = 
F(a). The last statement follows from Theorem 9.4.3. □ 


9.5 Gagliardo-Nirenberg inequality 


Proposition 9.5.1. For all </> £ C^(R n ), we have 

1/n 

(9.5.1) 

L 1 (R n ) 

Proof. The cases n = 1,2 are very easy: for n = 1, we have 

2 <f>(x) = f <j)'(t)dt+ f <f>'(t)dt => 2||0|| i oo (R ) < ||</>'||z,i (R) . 

J — oo J +oo 


n-i (r) — 2 


n 


d(f> 

8Xn 


For n = 2, we have, using the previous result, 

\<t>(xi,X 2 )\<\ [ \dicf>(ti,X 2 )\dti, \(j)(xi,x 2 )\ < \ [ \d 2 4>{xi,t 2 )\dt2, 

* Js. * Jr 

so that 

4 IHIl 2 (r 2 } < / \d 1 <f)(t 1 ,x 2 )\\d 2 <f)(x 1 ,t 2 )\dt 1 dt 2 dx 1 dx 2 = ||c?i0||z.i(K2) || ^ 2 0|| z.i m2) . 

JR 4 

The cases n > 3 are more complicated and we need to start with a lemma. 


Lemma 9.5.2. Let n > 2 be an integer and let uq , . . . , be non-negative mea- 
surable functions on R n_1 so that ujj is a function of (xk)i<k<n,kjtj ■ Then, we 
have 

/ W-T -1 . . . LOn -1 dx 1 . . . dx n < I I ( / UjdXj 

jR n \J R 1 — 1 

where d£j = ]~[i<fc<n d x k- 
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Proof of the lemma. For n = 2 we have indeed 


/ u 1 (x 2 )u> 2 (x 1 )dxidx 2 = |M|ii(R)||w 2 ||Li(R). 

J R 2 


Let us assume now that n > 3: we have 



does not 
depend on x\ 



|][ Wj 1 dxijdxi, 
2 <j<n 


and since ■— j- + = 1, Holder’s inequality implies 


In < ll^llliqRn-!) 


n — 2 



We have, using the generalized Holder’s inequality of Exercise 3.7.31, 


n u r i,ix n 


1 2<j<n 


2<j<n 




This gives 


In < llwil 


LH 


IT ( / Ujdx i 

v -' R 


1 

n — 2 



n — 2 
n — 1 



with flj independent of aq, sq (here 1 ^ j since j > 2). We may apply the induction 
hypothesis to obtain 


In < || W l|l2 1 (Rn-l)'S JT ||%H2l 


) 

v 2 <j<n 

= ll W l|lz / l(Rn-l)'f JT ||fi 


q-2 
z — 1 


) > | 11 n a6 illL 1 (R n - 2 ; 

2<j<n 


and since for 2 < j < n, 


II L 1 


/ / Wjdxi TT dx k = ||wj|| t i( R n-i), 

ip- 2 it . — . , . 


2<k<n,k^j 


this proves the lemma. 


□ 



9.5. Gagliardo-Nirenberg inequality 


391 


Let us go back to the proof of Proposition 9.5.1. We have 

2|0(x)| < / \dj</>(xi,...,xj-utj,xj+u...,x n )\dtj =Uj(x), 

Jr 

where uij does not depend on Xj. This implies that 

l<j<n 

and from Lemma 9.5.2, this implies 

/ I 1 

\<j>(x)\^dx < ( IIWjIU^Rn-l))" =( n II^IUMR")) " _ \ 

1 <j<n 1 <j<n 

which is (9.5.1), concluding the proof. □ 

Proposition 9.5.3. The space W 1,1 (K™) is defined as the set of functions u G 
L^R") such that the distribution V« belongs as well to L 1 )!!”). This space is a 
Banach space for the norm 

IMIw^’TR") = IM|l1(r») + ||Vti||ii(R»). 

Proof. Let (uk)ken be a Cauchy sequence in W 1 ’ 1 (K"). Then, we find u,V G L 1 
such that limfcUfc = u, limVttfc = V in the space L 1 (K"). Now for <j> G C^°(M. n ), 
we have 



= lim 

k 


fiS/ukdx = lim(Vufc, <j>) 

k 


lim(ufe, V<f>) 

k 


= — lim 

k 


Uk^/fidx 


uV(pdx = ( S7u,(f> ), 


proving V = Vu. □ 

Theorem 9.5.4 (Gagliardo-Nirenberg inequality). Let u G IT 1,1 (K”). Then u be- 
longs to (M. n ) and is such that 

IMI £ s^t( R „) — 2 II ll^7 u ll/ 1 (R«)- (9.5.2) 

l<j<n 

Proof. Let p G C'^°(K™;K+) such that / p(x)dx = 1. For e > 0, we define 
p e {x) = p(x/e)e~ n . The function (u * Pe){x) = J u{y)p e {x — y)dy is smooth (obvi- 
ous from Theorem 3.3.4), belongs to L 1 (K ra ) (Proposition 6.1.1) and converges to 
u in ZdQ IT): for </> G C°(]R n ), we have 

u* p e — u = (u — 4>) * p e + 4> * p e — <f> + cf> ^ u, 
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so that with L 1 norms, using (6.1.3), for e < 1, 


\\U * p e - U\\ < 2\\u ~ <j)\\ + / \{(j>* Pe){x) - <j){x)\dx, 

J K 

where K is the compact set supp (j) + suppp. From Lemma 6.1.4, we find uniform 
convergence of the sequence of continuous functions 4> * p e and this implies 

€ C°(M"), limsup ||u * p e — u|| < 2|| u — <j>\\. 

£->0 


The density of C)?(]R”) in L^R") entails that lim e ||u* p t — tt|| = 0. We have also 

p e * Vtt = V(p e * u) (9.5.3) 

since for <t> e C c °°(r), 

/ {pe * Vu)(x)<j>(x)dx = Pe(x - y)(Vu)(y)^>(x)dxdy 
J R» J J 

= (Vlt, p e *4>) — -{ll,p e * V0) = - J (p e * u)(x)V<j>(x)dx = (V(p e * 1(),</>), 


proving (9.5.3). 

Let us assume first that u belongs to 1T 1,1 (]R") and is compactly supported. 
We may apply (9.5.1) to the smooth compactly supported p e * u. We note that 
the sequence dj(p e * u) = p e * dju converges in L 1 (M n ) towards djU. Moreover 
the inequality (9.5.1) applied to p ei * u — p e2 * u implies that p e * u is a Cauchy 
sequence in L n ^ n ~ 1 (W l ) thus converges with a limit v; since that sequence is 
converging towards u in L 1 (K n ), and for <j> £ C^(M n ), we have 


J v(x)<j>(x)dx = lim 


J ( p e * u){x)4>{x)dx 


u(x)<f>(x)dx. 


Lemma 8.1.11 implies u = v which belongs to L rl / n 1 . Inequality (9.5.2) holds 
true by taking the limits in (9.5.1). 

Let us assume now that u belongs to IF 1,1 (K"). Let \ be in C£°(R"; [0, 1]), 
equal to 1 on 13(0,1) and supported in 13(0,2). For e > 0 we have obviously 
(dominated convergence) 

lim x(ex)u(x) = u(x) in L 1 (M n ). 


Let us calculate for Xe( x ) = x( ex )> V(uXe) = XeVu + «Vy e . We have 


lim / \u(x)x' (ex)\dxe = 0 = lim / |it(a:)|(l — x( ex ))dx, 

e-S-0 J Rn ' e^O J Rn 

where the first equality is obvious (domination by ||«||L i e||x , |U 00 ) as well as the 
next one since 


/ |w(a;)|(l - X(ex))dx < / 


\u{x)\dx. 


MSV' 
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We have thus 

lim XeU = u, lim V(Xett) = Vu in L 1 . 

e— M3 ' e— >0 

Since u e = Xe u is compactly supported in W 1,1 , we may apply the previous result 
to get Inequality (9.5.2) for u e . That inequality implies as well that u e is a Cauchy 
sequence in L"/ n_1 and thus converges in that space towards a function v. Since 
the sequence u e converges in L 1 towards u, the same reasoning as above shows 
v = u and the result. 

Remark 9.5.5. The Gagliardo-Nirenberg inequality (9.5.2) has some interesting 
properties, beyond the most remarkable of being true. In the first place, this in- 
equality has a scaling invariance: take u € W 1,1 )!!") and A £ Gl(n,R), and 
consider the function 

ua{x) = u{Ax )\ det A\~^~ , so that (¥ua){x) = (\7u)(Ax)A\ det A\~^~ . 

We have 

IML^ ( Rn) = (/ HAx)\^\ det A\dx^J = |M| is5l(RB) , 
and 

I|Vua||li(r") = J |(Vu)(Ar)A|| det A\^ dx = J |(Vu)(y)A|| det A\~ » dx. 

Considering (Vu)(x) as a linear form on R”, and A as a linear endomorphism of 
R™, we have 

||(Vu)(x)A|| = sup ||(Vu)(x)AT||. 

|T| = 1 

Let us assume now that A = afl, where a £ R*, fl £ 0(n). We get then 
||(Vu)(*)^|| = |a|||(V«)(*)||, | det A| = \a\ n , 

so that || V«a||li(R") = || Vrt||i,i(Rn). Inequality (9.5.2) implies 



Euclidean 
norm on M 71 


and the latter is invariant by affine similarities (generated by homothetic trans- 
formations x i-a- Xq + ax, a £ R*, and linear isometries x H > fix, fl £ 0(n)). 

On the other hand, we shall use Theorem 9.5.4 to prove the so-called Sobolev 
inequalities of the next section. Although these inequalities can be handled via 
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some Fourier analysis methods, this is not the case for the Gagliardo-Nirenberg 
inequality above which involves the L-norm of the gradient ( L 1 is not so friendly 
to Fourier analysis). It is thus an interesting reminder that a clever but elementary 
combinatorial argument such as Lemma 9.5.2 can find its way into proving a 
statement that is not accessible to Fourier analysis. □ 


9.6 Sobolev spaces, Sobolev injection theorems 

We begin with a lemma. 

Lemma 9.6.1. Let n > 1 be an integer and let p,q £ [1, +oo) such that ^ ^ + i. 

Then there exists a constant C(p,n) such that for all v € C^R"), 

IM|lp(R”) < C(p, n)|| 

Proof. When n = 1, we find that the sought estimate is true as well for p = 
+oo ,q = 1 (this is (9.5.1)) and for 1 < p < +oo, we cannot have q > 1. We may 
thus assume that n > 2. 

Let us first suppose that v > 0. We define u = v « : we note that 


- + -<1 
p n 


1 n — 1 
- < 

p n 


p{n — 1) 


n 


> 1, 


-v 


so that we have with ordinary differentiation, djU = 
function u is also C\. On the other hand we have, using (9.5.1), 

[] \\ dj u\\t 


— EflL_lLi p( „ ] 1 djV, and the 


v\\lp = 


< 2 ~~ 


l<j<n 

( P(n~ l) ^^r 


and this implies that 


(9.6.1) 


n ^ 

<j<n J 


'| p -*- 1 dar 


term I 


Pin- 1 ) , r,-n(P(n- 1 ) 


< 2 


l<j<n 


IL« 


We note that Op p ") = p(l — 1 — 1) = so that if q > 1 we have proven 
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which gives (the result) for v ^ 0 , 



IMISp = INI?" 

since p(n — 
above, p — 

q = 1. 

l)-f =P«(1- 
*-l=p(l-I 


P (n- 1)-^ < 2 _ n ^(n- 1)' 




n \\ d i v h q ’ 

l<j<n 


n q' 
1 - 


1) 

t q n > 


We drop now the non-negativity assumption on v. For e>0, and x G [0, 1]) 

equal to 1 near the support of v, we define the C* function u e by 

u e (x) = ( v(x ) 2 + e 2 ) 2 n x{x). 

n p n 

We have lim e _,.o ||u e || ”^4 = li m e->o / (v(x) 2 + e 2 ) 2 xi x ) "^dx = ||u||^ p , and cal- 
culating 


1 p(n-l) 


p{n - 1 ) 


p(n-l) 


Vu e = (Vy)(u 2 + e 2 ) 5 ^ + + e 2 )^ 


using p(n— 1 )/n > 1 , we get that 
lim(Vu e )(a;) = x( x ) 


P(n~ !), , x,2hi=ll_2 


2vX7v, 


j{x)\- 


e->o' ' 2 n 

so that with dominated convergence, we obtain 

P^- 1 ) f 


2v(x)(yv)(x), 


lim||Vu e || L i = 

e-»0 


' |Vw| dx 


Applying Gagliardo-Nirenberg (9.5.4) to u e we find 


pQ— !) 

HI L p n = lim l 


Mr, sir ^ 


2 yjn 


lirn ||Vtt e || L i = 


Piji - 1) 
2 n 3 / 2 


|i>| P< \Vv\dx. 


If q = 1, we have p(n — 1) — n = pn{ 1 — ^ — ^) = = 0, p{n — 1) = n and the 
previous inequality gives the answer. If q > 1, we have p{n — 1) — n = ^ and 
Holder’s inequality implies 


p("-i) 

MIlp” < 


p(n — 1 ) 
2 ?r 3 / 2 


IMl£l|Vt,|| 


L<2- 


Since ^ — ^ = p(l — ^ — ^ 7 ) = p(| — ^) = 1, this completes the proof of 
Lemma 9.6.1. □ 
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Proposition 9.6.2. Let p £ [l,+oo] and s £ N. We define the Sobolev space 
IT S,P (R”) as the set of functions u £ L P (R") such that the distribution deriva- 
tives d a u belong to L p (W l ) when the multi-index a £ N" is such that |a| < s. This 
space is a Banach space for the norm 

IMIw" , .j’(R") = ^2 ll^ Qu lli p (R n )- 

|a|<s 

When p = 2, it is a Hilbej't space with dot-product 

(■W) f)w‘>. 2 (R”) = {d a u,d a v) L 2 ( r«). 

|a|<s 

Proof. This set is obviously a vector space. Let (u k )ke n be a Cauchy sequence in 
IT S,P (K"). Then, we find u, v a £ L p such that lim*, Uk = u, lim*, d a Uk = v a in the 
Banach space L P (R"). Now for <j> £ C^QR"), we have 

[ Vafidx = lim [ (j)d a Ukdx = \iva.{d a Uk,4>) = (—1)'“' lim(wfc, d a (j>) 

J k J k k 

= (-l)H lim J u k d a (j)dx = (-1) H J ud a (j)dx = 

proving v a = d a u. □ 

Lemma 9.6.3. Let p £ [l,+oo) and k £ N. Then C'“(R n ) is dense in 

More precisely, defining for e > 0, p £ C'^°(K") such that J p(t)dt = 1, x € 

C'^°(K") equal to 1 on a neighborhood of 0, p e (x) = e~ n p(x/e), Xe{ x ) = x( ex ) an d 

RfU = p e * XeU, (9.6.2) 

we have lim e _>.o ReU = u with convergence in W fe ’ p (]R”). 

Proof. Let u £ lT fe,p (]R"). The sequence of compactly supported functions (Xe u ) 
converges in L P (K") towards u. We have also 

R e u — u = p e * ( XeU — u) + p t * u — u, 

so that || R e u — u\\lp < \\Xe u — u\\lp + || Pe *u — u\\lp and the result for k = 0. For 
|a| < k, we have 

d a R t U - d a U = pe* d a (XeU ) - d a U = Pe * ([d a , Xe]u) + Pe* (Xed a u) - d a u, 

entailing 

\\d a ReU~ d a u\\ LP < \\Red a U-d a u\\ L P+ £ ^ \\ Pe * ((& X )c&*- P V,\\ L p , 

/3<a P' 

I/3|>1 


which implies convergence in IT fc ’ p (K") of R e u. 


□ 
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Theorem 9.6.4. Let n > 2 be an integer and let p,q £ [1, +oo) such that ^ ^ + K 

Then we have the continuous embedding 

W hp (R n ) ^ L q (R n ) = W 0 ’«(M"), 

and there exists C(p,n) > 0 such that for all u € W /1,P (K"), 


IMIl«(r») < C(p, n)||V?i||iP ( Rn). (9.6.3) 

Remark 9.6.5. Note that when p ranges in the interval [l,n), we have q = 
ranging in +oo). We shall use the notation 


p*[n ) = for the Sobolev conjugate exponent. (9.6.4) 

n — p 

We may note here that in the limiting case p = n,q = +oo, the above inclusion 
does not hold for n > 2 (however Remark 9.6.6 shows that it is true for n = 1). 
Let /? € (i, 1) and w(x) = x(a:)(ln |a;|) 1_/3 /(l — /3), where \ € C/^QR") is equal to 
1 on B( 0, 1/4) and is supported in B{ 0, 1/2). We have 

(Vttf)(*) = (ln|*|)"l| a: |- 1 ^x(*) + CT(K n ) 

r 1/2 /*+ oo jd 

=^I|V«;||2»<C'+C'y r"- 1 r-"|lnr|-^dr = C' + y ^ < +o°, 

since nj3 > 1. The function w is also in L n (M. n ) since 


< C\ 


fl/2 


r n - 1 |lnr| (1_ ^ n dr = (7i 


r+oo 


(In R)^~^ n dR 
RK + 1 


< +oo. 


However w does not belong to L°° since /? < 1. 

Remark 9.6.6. In the case n = 1, we have then p = 1 ,q = +oo and it is indeed 
true that H /1,1 (]R) ^ L°°(R). Let u £ W 1 ’ 1 (M). In the proof of Theorem 9.5.4, we 
have shown the density of (7/(R) in W 1,1 (R): let (<fi k ) be a sequence of functions 
of (7/(18.) converging in H /1,1 (R). We have 


u{x) = u{x) - (f> k {x) + / (t>' k {t)dt => |u(a:)| < | u{x) - </> fe ( x)\ + H^IUqR), 

J — OO 


and thus |u(a:)| < |u(x) - <t>k{x)\ + \\<j)' k - m'||li(r) + IKHlrr)- We may find a 
subsequence of (</>&) converging almost everywhere to u so that we have a.e., 

M+)| < ||u'||z,i(R) + #£ L°°(R), ||u|| L oo (R) < ||w'||li ( r). 

Proof of Theorem 9. 6 .4. Let u £ W 1,p (R n ). Then from Lemma 9.6.3, we have 
lim e R e u = u in W 1,P (]R"). Moreover from Lemma 9.6.1, we find that 


IMU+Rn) < C(p, n)|| V7? e u||iP(Rn). 
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This inequality proves that (R e u) is a Cauchy sequence in L 9 (M”), thus converging 
towards some v £ L q (R n ). Since ( R e u ) converges towards u in VP 1,p (]R n ), we find 
for </>£ C c °°(r), 

( v , <j>) = lim J ( R e u)4>dx = ( u , <j>) => v = u, u £ L q (R n ). 

Passing to the limit with respect to e in the inequality above gives (9.6.3). □ 

Theorem 9.6.7. Let 0 < l < k be integers, and let 1 < p < q < +oo be real numbers 
such that 

— - = ---. Then IT fc ’ p (K") W l ' q (R n ). 
n p q 

Proof. If n = 1, we should have p = 1, q = +oo, k = l + 1, and we have already 
seen that W 1 ’ 1 ^) ^ W 0 ’ 00 ^), with 

IMIz/» < \\W\\ L i for u,u' £ L 1 

=> for l £ N and u (i) ,u ( ' +1) e L\R), ||u (i) || L oo < i||u ( ' +1) || L i, 

which implies for l £ N, bP 1+i,1 (lR) bP i,<x> (lR). We assume now n > 2 and we 
note that Theorem 9.6.4 tackles the case k = 1, l = 0 with the estimate 

Vu £ W^(R n ), IMI^Rn) < C7(p,n)||V«|| L p (R » ) , 

p q n 

We note that this implies 

\Ju £ W 1+ ^(R"), IIV'ulU,^) < C(p,n)\\V +1 u\\ LW , i - 1 = I 

which deals with the case k = l + 1 . Let us assume that for k — l = v > 1 , we have 
proven 

Vu £ W^ +l ’P(R n ), IIV'ulU,^) < C'(p,n)||V ,+, '«|| L p ( R» ) , ^ 

This implies that for 

1 1 _ v+ 1 1 1 1 _ 1 / 

7V+i < 7^+1 n ’ p y+ i q v+1 n n 

V«er +,+1 ^(R"), llV'+^ll^^n) < (7(p v+1 , n) || V I+1+,, u|| iPp+1 (R n) , 
with — 1 - = q v = n l v+1 ■ But we have 

Pv+1 qu n’ n+q u + 1 

||V Z w||Lr( R n) < C{q v ,n)\\S/ l+1 u\\ L qu{^rt^ = -, 

q u r n 
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so that i i — -, i.e., r = (fr+i. We have thus proven by induction on 

that 

Vu G bW+^(]R"), IIV'ulU,^) < C{ V ,n)\\W l+v u\\ Ln ^ n) , 

p q n 

proving the sought result. □ 

Remark 9.6.8. We have proven above that 

W fc - p (R n ) ^ W l ' q (M. n ), for — - = ---, 1 <p<q< +oo. 

n p q 

Note that in this formula, we have k > l but p < q so that the functions in W k,p 
have more derivatives but less Lebesgue regularity than the functions in W l,q . 
This means that we can somehow trade some regularity in terms of derivatives 
(first index k > l) to buy some L q regularity according to the fixed exchange rate 
given by \ — A We see also that Lebesgue regularity is a non-convertible 

currency which cannot buy a derivative regularity. 


9.7 Notes 

A more general definition of Sobolev spaces W s,p (M n ) for p G (1, +oo) and s G R. is 
W S ’ P (M") = {«G y'(R"), ( D x ) s u G L p (R n )}, (9.7.1) 

with ( D x ) s u = {Q s u(£,)> (0 = (1 + ICI 2 ) 1 / 2 ; which makes sense since (£) s belongs 
to the space ^m(R”) of multipliers of y'(R") (see Definition 8.1.21). The general 
study of these spaces is not much more difficult than what we have done above 
for s G N, but a simple exposition would require some basic study of the Fourier 
multiplier (£) s , i.e., of the operator ( D x ) s . For instance, we would have to prove 
L p boundedness (p G (l,+oo)) for the operators D Xj (D^^ 1 , and here also a 
simplifying point of view would certainly be required to introduce elementary facts 
about pseudodifferential operators. We felt that a five-hundred-page book does 
not need a hundred more and decided to end the book here. Some information on 
the topic of pseudodifferential operators can be found in Chapter 18 in the third 
volume of Hormander’s treatise on Linear Partial Differential Operators [32] and 
also in the book [41] and the references therein. 

The names of mathematicians encountered in this chapter follow. 

Arnaud Denjoy (1884-1974) was a French mathematician. 

Ralph Henstock (1923-2007) was an English mathematician. 

Jaroslav Kurzweil (born 1926) is a Czech mathematician. 

Emilio Gagliardo (1930-2008) was an Italian mathematician. 
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Ernst Lindelof (1870-1946) is a Finnish mathematician. 

Jozef Marcinkiewicz (1910-1940) was a Polish mathematician. He died probably 
during the Katyn killings perpetrated by the NKVD (Soviet secret police). 

Louis Nirenberg (born 1925) is a Canadian-born American mathematician. 
Oskar Perron (1880-1975) was a German mathematician. 

Lars Phragmen (1863-1937) was a Swedish mathematician. 

Olof Thorin (1912-2004) was a Swedish mathematician. 

Norbert Wiener (1894- 1964) was a prominent American scientist, one of the 
founders of modern harmonic analysis and computer science. 


9.8 Exercises 


Exercise 9.8.1. Let p,q,r G [1,2] such that (6.2.1) holds. Let u G L p (W n ),v G 
L q (W l ). Prove that u G L p (R"),i> G L q (R”) and that the product uv belongs to 
L r ' (R n ). Show that 

u * v G L r (R n ) and u*v = uv. 

Answer. The fact that u * v belongs to L r follows from Young’s inequality and 
we have u G L p , v G L q from the Hausdorff-Young Theorem. This implies from 
Holder’s inequality that the product uv belongs to L r since 



where we may choose 



The above argument extends when r' = +oo (which implies p' = (/ = +oo so that 
p = q = r = 1 and u, v belong to L°°). We have thus 

(R») < II ^11 L p/ (R n ) Ill’ll L g/ (R n ) < ||^||z,*>(K")||v|U«(K«)- (9-8.1) 


To get that u*v = uv, it is enough to prove it for u,v in the Schwartz space 
since then we shall obtain with pk^k £ J^(R") such that lim kPk = u in L p , 
lin ife V’fe = v in L q , thanks to (9.8.1), 


uv = lim (fik bin ipi 


limit limit 
in L p ' in L q ' 


lim (fk * i/ik = u * v. 
k 


limit 
in L r 


Formula (8.1.12) gives the result. 
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Exercise 9.8.2. Show that if T satisfies the assumptions of Theorem 9.2.3 with 
r = +oo and 


tu)(t, Tu) < CiUullii, \\Tu\\ l °° < Coo||«||l=, 
then for 1 < p < +oo, we have 


\\ Tu \\ LP <P21^ c \/P c ]h' MLP . 

P~ 1 

Answer. We have only to revisit the proof of Theorem 9.2.3 while paying more 
attention to the choice of the various constants. We write for u £ L 1 + L °° , t > 0, 
^• > Coo ? 

^ {\u\>t / a} d" ^^-{|n|<t/a}5 (9.8.2) 

U\ U2 

and this gives 

\(Tu)(x)\ < \(T Ul ){x)\ + |(Tu 2 )(a;)| < |(Tui)(a;)| + ||u 2 ||l~ < |(Tui)(a:)| + — , 

a 

so that we find the inclusion 


(ft) {;r, |(Tu)(a:)| > t} c {x, |(Tui)(a;)| > i(l - c^a 

The weak-type (1, 1) assumption reads tw{t,Tv) < Ci||n|| L i so that 

ci f 


(b) 


w{t{ 1 - CooO ),Tu i) < 


\u\dx. 


^•(1 Coo a ) J\u\>t/o 

Applying Formula (9.2.6) to Tu, we find, using Tonelli’s theorem and 1 < p < +oo, 


r- t-oo 

HTull^p = p / i p ~ 1 oj(t,Tu)dt 
Jo 

r+oo 

(from (#)) <P - CooQ! _1 ), Tui)dt 

Jo 

r+oo 

(from (b)) < p I t p 1 - 

Jo 1 


i\dxdt 


^■(1 Coo CX ) J\ u \>t/c 

PCl ~[[ t. p ~ 2 H (a\u(x)\ ~ t)\u(x)\dt.dx 

J J R+xR n 


1 CooO 


pc 1 


(1 - CooO” 1 )^ - 1) 

a p ~ 1 pc\ . 

(1 - CooCr” 1 )^ - 1) 


(a|rt(a;)|) p 1 |w(a;)| dx 


I Lf 
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We check now for a = Acqo with A > 1 (assuming of course Cqo > 0), 

q p ~Vi _ , A^ 1 

(1 - Coott -1 )^ - 1) P 1 A - 1 

We have proven that for any A > 1, 

sup ||Tu|| L p < (p'ci) 1/p A u/ c^ p ', 
||«||lp=i (A — 1) i p 

so that choosing A = p/{p— 1) gives the sought answer. 


Exercise 9.8.3. Let f : R" — » C be an L\ oc function. Prove that AAf is a measurable 
function ( see Definition 9.3.1). 

Answer. For each t > 0 the function R" x R" 9 (x, z ) >->• f{x + tz) is measurable 
(from Theorem 1.2.7) and Proposition 4.1.3 implies that 

x^\B{x,t)\~ 1 j \f(y)\dy = \M n \~ 1 f \f(x + tz)\dz, 

J B(x,t) J B n 

is measurable. Proposition 1.3.1 proves that 

M/(x)= sup 4 \f(x + tz)\dz 
te Qy J b» 


is measurable. Let e > 0 be given. Let us consider t > 0 and 0 < s £ Q such that 
t <s <t( 1 + e); we have 


/ B(x,t ) 


I f(y)\dy < 


/ B(x,s ) 


\f{y)\dy<{-) n Mf{x)<{l + e) n Mf{x) 


which implies A4/(x) < (1 + e) n Mf{x). Since M f(x) < A4/(x), we find that for 
any e > 0, M.f(x) < (1 + e) n M f(x) < (1 + e) n M f(x), proving that Mf is equal 
to the measurable A 4/ (this works in particular when A if{x) = +oo). 


Exercise 9.8.4. Show that Theorem 9.4.1 holds for f £ L[ oc (fl) where LI is an open 
subset of R". 

Answer. Using Exercise 2.8.10, we find a sequence of compact subsets 

of f l such that K :j C Kj+i and LI = Exercise 2.8.7 provides a function 

tpj £ C™(K j+1 ) equal to 1 on Kj. We may now consider the L 1 (R”) function ipjf 
and apply Theorem 9.4.1: we find a measurable set Lj such that \ n (LL) = 0 so 
that 

Vx£Lj, lim / \<Pj{y)f{y) ~ <fij(x)f(x)\dy = 0. 
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In particular, for j > 2 and x £ Kj-\ D Lj, we have x £ Kj so that B(x, r) C Kj 
for r > 0 small enough and this gives Vx £ Kj-i fl Lj, 


0 = lim / | <Pj{y)f{y) - (Pj(x)f(x)\dy = limf 

r— J B(x,r) r—>0 J b(x 


r) 


I f(y) - f(x)\dy. 


As a result the conclusion holds whenever x £ L = Uj> 2 (.Kj_i (~l Lj) which is a 
measurable subset of fl. On the other hand we have 


l c n n = n n Q {K^ u l?) c u.,> 2 l c 3 u (n n n J > 2 Arj_ 1 ) , 

i>2 ' ^ ' 


so that A n (L c n fl) = 0. 

Exercise 9.8.5. Let F be defined on R by F( 0) = 0 and for x ^ 0 ,F(x) = 
x 2 sin(x -2 ). 

(1) Prove that F is differentiable everywhere and calculate its derivative F' . 

(2) Prove that F' is not locally integrable. 

(3) Prove that the weak derivative of F is not a Radon measure. 

Answer. (1) Differentiability outside 0 is obvious with 

x 0, F'( x ) = 2xsin(x~ 2 ) — 2x _1 cos(x“ 2 ), K'(0) = lim xsin(x~ 2 ) = 0. 

x — >-0 

We note in particular that F' is not continuous since F'(^=) = —2\/2kir for 
k£ N*. 

(2) Since 2xsin(x -2 ) is locally bounded, we have to prove that x -1 cos(x -2 ) is 
not locally integrable: 

/* 1 - j ^ P~\~00 

/ | cos(x _2 )|x _1 dx = - / | cos i | — = +oo (see Exercise 2.8.20). 

Jo 2 Ji t 

(3) The weak derivative / of F is defined as a linear form on C^R) functions 
(or as a tempered distribution, cf. Chapter 8 with Definition 8.1.8), with 

(F',ip) = — j F(x)tp'(x)dx. 

J R 

Let us assume that <p is supported in (0, +oo): we have then 

{F',(p) = J (2xsin(x -2 ) — 2x _1 cos (x~ 2 ))(p(x)dx. 


We choose now (pk £ Cf°((a k ,b k ); [0, 1]) with k £ N* 

- 1 / 2 


a k = (2-n -k + 0 , b k = (2nk - 0 


-1/2 
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so that x £ (dk,bk) ==> x 2 £ (2i:k — f,2n k + j) => cos(a: 2 ) £ (2 1 / 2 , 1], As 


result, we have 


j k / yr \ t / 2 f k 

/ a; -1 cos(x~ 2 )ipk(x)dx > 2 -1 ' 2 ( 27tA; — -J / ipk(x)dx. 

J afc ' ^ ' J a*. 

We may also assume that pk equals 1 on [(27r/c+ f ) -1 ^ 2 , (2irk — f ) -1 ^ 2 ] , implying 

/• & fc / 7T\ !/ 2 7T 1 / 7T\ ~ 3 / 2 

/ aA 1 cos(x~ 2 )(fik{x)dx > 2~ 1 ' 2 ( 27rfc J — ( 27rfc 4 — ) > cofc -1 . 

V 47 3 2 V 6/ 

Since the intervals ( a.k,bk ) are pairwise disjoint, the function 

&n(x) = ^2 Pk( x ) 


is such that $jv € C£°(( 0, +oo); [0, 1]) and 

{F\ ®n) < -Co 7 + 


2a’da’ — >■ — oo. 

N — >+oo 


Exercise 9.8.6. Let p £ C' c (K n ;K + ) such that f p(z)dz = 1. We define for e > 0, 


p e ( x) = e n p(x/e) and the operator R e on by 


(Reu)( x) = J p e (x - y)u(y)dy. 


(9.8.3) 


(1) Let 1 < p < +oo. Prove that if u belongs to L p (M. n ), lim e _ > .o + ReU = u, with 
L p convergence. Moreover prove that for almost all x, lim € _ ) .o + {Reu)(x) = 
u(x). 

(2) Letu £ L°°{\ R"). Prove that for almost all x, lim (! _ ) .o + (-Rew)(a;) = u{x). Prove 
that \\R e u\\ L a° < ||w||loc. 

Answer. (1) The proof of Theorem 3.4.3 answers the very first statement. Let us 
answer the two questions about a.e. convergence assuming only u £ L\ oc : we have 
(R e u)(x) — u(x) = J {u(x — ez) — u(x)) p(z)dz so that for N > 0, assuming as we 
may that suppp C B n , 

1b" ( x /N) | (Reii) (x) - u(x ) I < 1b» (x/N)\\p\\l<x> f \u{x - ez) - u{x)\dz. 

J .zEsupp p 

We define U(y) = l(i+N)M n (y) u (y) and we have for e < 1, 

1b» ( x /N) | (R e u) (x) - u(a;)| < l^{x/N)\\p\\ L ^ J l v , n {z)\U{x - ez) - U(x)\dz. 

From the Lebesgue differentiation theorem applied to the L 1 (K") function U, we 
have for almost every x , lim £ ^. 0 / 1m™(z)\U(x— ez) — U(x)\dz = 0. For each positive 
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integer N, we find a set Lpj such that \L C N \ = 0 and 

\/x £ iVB™ fl Lm, lim(iZ e u)(a:) = u(x). 

€->0 

Since {Ujv>i (iVB"niAr)} c = D ac>i ((NM n ) c UL^) C Un>iL%, which has measure 
0, this completes the proof of a.e. convergence. 

(2) The inequality ||-R € it||z,oo < ||«||i,oo follows trivially from the assumptions on p. 


Exercise 9.8.7. Let b £ L 1 (K”), and v £ L°°(l R"). Prove that 

lim / \b(x)\\v(x + t) — v{x)\dx = 0. 
teR ” ' 

Answer. Let R, k be positive constants. We define 

An, K (t) = {x, |ar| < R and \v(x + 1) — u(x)| > k}. 
We have for t, £ ]R", for \t\ < R , 


X n ({x, \x\ < R,\x + t\ > R}) = H(\x + t\ — R)dx 

J\x\<R 

= R n [ H(\Ry + t\- R)dy = R n [ H{\y + tR - 1 )dy 

J B n J B n 

<R n [ H(\y\ + \t\R ~ 1 - 1 )dy = ir*n _1 |S n_1 |(l - (1 - |t|i? _1 ) n ) 

J B n 

We have also the estimates 

X n (A R>K (t)) < - [ \v(x + t)- v(x)\dx + X n ({x, \x\ < R,\x + t\ > R}) 

K J \x\<R,\x+t\<R 
K 

with vr(x) = u(a")l(|a;| < R) which is an L 1 (R") function. This implies that for 
all k > 0, R > 0 we have lim^o X n (An tK (t)) = 0 and thus 


limsup / \b(x)\\v(x + t) — v(x)\d,x 


t — ^ 0 


= limsup < / \b(x)\\v{x + t) — v(x)\dx + / \b(x)\\v(x + t) — v(x)\dx 

t—> 0 \v(x+t) — v(x)\<K j \v(x + t) — v(x)\>K 

< k||6||li + 2||u||loo limsup / \b(x)\dx + 2||u||l°° / \b(x)\dx 
t~* 0 J AR yK (t) J\x\>R 


~ K & L 1 + 


2||u||loo f \b(x)\dx. 
J |x| >R 


We infer the result from this inequality, letting R — >■ +oo and k — > 0+ . 
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Exercise 9.8.8. For p £ [1,2], t = 1/p, draw the curve [1/2,1] t 4 (1 — t ) 1 4 = 
pi/Pp'-i/p f related to the best constant in the H aus dor ff -Young inequality (9.1.22). 
(p 1 IPp'- 1 IP , ) n/2 . 

Answer. We draw (see Figure 9.1) the graph of the function 

[l/2,l]3t^t~ t (l-t) 1 - t , 


with t standing for 1/p. 



Figure 9.1: Function t 4 (1 — t ) 1 *,te [1/2,1]. 


Chapter 10 

Appendix 


10.1 Set theory, cardinals, ordinals 

Set theory 

We shall assume that the reader is familiar with elementary set theory (e.g., def- 
initions of union, intersection, products, of family of sets) and knows a little bit 
about Russell’s paradox (see, e.g., Exercise 1.9.2). A simple introduction to the 
subject would be to solve the seven first exercises in Section 1.9. The notions of 
Cartesian product 1 , relations, equivalence relations, partitions, quotient set, func- 
tions, images and inverse images, as well as injectivity, surjectivity, bijectivity, 
composition of functions shall also be assumed to be familiar to the reader. 

Definition 10.1.1. Let If be a set and < be a binary relation on E. 

(1) The relation < is said to be an order relation whenever it is reflexive ( x < x) 
antisymmetric (a: < y, y < x => y = x) and transitive (x < y,y < z => x < 
z). 

(2) The order relation is said to be total whenever for any (x,y) £ E 2 , either 
x < y or y < x. 

(3) An ordered set ( E , <) is said to be well ordered whenever every non-empty 
subset of E has a smallest element, i.e. , 

VA non-empty C E, 3a £ A, \/x £ A, a < x. 

Note that the smallest element of a non-empty subset of E is unique, when 
it exists. 

1 The Cartesian product ri;ei Xi of a family of sets (Xi)i£j is defined as the set of mappings x 
from I to U i^iXi such that, for all i E /, x(i) G Xi. A particular case of interest occurs when 
Vi G /, Xi = X\ then we note riie/ Xi = X 1 which is the set of mappings from I to X. A more 
academic remark is concerned with the case when I = 0: in that case, n^G0 is not empty 
since it has a single element which is the mapping whose graph is the empty set. 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers , 407 

DOI 10.1007/978-3-0348-0694-7 10, © Springer Basel 2014 
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Definition 10.1.2. Let ( E , <) be an ordered set. 

(1) An element a € E is said to be maximal if {x £ E, x > a} = 0. 

(2) An element a £ E is said to be the smallest (resp. largest) element in E if 
for all x £ E, x > a (resp. x < a). If a smallest (resp. largest) element exists, 
then it is unique. 

(3) Let X be a subset of E. An upper bound of X is an element M £ E such that 
X C (— >, M] = {x £ E, x < M}. A lower bound of X is an element m £ E 
such that X C [m, <—) = {x £ E,m< x}. 

(4) Let X be a subset of E. When the set of upper bounds (resp. lower bounds) 
is non-empty and has a smallest element b , we call that element the least 
upper bound or supremum (resp. greatest lower bound or infimum). 

We state below the Axiom of Choice , Zorn’s lemma and Zermelo’s theo- 
rem , three statements that can be proven to be equivalent. The Axiom of Choice 
plays an important role in measure theory, since it is a key argument to find 
non-measurable sets (see Exercise 2.8.19). 

Axiom of choice. 2 Let / be a set and let (A,)j e / be a family of non-empty sets. 
Then the Cartesian product rw Ai is non-empty. 

Zorn’s lemma. Let (X, <) be a non-empty inductive ordered set: if Y is a totally 
ordered subset of X , there exists x £ X which is an upper bound for Y. Then 
there exists a maximal element in X . 

Zermelo’s theorem.On any set X, one can define an order relation < which makes 
(X, <) a well-ordered set. 

Obviously the set N of the natural integers with the usual order is indeed well 
ordered, and this is the basis for the familiar induction reasoning; considering a 
sequence (^„)„gm of statements such that is true and Vn £ N, £Z n => &n + 1 
we define 

S = {n £ N, £Z n is not true}. 

If S is not empty, then it has a smallest element Sq and necessarily sq > 0 since 
is true; as a consequence so — 1 £ S c , so that ^ So _i is true, implying that 
^ So is true, contradicting s 0 £ S. As a result, S should be empty and £Z n is 
true for all n £ N. In some sense, Zorn’s lennna could be used in a similar way 
to handle a non-countable family of statements satisfying properties analogous to 
those of the countable family mentioned above (see Theorem 10.1.19). Of course, 
it is not difficult to equip a countable set X with an order relation which makes 
it a well-ordered set: it suffices to use the bijection with a subset of N. However, 
the set Q of rational numbers (which is countable), with the standard order is 
not a well-ordered set; consider for instance T = {x £ Q + ,a: 2 > 2}, a set which 

2 This Axiom has not much to do with choosing an element in a non-empty set: the real point 
at stake is the case where the set I is uncountable and it is in fact in that framework that it is 
used to build non-measurable sets. 
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is bounded from below without a smallest element (exercise). This means that to 
construct an order relation on Q which makes it a well-ordered set, one has to use 
a different order than the classical one and, for instance, one may use an explicit 
bijection between Q and N. The real difficulties begin when you want to construct 
an order relation on R. which makes it a well-ordered set; naturally, one cannot use 
the standard order, e.g., since ]0, 1] does not have a smallest element, although it 
has the greatest lower bound 0. So the construction of that order relation has no 
relationship with the standard order on the real line and is in fact a result of set 
theory, dealing with order relations on ^(N), the set of subsets of N. 

Cardinals 

A non-empty finite set is defined as a set X such that there exists N £ N* and a 
bijection from {1, . . . , N} onto X. The empty set is also finite. If iVi, N 2 £ N* are 
such that there exists a bijection from {1, . . . , iVi} onto {1, . . . , N 2 }, this implies 
Ni — N 2 . We can thus define the Cardinal (noted cardX) of a finite set X as its 
number of elements and card0 = 0. 

Lemma 10.1.3. Let X be a set. The following properties are equivalent. 

(i) X is infinite, i.e., X is not a finite set. 

(ii) There exists a proper subset Y of X and a bijection from X onto Y. 

(iii) There exists an injection 0 : X — > X such that 4>(X) is a proper subset 
ofX. 

Proof. Let us assume that X is finite: then if Y is a proper subset of X , its cardinal 
is strictly smaller than card X, and there cannot exist a bijection from X onto Y : 
this proves (ii)=>(i). 

Let us assume now that X is infinite: then X cannot be empty. Let x\ £ X 
and let us assume that for every N € N*, there exists a subset {a’i, . . . ,x n } C X 
with N elements: this is true for n = 1 and assuming this for some n > 1, the set 
{xi, . . . ,x n } must be proper in X (otherwise X would be finite) and thus there 
exists x n +i £ X such that cardjxi, . . . , x n , x n +i} = n + 1. As a result, we find a 
subset N C X such that there is a bijection <j> from N onto N. We consider now 
the mapping $ : X — » N c U 0(2N) defined by 

j 3>(x) = x, if x £ N c , 

^$( 2 :) = 0(2 (f~ l {x)), if x £ N. 

The mapping $ is bijective with inverse mapping ’I', 

j 'f'(x) = x, if x £ N c , 

1 T(a:) = 0(i0 _1 (a:)), if x £ 0(2N). 
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Indeed, we have for x £ N c , ($ o v h)(a;) = x = (fH o $)(:r). For x £ N, we have 
(tf o$)(a;) - ^( 0(2 (T\x))) = </ > (i</ > ' 1 (0(2</>" 1 (a;)))) = x, 

60(2N) 


and for x £ </>(2N), x = <j>(2 n), 

(3> o ^)(x) = ®))) = $(</>(«)) = </>(2^ 1 (0H)) = (j>(2n) = x. 

GN 


partition of iV 

Now the set Y = N c U ^>(2N) is a proper subset of X = N c U </>(2N) U ^>(2N + 1) 
and $ is a bijection from X onto Y : this proves (i)=>(ii) . Since the equivalence 
between (ii) and (iii) is obvious, the proof of Lemma 10.1.3 is complete. □ 

Remark 10.1.4. We get immediately that a subset of a finite set is finite and a 
superset of an infinite set is infinite. 

Definition 10.1.5. Let X,Y be two sets: they are said to be equipotent whenever 
there exists a bijective mapping <f> : X — > Y. 

Remark 10.1.6. We note that a set X is equipotent to itself and for X, Y, Z sets 
such that X is equipotent to Y and Y is equipotent to Z. we find that X is 
also equipotent to Z ; also X equipotent to Y is equivalent to Y equipotent to 
X. We refrain to say that equipotence is an equivalence relation since there is 
not a set of all sets. When two sets X , Y are equipotent, we shall write symbol- 
ically card A = cardF, without defining each side of the equality (note that it 
nevertheless consistent with the case where X is finite). 

Remark 10.1.7. We have defined on page 1 the notion of countable set: we have 
also proven there that a countable set is either finite or equipotent to N and that 
a countable union of countable sets is countable. A byproduct of the proof of 
Lemma 10.1.3 is that every infinite set contains a set equipotent to N. We shall 
note Ho = cardN (see Exercise 1.9.3). 

Theorem 10.1.8. We have 

card(N xN)= cardN = cardQ, cardR = card'P(N). 

The set of real numbers is not countable. 

Proof. The first equality is proven in Exercise 1.9.1, the second on page 2, the 
third equality and the last assertion in Exercise 1.9.5. □ 

Theorem 10.1.9 (Schroder-Bernstein Theorem). Let X,Y be two sets and let 
f : X — > Y, g : Y — ► X be injective mappings. Then there exists a bijective 
mapping from X onto Y, i.e., card A = cardF. 
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Proof. We set A 0 
xeX, 


X\g(Y), and for n > 0, A n+ i = g{f(A n )). We define for 




f{x), if x £ U n > 0 A n , 
g^ x (x) otherwise, 


where g~ x is the inverse mapping of the bijection g : Y — >■ g(Y). Note that it is 
consistent since if x ^ U n >oA ni then x £ g{Y). The mapping <f> is one-to-one: let 
us assume that = $(x"). Then if x',x" £ U ra >oA„, we find /( x') = f(x") 

and thus from the injectivity of /, we get x' = x" . If x',x" U„>oA„, then we 

find g~ l (x') = g^ 1 (x") and since g : Y — »• g(Y) is bijective, we get x' = x" . Let 
us check the case x' £ U n >oA n ,x" ^ U n >oA n : we have then 


f(x') = g l {x") => g(f(x')) = x" => x" G U„> 0 g{f{A n )) = l> n > 0 A n+1 , 


which contradicts the assumption on x", proving injectivity for $. Let us show 
now that $ is onto: let y G Y. If y belongs to U n >o/(4l n ) = /(U„>o^4n), then y = 
f(x) = ${x) for some x £ U n > 0 A„. If y /(U n > 0 A„), then x = g(y) £ U„> 0 A„: 
otherwise 


y = g 1 (g(y)) £ u„> 0 g 1 (A„ n g(Y)) = U n > 0 g 1 (A n+ 1 r\g(Y)) 

= U „>0 g~ 1 (g{f(A n ))ng(Y)) U n > 0 f(A n ) = f(U n > 0 A n ), 

injectivity 
of g 

contradicting the assumption on y. As a result, we have indeed x = g(y) ^ U n >oA„ 
and y = < 7 ^ 1 (ar) = $(a:), which ends the proof. □ 

Definition 10.1.10. Let X,Y be two sets. We shall say that card A < card Y if X 
is equipotent to a subset of Y, i.e. , if there exists an injection from X into Y. 

Remark 10.1.11. It follows from the Schroder-Bernstein theorem that cardA < 
cardF and cardF < card A imply card A = cardF. On the other hand, it is 
obvious that card A < card A and for Z a third set, 

card A < card F and card F < card Z => card A < card Z. 


Again we shall refrain from claiming that we have found an order relation on 
cardinals, since in the first place we have not defined a cardinal and next, because 
there is not a set of all sets. We shall say that card A < cardF whenever card A < 
cardF and A is not equipotent to F. 

Theorem 10.1.12 (Cantor’s Theorem). Let X be a set andV(X) its powerset. Then 
card A < card V (A). 


Proof. Cf. Exercise 1.9.2. 


□ 
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Let (Aj)jg 7 be a family of sets. The disjoint union of this family is 

U^ = U(^ x W). ( 10 . 1 . 1 ) 

ie/ ie/ 

We note that for i! ^ i" in /, we have (Aj, x {*'}) D (Aj„ x {*"}) = 0. Let (A,;) ie / 
be a family of sets and let (l?j)i e / be a family of sets such that for each i £ I, A, 
is equipotent to 13,;. This implies obviously that U e i Ai is equipotent to I — lie/ B u 
so that we may define 

card A.j = card M | A, j . (10.1.2) 

i£l ' i£l 

Also the Cartesian product Hie/ A, is equipotent to IW Bi so that we may define 
as well 

JJ card A* = card AjV (10.1.3) 

i£i \ei ' 

In particular sums and products of cardinals are commutative and associative. We 
have seen above H 0 + H 0 = H 0 , Hq = H 0 . 

Let X, Y be two sets and let Y x be the set of all mappings from X into Y : 
this notation is justified by the fact that a mapping <fi from X into Y is (j>(x)) xe x 
where each <fr(x) belongs to Y. Then if X' is equipotent to X and Y' is equipotent 
to Y , we obtain obviously the equipotence of Y x with Y' X so that we may define 

(cardT) cardx =card(T x ). (10.1.4) 

For instance, we have proven in Exercises 1.9.3, 1.9.5, 

2 card.Y = card (p(x)), C = cardR = 2^°, Ho < c. (10.1.5) 

Lemma 10.1.13. Let X be a set and let {w} be a singleton. Then the set X is 

infinite if and only if the disjoint union X U {w} is equipotent to X. In other 

words, a cardinal number x is infinite if and only if x = x + 1 . 

Proof. Let X be a finite set: then card X < 1 + card X. Let X be an infinite set: 
then X contains a set equipotent to N, we may assume that it contains N. We 
have then 

X = N U (X\N) equipotent to {w}UN U(I\N) = I U {w}, 

equipotent to N 

proving cardX = 1 + cardX. □ 

Remark 10.1.14. Let X, Y, Z be three sets. Then X x (Y U Z) is equipotent to 
(X x Y) U (X x Z) so that with x = card X, y = card Y. z = card Z , 

x(y + z) = xy + xz. 

Note also that 0 x X = 0, i.e., Ox = 0. 
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Lemma 10.1.15. Let X, Y, Z be three sets. 

(1) The set Z XuY is equipotent to Z x x Z Y , so that, with x = card X,y = 
card Y, z = card Z, z x+v = z x z v . 

(2) The set ( Z Y ) X is equipotent to Z YxX , i.e., ( z y ) x = z yx . 

(3) The set ( X x Y) z is equipotent to the set X z x Y z , i.e., ( xy) z = x z y z . 

Proof. We consider the mappings 

if : Z X ^ Y — > Z x x2 y T : Z Y x — ■> Z- YUY 

(f> ((f>\x,<j>\Yy {f, 9 ) r (f,g) 

where, considering X , Y as disjoint sets with union IUF, 

for x £ X, r (f,g){x) = f(x), for y&Y, T(f,g)(y) = g{y). 

We have Tof = Id^xuv and $oT = Idzx xZ v: for 

<j> : X U Y Z, 

we have (r o vF)(0) = r((<^|x, <I>\y)) so that f° r i £ 2, (r o d')(0)(cc) = <j>(a :), 
for y GY, (r o IE ’){(j>)(y) = 4>{y ), i.e., (F o H >)(</>) = <j>. Also for / : X — > Z, g : Y — > 
Z , we have 

($°r)(/,9) = ^>(T(f,g)) =V(f\Jg), with fUy.XUY -> Z 
defined by (/ U g)(x) = f(x) for x £ X, (/ U g)(y) = g(y) for y £ Y and thus 
('F o T)(/, g) = ((/ U g)\ x , (/ U = (/, g), 

proving (1). 

We consider the mappings 

ft : Z YxX — » ( Z Y ) X e : ( Z Y ) X — > Y rx - Y 

<t> H> / H> ©(/), 

with 0(/)(j/, x) = f{x)(y). We have 

(0O CL)((t>)(y,x) = Q(^)(x){y) = <j>(y,x), {LloQ)(f)(x)(y) = 0(/)(y, x) = f{x)(y), 
proving (2). 

We consider the mappings 

H : (X xY) z — > X z xY z A: X z xY z — > {X x Y) z 
<t> 2(0) ’ (f,g) i—> A (f,g), 

with E(<j>) = (zn n x <j>(z),z n Y<j>(z)), A (f,g){z) = (. f(z),g(z )). We have 

(A o E)((j>)(z) = (n x <t>(z), n Y (t>(z)) = <t>{z), 

(So A )(f,g) = (z H> H x A(f,g)(z),z^ H y A{f,g)(z)) 

= {z^ f(z),z ^ g{z )) = (/, g), 


proving (3). 


□ 
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Remark 10.1.16. We note also that Kg = K 0 (N 2 is equipotent to N) and 2K 0 = K 0 
and applying the previous lemma 

c < c + K 0 < 2c = 22 n ° = 2* 0+1 = 2*° = c => c = c + K 0 = 2c. 

Moreover, we have 

c 2 = c, (10.1.6) 

since c 2 = 2 N °2 N ° = 2 2N ° = 2^° = c. We note also that 


c c = (2 n °) c = 2 n ° c = 2 C > c, 

since c < K 0 c < c 2 = c gives K 0 c = c. We have proven 

card(K R ) = card(P(R)) > cardM. (10.1.7) 

On the other hand, considering (7(11; R) (set of real- valued continuous functions), 
we see that each <j> £ (7(R; R) is determined by its restriction to Q, so that 

card(<7(R;R)) < card(R Q ) = c H ° = 2*° = 2 N ° = c. 

On the other hand, (7(R;R) contains the constant functions whose cardinality is 
c. We have proven that 

card(C(R; R)) = cardR. (10.1.8) 

The continuum hypothesis (CH) asserts that there is no subset of the real line 
which is not countable and not equipotent to R, i.e., there is no cardinal number 
x such that Ho < x < c. Since c = 2 N ° this statement has a natural generalization. 
The general continuum hypothesis (GCH) asserts that for any non-finite cardinal 
a there is no cardinal number x such that a < x < 2°. The CH problem was stated 
in 1900 by David Hilbert (1862- 1943) as the first one in his list of 23 important 
mathematical questions. 

In 1940, Kurt Godel (1906-1978) proved that (CH) cannot be disproved 
from the standard axioms of set theory (Zermelo-Fraenkel set theory: ZF), even 
adding the axiom of choice (C). In other words there is no proof of the negation of 
CH in ZFC. Paul Cohen (1934-2007) showed in 1963 that (CH) cannot be proven 
in ZFC. Both results assume that ZFC is non-contradictory. 

Let us give a couple of examples of applications of Zorn’s lemma 10.1 to Set 
Theory. 

Lemma 10.1.17. Let X, Y be two sets. Then card X < card Y or cardT < card X. 

Proof. Let us consider the set S’ = {(JQ, 4>i)}i^i where : X t — > Y is injective 
and X, C X . It is a non-empty set since the mapping <j> : 0 — > Y with graph 0x0 
is injective. We equip it with the order relation 


(Xi, <t>i) < (X 2 , fc) means X x C X 2 and (j) 2 \ Xl = <£i- 
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If {(X,;, is a totally ordered subset of J* , we consider A = U i S jX,; and </> 

defined on X,; by </>*: if or belongs to X ,< . X,// , we have X C Xj» or X,;// C X,/ 
and in both cases 4>i>(x) = 4>i»(x), proving the consistency of the definition of , 
as well as its injectivity. According to Zorn’s lemma, the set J? must contain a 
maximal element (X, (f> ). If X = X, we have found an injection from X into Y. 

If there is some xo £ X c , then we claim that <f> : X — > Y is bijective: we 
need only to prove that it is onto. If </> were not onto, we could find some yo £ Y , 
such that (f> : X — > F\{y 0 } and thus the extension of </> to X U {a’o} defined 
by 4>(xq) — yo would be an injection from X U {a;o} into Y, contradicting the 
maximality of (X, <fi). Thus, we have found an injection of Y into X, completing 
the proof of the lemma. □ 

Lemma 10.1.18. Let X,Y be two sets, Y 7 ^ 0. The inequality cardX > cardX is 
equivalent to the existence of a surjective map p : X — >• Y . 

Proof. Let us assume that such a surjective map exists. Then the set 

n 

vev 

is the product of non-empty sets so that thanks to the Axiom of Choice 10.1, the 
product is non-empty: \/y £ Y, 3s(y) £ X such that p(s(y)) = y. The mapping 
s : Y — > X is injective since po s is injective. Conversely if cardX < cardX, from 
Definition 10.1.10, we can find an injection from Y onto X, i.e. , a subset Z of X 
which is equipotent to F (if) : Z — > Y bijective): then we have X = Z U (X\Z) 
and we can define with yo £ Y (assumed to be non-empty), for x £ X, 


p{x) 


ip{x) if x £ Z, 
yo if x Z. 


Since ip is onto, p is onto. □ 

Theorem 10.1.19 (Principle of Transhnite Induction). Let (X, <) be a well-ordered 
set and let us assume that for each x £ X , P{x) is a statement. We assume that 
for all x £ X , 

P(y) holds for all y < x => P{x). 

Then P{x) is true for all x £ X . 

Proof. Let S' = {x £ X,P(x) does not hold}. If S is not empty, it has a small- 
est element a. Now for all x < a, P{x) holds true and thus P(a) holds true, 
contradicting a £ S. Consequently, S is empty. 

N.B. Note that the assumption implies that P(x 0 ) holds true for the smallest 
element xq of X. □ 

Theorem 10.1.20. Let X be an infinite set. Then X x X is equipotent to X; for 
any infinite cardinal x, x 2 = x. 
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Proof. We have seen in the proof of Lemma 10.1.3 that X contains a set Xq 
equipotent to N and thus we can find a bijection ipo ■ -F 0 ► X 0 x X 0 . We consider 

now 

& = {ip : Y — > Y x Y, bijective, F infinite C X}. 

The family & is non-empty and ordered by (ip i,Yi) < (ipijYz) meaning 

Yl C Y 2 , tp2\Y! = V’l- 

The family & is inductive for that order: let (ipi, Fj), e / be a totally ordered subset 
of & . Setting Y = Uj e /F), we define for y GY, ip(y) = ipi(y) if y S Fj: note that 
this definition is consistent since if y e Li (~l F), then we have Y, C Yj (or Y, D Yj) 
and the restriction of ipj to Yj equals ipj (or the same property exchanging i with 
j ). The mapping ip : Y — > Y x Y is injective since for y' 1 y" G Y 1 we find i G I such 
that y',y" G F) and thus ip(y') = ip(y") means ipi(y') = ipi(y ") implying y' = y" . 
It is also onto since for ( y' ,y ") G Y x Y, we find i G I such that y ' , y" G Yi and 
thus there exists y G Yi such that ip(y) = ipi(y) = ( y' ,y "). 

Applying Zorn’s Lemma 10.1, we find a maximal element (ip,Y) in We 
have in particular a = a 2 with a = cardF and 0 is an infinite cardinal. If a = 
cardX, we are done. If a < cardX, we find that card(F c ) > a (otherwise cardX = 
cardF + cardF° < 2o < a 2 = a, contradicting the assumption). As a consequence 
we may find a subset Z of Y c equipotent to F. We note that a < 2a 2 = 2a < a 2 = a 
and we consider 

(F U Z) x (F U Z) = (F x F) U (F x Z) U (Z x F) U (Z x Z), 

v — 

with cardinal 3a 2 = a 


so that, using a bijective map 9 
for x G Y U F, 

4>(x) 

The mapping ip is bijective from FUZ onto (F UZ) 2 and extends ip, contradicting 
the maximality property. The proof of Theorem 10.1.20 is complete. □ 

Kurt Godel proved in 1938 that the Axiom of Choice is consistent with (ZF), 
i.e., that, if (ZF) is consistent 3 , then (ZFC) is also consistent. Paul Cohen proved 
in 1963 that the Axiom of choice is independent of (ZF), i.e., is not a consequence 
of the axioms of (ZF). 


Z — > (F xZ)U(ZxF)U(ZxZ) we may define 


ip(x), if x G Y, 
9(x), if x G Z. 


3 A consistent theory is a theory that does not contain a contradiction, i.e., does not contain a 
proof of a statement S and a proof of its negation not S. 
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Ordinals 

Introduction 

We have seen in Definition 10.1.1(3) the notion of well-ordered set. Let us give a 
couple of examples. Of course, N equipped with the usual order is a well-ordered 
set as well as any finite ordered set. Z with the standard order is not a well-ordered 
set since it does not have a smallest element, neither is (0, 1] with the order induced 
by R. (no smallest element). Let us now consider 

E = j 1 — — 1 UN*, (10.1.9) 

l n L> i 

with the order induced by the standard order on Q. Then, although E is equipotent 
to N, it is not isomorphic to N as an ordered set: before giving a proof of this, let 
us give a definition. 

Definition 10.1.21. Let (X, ^ x ), (Y, £l Y ) be well-ordered sets. These two ordered 
sets are said to be isomorphic if there exists a bijective mapping <j> '■ X — > Y that 
is increasing, i.e., such that X\ ^ x X 2 in X implies <f>(x i) 4>{ x 2) in F. Note 
that a mapping <j> as above is such that </> -1 is also increasing 4 . We shall say then 
that 


ordX = ordF (the ordinal of X equals the ordinal of F), (10.1.10) 

or that the ordered sets X , Y are order-isomorphic. 

N.B. As for the notion of cardinal, note that we have not defined the ordinal of a 
well-ordered set, but only the equality between ordinals, meaning isomorphism in 
the natural sense for ordered sets. 

Lemma 10.1.22. Let (A, ^ A ), (E,^ B ) be two disjoint well-ordered sets. We define 
X = A U B and the following relation on X : 

{ either x\,x 2 G A, x\ X 2 
or xi,X2 G B, x\ X 2 
or (x\,X 2 ) £ Ax B. 


Then (X, ^ x ) is a well-ordered set 

Proof. Let us check first that ^ x is indeed an order relation on X: it is obviously 
reflexive and if x\ ^ x X 2 , X 2 ^ x x±, either both X\,X 2 belong to A or both belong 
to B and then are equal; the third case ( Xi,X 2 ) G Ax B cannot occur since we 
would also have (X 2 , Xi ) G Ax B, so that X 2 G A fl B = 0. The relation is indeed 
antisymmetric. Let us now assume that X\ ^ x X 2 ,X 2 ^ x £3: if x±,X 2 are both in 

4 Take = 3/1 < y2 = 2) in Y . then xi < X2 otherwise X2 < x\ and </<( X2) < </>(£ 1), 

contradicting the assumption. 
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A, then either X 3 € A and the transitivity follows from the transitivity of ^ or 
X 3 £ B and x\ ^ x X 3 . If xi,x% are both in B , then £3 must belong to B so that 
Xi < X 3 . Moreover, if X\ € A, x 2 £ B , then X 3 must belong to B so that x\ ^ x X 3 , 
concluding the proof of transitivity. 

Let C be a non-empty subset of X: if C C B , then minv C = mine C. If 
CnA^ 0 , then 

min C = min(C fli) =c, 

X A V 

since c £ C and if x £ C, then either x € B and c ^ x x or x € A and c x so 
that c ^ x x. The proof of the lemma is complete. □ 

Remark 10.1.23. This implies that E defined by (10.1.9) with the order induced by 
the order of R. is well ordered. Also we can see that there is no bijective increasing 
mapping from N onto E. If such a mapping existed, we would have <j>(n) = 1 — ^ry 
for all n £ N: it is true for n — 0 since </>( 0) should be the minimum of E. Assuming 
that it is true up to some N > 0, we see that the minimum of (f>({ 0, . . . , 1V} C ) should 
be (j)(N + 1) and also 

min(</>({0, . . . , N}))° = 1 - 

so that 4>{N + 1) = 1 — which was to be proven. As a result 0(N) n N* = 0 
and (f> cannot be onto. 

Definition 10.1.24. Let (X, ^ x ) be a well-ordered set. A subset S of X is said to 
be a segment of X if s € S, x € X, x ^ x s => x € S. 

Obviously X itself, the empty set, any set 

S a = (— >, a) = {x £ X, x < a}, a € X, (10.1.11) 

are segments of X: for the latter, s < a,x < s imply x < a. Moreover if a, & € X, 
S a = Sb implies a = b: otherwise a < b (resp. b < a) and a € Sb = S a (resp. 
b € S a = Sb), which is impossible. 

Proposition 10.1.25. Let ( X , ^ x ) be a well-ordered set. Any union or intersection 
of segments of X is again a segment of X. A segment of a segment of X is a 
segment of X. For each proper segment S of X ( a segment ^ X), there exists 
a € X with S = S a . 

Proof. We start by the proof of the third statement. If S' is a proper segment of 
X , S c is not empty so that we may define a = minS c . We have S C S 0 : if x £ S 
and x > a, then by the segment property, we must have a £ S, which is impossible 
since a € S c . Also we have S a C S: if x < a then x S c by the minimum property 
of a, i.e. , x £ S. 

For the first statement, let us consider a family (Sj)jg/ of segments of X. If 
7 = 0, then U/Sj = 0 is a segment. If I 0, 

s £ U /S.j, x < s => 3 j £ I,s £ Sj, x < s 


x £ Sj C U/Sj. 
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Moreover to check that fl/S) is a segment, we may assume that 7^0 (otherwise 
C\iSi = X), and 

s G n /Sj, x < s => Vi G 7, s G Si,x < s =>■ Vi G I,x G Si. 

For the second statement we consider a segment E of a segment of X, which is 
either X or (— >, a); the first case is trivial, and if E is a segment of (— >, a), we find 
either E = (— >•, a) or for some b < a, E = {x G X, x < a and x < b} = (—>, b). □ 

Ordering of ordinals 

Definition 10.1.26. Let (X, ^ x ), (Y, be two well-ordered sets. We shall say 
that 

ordX =$ ordY 

if X is order-isomorphic to a segment of Y. When ordX ordY and X is not 
order-isomorphic to Y, we shall write ordX -< ordY. 

Lemma 10.1.27. Let (X,^ x ) be a well-ordered set. The only order-isomorphism 
of X onto a segment of X is the identity of X. 

Proof. Let us assume that </> : X — > (— >, a) is an order- isomorphism of X onto a 
proper segment of X (a € X, see Proposition 10.1.25). We define 

(b) A = {x € X, cf>(x) < x}, 

and we note that agiso that we can define b = min A. We have 

(tt) <t>{b) <b=> </>((/>(&)) < <j>{b) => </>(&) G A, 

contradicting the fact that b is the smallest element of A. We have proven that 
(j) : X — > X is an order-isomorphism. 

We want now to prove that <j> is the identity. The set A defined in (b) must 
be empty, otherwise as above its smallest element b satisfies ())), leading to a 
contradiction. As a result, we have for all x G X, x < 4>{x) and applying this 
result to 0 _1 , we find 

Vx G X, x < 4>{x) < (fr 1 (<p(x)) = x, i.e. , <j> = Id. □ 

Proposition 10.1.28. Let (X,HL x ),(Y,^ y ) be well-ordered sets. Then 

ord X =4 ord Y and ord Y =<: ord X => ord X = ord Y. 

Proof. Let <f> : X — > T be an order-isomorphism of X onto a segment T of Y and 
let if : Y — > S be an order-isomorphism of Y onto a segment S of X. Then 

X3I4 lf(4>(x)) G (if ° '/OPO = V’P') 

is an order-isomorphism and tp(T) is a segment of S. thus from Proposition 10.1.25 
is also a segment of X. Applying Lemma 10.1.27 shows that if(T) = X so that 
S = X and ordX = ordY. □ 
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Proposition 10.1.29. Let (X, < x ), (Y, ^ Y ) be two well-ordered sets. Then either 
ordX =<: ordy or ordT ordX. 

Proof. We define 


M = {x £ X , 3 y £ Y, ord (—1, x) = ord (— 1 , y)}. 

We note that for each x £ M, there exists a unique y GY such that ord (— 1 , x) = 
ord (— 1 , y): if we have for yi,y2 £ Y (say with 7/2 ^ Y yi) 

ord (— l, yi ) = ord (-l,2/ 2 ) 

then (—1, 2/1) is order-isonrorphic to its segment (— 1, 2/2) and Lennna 10 . 1.27 implies 
2/2 = 2/1 • We have thus a mapping <f> : M —1 V defined by 

ord (—1, 21) = ord (—1, ^(2;)). 

Note that 4 > is injective since if <j>(x 1) = ^(2:2), say with 2:2 ^x aq, we find that 
(—1,2:1) is isomorphic to its segment (— 1,2:2), so that Lennna 10 . 1.27 implies X2 = 
x\. Moreover <j> is increasing since if X2 ^x sq, we must have <$>(x2) ^ Y </>(2q), 
otherwise </>(2q) < Y <j>{x 2) with 

ord (-1, (£(2:2)) = ord (-1,2:2), ord ( — 1, 221) = ord (-1, 0(2:1)), 

so that (— 1, (j>{x2)) is isomorphic to a segment of (— >,(j>{x\)) which is a proper 
segment of (— 1, <j>( 2:2)): this is not possible, thanks to Lemma 10 . 1 . 27 . We find also 
that < p(M ) = N is a segment of Y : let 

t = 4 >(s),s £ M, i.e., ord (— 1, s ) = ord (— 1, <j>(s)), 

and let y ^ Y t = <p(s). Using the isomorphism between (— >,s) and (— 1 
we find an isomorphism between (—1,2/) and (— 1,®) for some x ^ x s , proving 
y = (fix). This implies as well that M is a segment of X. 

Suppose now that X is not isomorphic to a segment of Y : then X\M is 
not empty (otherwise, we would have an isomorphism <j> : X — 1 N of X onto a 
segment of Y). If Y is not isomorphic to a segment of X , then Y\N is not empty 
(otherwise, we would have an isomorphism <f> : M — 1 Y of a segment of X onto Y). 
Assuming that neither X is isomorphic to a segment of Y, nor Y is isomorphic to 
a segment of X , both X\M, Y\N are non-empty. We define 

a = min (X\M), b = mm(Y\N). 

Then (— 1, a) is isomorphic to M and (— 1, b) is isomorphic to N (see Proposition 
10 . 1 . 25 ), and since N is isomorphic to M, this implies a £ M, contradicting the 
assumption. The proof is complete. □ 
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Remark 10.1.30. Let (X, ^ x ), (Y, ^ r ), (Z, ^ z ) be three well-ordered sets. Then 

ord X =4 ord Y and ord Y =4 ord Z => ord X =4 ord Z. 

In fact if 0 : X — > S is an isomorphism onto a segment S of Y and -0 : Y — »• T is 
an isomorphism onto a segment T of Z , we find that 

X B X !-»• 0(0(x)) £ (0 o 0)(X) = 0(5) 

is an isomorphism onto a segment of T, which is also a segment of Y, thanks to 
Proposition 10.1.25. 

Addition of ordinals 

Let ( A , ^ A ), (B, < B ) be two well-ordered sets. We shall denote by 

A\J + B (10.1.12) 

the well-ordered set defined in Lemma 10.1.22 on the disjoint union A U B. Ac- 
cording to the discussion on Example (10.1.9) in Remark 10.1.23, we have proven 
that 

ordN -< ord(N U + N). (10.1.13) 

Moreover, replacing A by an order-isomorpliic A! and B by an order-isomorphic 
B' provides A! U + B' order-isomorphic to A U + B , so that we can give the following 
definition. 

Definition 10.1.31. Let {A,^ a ),(B,^ b ) be two well-ordered sets. We define the 
addition of ordinals, 

ord A © + ord B = ord(A U + B) . 

Our notation emphasizes the fact that this addition is not commutative. 

Lemma 10.1.32. Denoting by uj the ordinal of N and by k the ordinal of a finite 
set with k elements, we have 

(1) UJ ~< CO ® + UJ, 

(2) u> = k ® + uj, 

(3) uj -4 uj © + k, if k > 1. 

(4) If a is an ordinal, a -< a ffi + 1. 

Proof. We prove (2): we have 

k © + uj = ord ({1, . . . , k} U {k + 1, k + 2, . . . }) = ordN* = ordN = uj. 

Let us prove (4): let X be a well-ordered set and 0 : X — > X U + {oo} be an 
order-isomorphism. Let a be the (unique) element of X such that 0(a) = oo. Then 
for all x £ X\{a}, (j>{x) < oo = 0(a) implying x < a. Thus the restriction of 0 
to X\{a} is an isomorphism from (— >, a) (a proper segment of X) onto X . From 
Lemma 10.1.27, it is impossible, proving (4). Since (4) implies (3) which implies 
(1), the proof of the lemma is complete. □ 
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N.B. An immediate consequence of the previous lemma is that 

for every finite ordinal, a -< 1 ® + a = a ® + 1, (10.1.14) 

for every infinite ordinal, a = 1 ® + a -< a ® + 1. (10.1.15) 

Moreover this lemma proves as well that, given (A, ^ A ), (B, ^ B ) two well-ordered 
sets, the well-ordered set A U + B is order-isomorphic to A if and only if B = 0. 

Uncountable well-ordered sets 

Proposition 10.1.33. Let a be an ordinal. Then the set of all ordinals (3 such that 
fd -< a is a well-ordered set whose ordinal is a. 

In other words, let (A, ^ A ) be a well-ordered set. The set &a = {(— l >,a)} 0 £A 
of proper segments of A ( see Proposition 10.1.25) is a well-ordered set by the 
inclusion relation and is order-isomorphic to A. 

Proof. We consider the mapping <j> : A — > &a defined by <j>(a ) = (— >,a). It is 
obviously onto and increasing and if </>(ai) = 0(a 2 ), this implies 

(</>(ai)) c = (0(a 2 )) C => ai = min(</>(ai)) c = min(^(a 2 )) c = a 2 , 

proving that <p is one-to-one and the proposition. □ 

Theorem 10.1.34. Any set of ordinals is well ordered. Moreover there does not 
exist a set of all ordinals. 

N.B. The existence of a set of all sets leads to the so-called Russell’s paradox 
(see Exercise 1.9.2). Here as well the existence of a set of all ordinals leads to a 
contradiction, known as the Burali-Forti 5 paradox. 

Proof. Let $ = (X,;)j e / be a family of well-ordered sets. From Proposition 10.1.29, 
we may assume that the set I is infinite. Let us assume that there is no j £ I such 
that Mi £ /, ordX,- < ord X, , i.e. , 

Vj € 1, 3i € I, ordX,; -< ord Ay, i.e., Xj isomorphic to a proper segment of Xj, 

so that Vj £ I,3i £ I, 3 aj £ Xj, ord Xj = ord (— >, aj) x . For j\ £ I , there exists 
j 2 £ I such that ordX.j 2 -< ordX^ and thus we find a strictly decreasing sequence 

• • • A ordX in+1 -< ord X in -<■■■-< ordX i2 -< ord Xy . 

Thanks to Proposition 10.1.33, that sequence included in the ordinals -< ord X u 
should have a smallest element, which is not possible. Thus we have proven the 
first statement in the theorem. 

Let us prove the second statement by reductio ad absurdum. Let be the 
set of all ordinals; then it should be well ordered with an ordinal u which should 
be the largest ordinal, contradicting (4) in Lemma 10.1.32. □ 

5 Cesare Burali-Forti (1861 1931) was an Italian mathematician. He came up in 1897 with the 
first discovery of a paradox in Cantor set theory. 
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Proposition 10.1.35. There exists an uncountable well-ordered set such that for 
all x £ Cl, the segment (->-,x) is countable. The well-ordered set 12 is unique up to 
an order-isomorphism. Let A be a countable well-ordered set: then ord A -< ordH. 

Proof. According to Zermelo’s Theorem 10.1, the set of real numbers R (which 
is uncountable, see Theorem 10.1.8) can be well ordered (of course with an order 
which is not the standard one) . If R does not have the required property, we define 

a = min{a: € R, (—>, x) uncountable}. 

Then we take fi = (— >, a) which is uncountable and such that for x < a, (— >, x) is 
countable, proving the existence. 

For the uniqueness property, let Hi be a well-ordered set with the same 
property. If ord Hi -< ord H, then Hi would be isomorphic to a proper segment of 
H, that is to a countable set, which is incompatible with the requirement that Hi 
is uncountable. 

Let A be a countable well-ordered set. Thanks to Proposition 10.1.29, A is 
order-isomorphic to a proper segment of H (since H is uncountable, the inequality 
ordH =$ ord A is ruled out). □ 

Remark 10.1.36. We can reformulate the previous result by saying that there exists 
a unique ordinal ordH, where H is the set of countable ordinals. 

Proposition 10.1.37. Let ordH be as above the set of countable ordinals. Every 
countable subset of H has an upper bound. 

Proof. Let }yeN C H. The countable union of countable sets Uj e fi(— >, xf) is 
also a countable set (see Theorem 10.1.8) and cannot be equal to H. Thanks to 
Proposition 10.1.25, it is also a (proper) segment of H and thus there exists y £ H 
such that 

Uj'sn)— >, Xj) = (—>,y) 

implying that Vj € N, Xj < y, i.e. , y is indeed an upper bound for □ 

Remark 10.1.38. Note that u> = ordN is the smallest infinite countable ordinal, 
but that, according to (4) in Lemma 10.1.32 and k finite > 1, 

w^w© + l^;---^;w® + £; are all countable ordinals. 

Moreover, it is also possible to define the (non-connnutative) product of or- 
dinals. 

Definition 10.1.39. Let (A, ^ A ), (B, ^ B ) be two well-ordered sets. We define the 
product of ordinals, 

ord B <g> x ord A = ord(A x B ), 
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where the Cartesian product A x B is endowed with the lexicographic order: 

(ai,&i) Cxb (a 2 ,b 2 ) means < Ul A ° 2 

[or ai = a 2 , fq b 2 . 

Our notation emphasizes the fact that this multiplication is not commutative. 

Note that this order makes Ax B well ordered: let X be a non-empty subset 
of A x B. We define 

ao = min{a 6 A, 3b £ B , (a, b) £ X }, b 0 = min{6 € B , (ao, b) £ X}, 

and we have (do, &o) = min X. 

Lemma 10 . 1 . 40 . With uj = ordN, we have 

2 ® x w = ord(N x {1, 2}) = oj -< w ® x 2 = ord({l, 2} x N) = oj ® + oj. 

Proof. We have {1, 2}xN = ({1} xN)U ({2} xN)eNU + N, proving the last 
equality. Moreover, we have N x (1, 2} = (N x {1}) Ll(Nx {2}). Considering 

cj> : Nx (1, 2} — > N, 0((n, 1)) = 2 n, 4>{(n, 2)) = 2n + 1, 

we see that </> is bijective and increasing, proving the equalities in the lhs. We have 
proven in Lemma 10.1.32 (1) the requested strict inequality between ordinals. □ 

Remark 10.1.41. We can also go on with Remark 10.1.38: for k,l finite > 1, 

uj -< ui ® + k -< uj © + oj = oj ® x 2 -< (uj ® x 2) © + l -< uj ® x 3, 

all countable ordinals. With the powers w 2 ,w 3 (to be defined) we could find other 
countable ordinals. 

Definition 10 . 1 . 42 . Let (X, ^ x ) be a well-ordered set. 

(1) Let a € X such that {x G X, x > a} = (a, —>) ^ 0. We define the immediate 
successor of a, that we note by a + 1, as 

a + 1 = min(a, — >■), (note that a < a + 1). 

(2) Let b G X such that there exists a £ X with a + 1 = b, i.e., 

b = min(a, — >■). 

Then a is uniquely determined 6 and is called the immediate predecessor of b. 

(3) Let x £ X which has no immediate predecessor. Then x is called a limit 
element of the well-ordered set X. 

6 If fc = ai + l = a2 + l, i.e., min(ai , — >) = min(a2, — >), then 

a\ < <22 <22 E (ai, — »■) =r* b = ai + 1 < a.2 < <22 + 1 = 6 , which is impossible. 
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Example. Let Q be as in Proposition 10.1.35: ui = ordN lias no immediate pre- 
decessor, otherwise we would find a countable ordinal a such that ui = a + 1 = 
min(a, — >) with a < u>. If a was finite, then a + 1 would be also finite (impossible), 
and if a was not finite, a would be countable and thus such that to < a < a + 1 = u>, 
which is impossible. 


10.2 Topological matters 

Filters 

General properties of filters 

Definition 10.2.1. Let A be a set. A subset Y of V{X) such that the conditions 

Few, F £ r => W £ A, (10.2.1) 

Vj £ Y,j = 1, 2 => Fi n F 2 £ Y, (10.2.2) 

0^r, ier, (io.2.3) 

are fulfilled is called a filter on X. 

Remark 10.2.2. A set A on which there exists a filter Y is necessarily non-empty: 
we have V(%) = {0} and since 0 ^ A, the latter is not compatible with X £ Y. 

Simple examples of filters are 

• On a (non-empty) topological space A, for a: £ A, 

Y x = (F C A, F neighborhood of x} 

is a filter (the filter of neighborhoods of x, cf. (1.2.4), (1.2.5), (1.2.6)). 

• On 1", Yx> = {F C R",F C bounded} (here bounded means included in a 
ball with finite radius). The first axiom is satisfied since a subset of a bounded 
set is bounded, the second axiom follows from (Fi 0 V < >)° = Vf U Ff and the 
fact that a union of two bounded sets is bounded. Finally, the empty set 
has the unbounded complement R" and the empty set, complement of R", 
is bounded. 

• On an infinite set A, = (F C A, F c finite} is a filter (a subset of a finite 
set is finite, a finite union of finite sets is finite). 

Definition 10.2.3. Let A be a set and ."Xj , j = 1,2 be filters on A. We shall say 
that J ^2 is finer than when ^2 3 ■ 

If (&i)iei is a family of filters on a set A (I non-empty), then & = 0 
is also a filter on A: if Fe ^,F C W, then W belongs to each thus to & . 
If V',V" £ ■'X . then V' 0 V" belongs to each #), thus to & . Moreover the empty 
set cannot belong to since it would belong to an 
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Lemma 10.2.4. Let X be a set and 0 yl 88 C V(X) with the non-empty finite 
intersection property: for every finite family B i, . . . ,Bjy of 88, fii<j<jvl?j ^ 0. 
Then 

8 = {V C X,3B U ...,B N G ^HiKjKNBj C C} 

is a filter on X . It is the smallest filter on X which contains 88, called the filter 
generated by 88 and denoted by 88 . 

Proof. Let 8 9 V C W , then W G 8. Let V' , V" G 8: there exists (£?'•) 1 <j<M, 
m i<k<N in 88 such that V' D Di <j<MBpV" D (8i<k<NB'f and thus L'nF" D 
r\i<j< M B'j C\i<k<N B", proving V' D V" G -88 ■ Finally 0 ^ 8 since it would imply 
from the definition that for B\, . . . ,Bm in 38, 0 = Ci<j<jv -Bj. Also IG^ since 
there exists B G 88 (88 non-empty) and B C X. Moreover any filter containing 88 
must contain 8. □ 

Lemma 10.2.5. Let f : X — > Y be a mapping and 88 be a filter on X . Then the 
set 

f(&) = {iW W 

has the non-empty finite intersection property and thus generates a filter on Y 
denoted by f(8), called the filter-image by f of the filter 88 . 

Proof. Note that the family f(88) is not empty since it contains f(X). Moreover, 
for Vi, . . . , Vn G 88 , we have 

Hi <j<Nf(Vj) D f(fi\\<j<NVj) ^ 0. 

^ y ^ 

According to Lemma 10.2.4, f(8) generates a filter. □ 

Definition 10.2.6. Let A be a set and let 8 = (Ai)i e i,18 = (Bj)j^j be filters on 
X. The filters 88 ,18 are said to be secant if 

V(i, j) G I x J, Ai n Bj 0. 

Proposition 10.2.7. Let X be a set and let 88 ,18 be filters on X. Then the filters 
8, 18 have a least upper bound ( for the inclusion relation) if and only if they are 
secant. 

Proof. The condition is obviously necessary since when a filter 888 8) 8 VM8 , 
the intersection of two elements of 888 must be non-empty. Conversely let 8 = 
(Aj)* e /,5f = (Bj)j e j be secant filters on X. We define 

Jtf = {C C X, 3 (i, j) G / x J,C D Ai CiBj}. 

We note that J8f is a filter on X since the first property (10.2.1) is obvious, the 
second one (10.2.2) follows from 

Ajj n Ai 2 n Bj 1 n Bj 2 , 

es# 
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the third one (10.2.3) from the secant hypothesis. We have trivially D TF US? 
and if Jff is a filter on X containing JF U S?, any A,; n Bj should belong to JU and 
thus from (10.2.1), Jf C JU, proving the sought result. □ 

Definition 10.2.8. Let X be a set. An Ultrafilter on X is a filter which is maximal 
for the inclusion: if a filter V on X contains ^7, it should be equal to % . 

Proposition 10.2.9. Let X be a set and let be a filter on X. There exists an 
ultrafilter containing Fq. 

Proof. Zornihcation. We consider the (non-empty) family 

$ = {^ filter on X such that F D Fq}. 

It is inductive since if (#))j £ j is a totally ordered subset of <f>, we may consider 


5? — U 


and note that it is a filter on X: let V £ S?, W D V, then V £ Fi for some i € I, 
so that W £ Fi C S?. If Vi, V 2 £ S?, since {Fi)i e i is totally ordered, we find is J 
such that Vi,l /2 both belong to implying that Vi fl V 2 £ Fi C Sf. Finally 
0 ^ S?, otherwise it should belong to some #). Applying Zorn’s Lemma 10.1 yields 
a maximal element ^ in <L. If 'A is a filter containing , it must contain Fo, thus 

it belongs to <f>, thus is equal to by maximality: is an ultrafilter. □ 

Lemma 10.2.10. Let be an ultrafilter on a set X. If Ai,A 2 are subsets of X 

such that Ai U A2 £ ^ , then A\ £ or A2 £ ^ . 

Proof. Reductio ad absurdum. Let A \ , A 2 be subsets of X such that A 1 UA 2 £ , 

A\£°M and A 2 ^ We define 

F = {M c X, Ail) M £ W}. 

This is a filter on X since if V D M £ F, then A\ U V D Ai U M £ W , implying 
Ai U V £ and V £ JL If V', V" £ J?, then 

Ai u (V' n v") = (Ai u v') n (Ai n v") =tb'n v" £ F. 

Moreover 0 ^ ^ since Ai ^ The filter ^ contains ^ since M £ ^ implies 
AiUM £ Finally, we see also that A 2 belongs to F and not to contradicting 
the maximality of the filter . □ 

Lemma 10.2.11. Let IF be a filter on a set X such that for any subset M of X, 
either M £ F or M c £ F. Then F is an ultrafilter. 


Proof. Let Sf be a filter containing F. For A £ 5?, we have A c ^ S?, thus A c ^ 
thus A £ proving the maximality of F. □ 
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Proposition 10.2.12. Let f : X -A Y be a surjective mapping and let ^ be a filter 
on X. Then the filter-image by f of & is equal to {/(A)} J 4eJ f • Moreover if & is 
an ultrafilter, so is f(&) = {/(A)}^,#-- 

Proof. The filter-image is f(&) and is generated by f{&): it suffices to prove that 
f{&) is a filter when / is onto. If W D f(A) with A G JP, then 

r\w) d r\f{A)) d a => r\w ) g & =► f(r\w)) e /on 

and since / is onto 7 , we have f(f~ 1 (W)) = IT, so that IT G f(&), proving the 
first property (10.2.1). Let V\,Vi G /(^): then with A,- G we have 


T n T 2 


/(AO n /(A 2 ) d /(AinA 2 ; 


and from the already proven first property, we get Vi fl V 2 G /(&)■ On the other 
hand, 0 ^ /(JF), otherwise for some A G & , we would have /(A) = 0, which 
implies A = 0 (impossible since ^ is a filter on X). 

If ^ is an ultrafilter on X , then S? = /(J^ - ) is a filter on Y and if B is a 
subset of Y, either f~ 1 (B) D A for some Ae J and (since / is onto), 

B = f(f~ 1 (B))Df(A)^Be&, 

or f~ 1 (B) does not contain any element of & . In the latter case, since & is an 
ultrafilter (see Lemma 10.2.10) and f~ 1 (B) ^ JF, 

X = f~\B) U f-\B c ) =► f~\B c ) g ^ =W? C = f{f~\B c )) G /(Jf). 


As a consequence S? is a filter on Y verifying the property of Lemma 10.2.11, and 
thus an ultrafilter, completing the proof. □ 


Filters in a topological space 

Definition 10.2.13. Let X be a topological space, x G X and & be a filter on X. 

(1) The filter & is said to converge to x whenever it is finer than the filter Y x 
of neighborhoods of x, i.e., when 

(2) The closure of the filter & is defined as fUg^A. 

N.B. When a point a: is a limit point of a filter & , i.e., when & converges to x, 
then it also belongs to the closure of let A be an element of & and let V G V x . 
Since these sets both belong to the filter & , we have A fl V 0 and this 8 implies 
x £ A. 

7 The inclusion C W always holds and when / is onto and y g W, there exists 

x S f~ 1 (W) with y = f(x), so that y S /(/ _1 (1T)). 

8 Applying (1.2.1) to A c yields (A) c = interior(A c ) so that 

x e r x ,v c A c <s=^ av e r x ,vn A = 0. 
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Lemma 10.2.14. Let X,Y be topological spaces, x G X and f : X — > Y be a 
mapping. The mapping f is continuous at x if and only if 

ToC) => *>(*). 

where Y z stands for the filter of neighborhoods of z. 

Proof. For / to be continuous at x G X means 

MW G r /(x) , 3F G % such that f(V) C W. (10.2.4) 

This implies that /(%) A Xf( x ). Conversely, if the latter holds, it means 
VVF G r /(x) , BV U . . . , V N G %, n : i<j<Nf{Vj ) C W, 
which implies f(L\i<j<NVj) C W, providing (10.2.4) since (~li <j<NVj & Vx- □ 


Compactness and Tychonoff’s Theorem 

We recall first that a topological space ( X , O) is said to be a HausdorjJ space 
whenever 

\/{x,y) G X 2 ,x ± y => 3U G r x ,3F G Y v , Un 1/ = 0. (10.2.5) 

Definition 10.2.15. A topological space (X, G') is said to be compact when it is a 
Hausdorff space and satisfies the Borel Lebesgue property: if (fb) ie / is a family 
of open sets such that X = Ujg/flj, there exists a finite subset J of I such that 
X = Ujgjfb. 

Remark 10.2.16. If A is a closed subset of a compact space X, then A is also 
compact. Using the definition in Lemma 1.2.2 of the induced topology on A , the 
separation property is obvious and we may assume that A C where each 

U,; is an open subset of X. Then we have 

X = U ie/fij U A c 

and since A c is open, the compactness of X implies that X = Ujg jfb U A c with a 
finite subset J of I. As a consequence A C Ujgjfl,;, proving its compactness. 

Proposition 10.2.17. Let X be a topological space. The following properties are 
equivalent. 

(i) Any filter on X has a non-empty closure. 

(ii) Any ultrafilter on X is convergent. 

(iii) The Borel-Lebesgue property holds. 

A topological space satisfying these properties is said to be quasi- compact. A topo- 
logical space is compact whenever it is a quasi-compact Hausdorff space. 
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Proof, (i) => (ii). Let be an ultrafilter on X: then there exists x £ ("Vg^t/, 
so that % and Y x are secant (see Definition 10.2.6) and from Proposition 10.2.7, 
they have a least upper bound which must be % since it is an ultrafilter: this 
implies W D Y x and (ii). 

(ii) => (iii). Let (f2j)jgj be an open covering of X and let us assume by contra- 
diction that for all J finite subset of I, U keJ^i ^ X. Then the family 


)- j finite C I 


has the non-empty hnite intersection property: for Bk = D 1 < k < N and 
Jfc finite subset of /, we have 

rii<fc<jv5fc = P| 7 ^ 0 . 

ieUi<fe<Ar Jk 

finite 

According to Lemma 10.2.4 and to Proposition 10.2.9, there exists an ultrafilter % 
containing £$ and from the assumption (ii) there exists x £ X such that D . 
The point x belongs to the closure of and thus to 

pnf ^ pn? = (u ie/ n i ) c = 0, 

Qi opener 


which is impossible. 

(iii) => (i). Let & = (Mj)jgj be a filter on X with an empty closure: we have 
0 = C ieI M~ =41 = U< e j ( M^ C => 3J finite Cl, X = U ieJ (W^ , 

open 


and thus fljgjMj = 0 which is impossible since all M* belong to the filter & which 
enjoys the non-empty finite intersection property. The proof of the proposition is 
complete. □ 

Proposition 10.2.18. Let X be a Hausdorff topological space. 

(1) Let A,B be two compact disjoint subsets of X . Then there exist U,V open 
disjoint subsets of X such that A C U and B C V. 

(2) Let A be a compact subset of X . Then A is a closed subset of X. 

Proof. Since X is Hausdorff, for each (. x , y) £ A x B, there exists some open sets 
U x (y) £ Xx, Vy{%) £ such that U x (y) r\V y (x) =0. By the compactness of B, 
we have for all x € A, 


B c Ui<j<jv x V^(a;) = W(x). 
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As a consequence, with T(x) = L\\<j<N x U x (yj), we have T(x) IT W{x) = 0, W(x) 
open containing B and the open set T(x) £ V x . By the compactness of A, we have 

A C Ui <k<MT(xk)- 

We take then U = Ui<k<MT(xk), V = fli<fc<j viW(xk), which are disjoint open 
sets containing respectively A, B, proving (1). Let A be a compact subset of X ; if 
a A, then A and {a} are disjoint compact subsets and from the now proven (1), 
there exists an open set V £ i / a such that V (T A = 0, i.e., V C A c , proving that 
A c is open. □ 

Proposition 10.2.19. Let (. be a family of compact subsets of a Hausdorff 
space X such that (T jg/Xj = 0. Then there exists a finite subset J of I such that 
n iGJ Ki = 0. 

Proof. Note that from Property (2) of Proposition 10.2.18, the JQ are closed sub- 
sets of X. For a fixed io £ I, 

K io C U => K io C U i£jK?, J finite subset of I. 

As a result, n i6JU { io} A^ = 0. □ 

Theorem 10.2.20. Let X, Y be topological spaces, with Y a Hausdorff space, and 
f : X — ► Y be a continuous mapping. If X is compact, then f(X) is compact. 

Proof. f(X) is a Hausdorff space as a subset of a Hausdorff space. Let us assume 
that f{X) C U ieI Vi where Vj are open subsets of Y. Then 

X = U ie/ f-\Vi) , 

open 

since f continuous 

so that for some finite J, X = Ui e j/ -1 (H;), and thus f(X) = Ujg j/(/ -1 (H;)) C 
UiejVij proving the result. □ 

Definition 10.2.21. Let (A, ,Cb)i e / be a family of topological spaces. The product- 
topology on X = rw Xi is the weakest topology on X such that all canonical 
projections 7r,; : X — > A,; are continuous. 

We note that the continuity of the projections forces 

TT- 1 ^) = {TT-^jKa 

to belong to the product topology O on I. As a result O is the intersection of 
topologies containing Ui e /7rj“ (Oj), i.e., the smallest topology containing that set. 

Lemma 10.2.22. Let (Xj, 0,)j e / be a family of topological spaces and let (X,0) be 
the product topology on X — A,;. Then 

O = {UaeA^a} fi £ .=rii e ;[ / *,o. 

Ui, a =Xi except for a finite subset of I 
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Proof. Let us call O the set defined in the lemma. Since any product 

U i>a , Ui, a £ ffi , Ui <a = Xi, except for a finite subset of I, 
iei 

belongs to O, as a finite intersection of elements of Ui e /7r“ 1 (Oi), we find that 

U i£/ 7r ^(OOcOcO. (10.2.6) 

Moreover O is a topology on X since it is obviously stable by union and also by 
finite intersection: to verify this it is enough to consider 

U l ,V l £ Oi, all but a finite number equal to Xi. 

\ei ' He i 


We have indeed W = Yl ie i(Ui n ^») where all but a finite number of (Ui fl Vi) 
are equal to X, and the others are oper^ subsets of X t . Since O is proven to be a 
topology, the inclusions (10.2.6) imply 0 = 0. □ 

Theorem 10.2.23 (Tychonoff). Let (Xi)i e j be a family of compact topological 
spaces. Then the space X = llie/ Xi equipped with the product topology is compact. 

Proof. Let W be an ultrafilter on X. From Proposition 10.2.12, each 7r,;(^ ) is an 
ultrafilter on Xj (7T,; is the canonical projection from X onto Xf). By compactness 
of Xi, there exists Xi £ Xi such that 7r,;(^) D % !i . Let us define x = ( Xi)i E j and 
let us prove that converges to x: let V £ V x , so that x belongs to an open set 
of X contained in V. From Lemma 10.2.22, V contains a set 

JJ Cl), Xi £ Ui open in Xi, Ui = Xi, except for a finite subset J of I. 
iei 

Since Ui £ "V Xi , it belongs also to 7 q(^) and for all i £ J, there exists £ A/ 
such that 

Ui = 7 ri(VW) => Vi £ J, Ui D 7 n(W), W = and W £ . 

Since for i ^ J , Ui = Xi, we obtain that 

F =n c, -=>n 7 n(W) d w => V £ 

iei iei 

proving the convergence % D X x and quasi-compactness. To conclude, we need to 
prove the following result. 

Lemma 10.2.24. A product of Hausdorff spaces is also Hausdorff. 
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Proof of the lemma. Let (a ~")iei be distinct points in X. We are thus able 

to find io £ I such that x' io ^ x” o and consequently (since X io is Hausdorff) we 
can find U- ,U" disjoint open subsets of X io with x\ Q £ U’ io ,x" o £ U". We define 
then 


v = n vh k = K’ ° ther u " = n v i 


K = K, Other V" = 


ie/ iei 

The sets U', XJ" are disjoint and respective neighborhoods of (a;()i£j, (x'f) ieI . 
The proof of Theorem 10.2.23 is complete. 


Xi. 

□ 

□ 


Connectedness of topological spaces 

Definition 10.2.25. A topological space is said to be connected if the only subsets 
of X which are both open and closed are X and 0. 

Lemma 10.2.26. Let X be a topological space and let be a family of con- 

nected subsets of X such that 

V(i',i") € I 2 ,3J = (ife}i<fe<jv Cl, h= i! A n = i", 
such that for 1 < k < N, Ai k IT A, fc+1 ^ 0. 

Then the set A = U ig/A,; is connected. 

Proof. Using the induced topology (see Lemma 1.2.2), we assume that 

A c Lli U U 2 , fli n U 2 IT A = 0, Q :] open subsets of X. 

Let us assume that A IT Q-i ^ 0. Then there exists x £ Ui D A,/ for some i' £ I. 
Since A,;/ is connected and 

A v c fii u n 2 , Oino 2 n A v = 0, A# n ± 0 => A v n n 2 = 0 => A v c fii. 

Let us now consider i" £ J: applying the hypothesis, we find 

J = {ik}i<k<N C I, ii = i ! , In = i", 1 < k < N, A ik D A,; fc+1 ^ 0. 
Assuming Ai k C Di for some 1 < k < N, we have from the connectedness of Aj fc+1 , 

0 ^ A ik+1 n A lk , A tk+1 c fir u n 2 , fir n n 2 n A ifc+1 = 0, A tk+1 n ± 0, 

and this implies Ai k+1 IT = 0, thus A,; fc C fli- Since we have proven A ^ C fli 
this proves A,// C fli for any i" £ /, entailing 1 C Hi, proving connectedness 
for A. □ 

Definition 10.2.27. Let X be a topological space. We define a binary relation on 
X by x ' ~ x" means there exists a connected subset A of X such that x', x" £ A. 
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Remark 10.2.28. This relation is an equivalence relation: reflexivity and symme- 
try are obvious whereas transitivity follows from Lemma 10.2.26. The connected 
components of X are defined as the equivalence classes of that binary relation. We 
obtain a partition of X, 

X = U ieI Ci, {Cj}j e / = X/ ~ (the quotient space). 

Moreover each Q is connected: we have Ci = p{xi), the equivalence class of a 
point Xi and if x € Ci, then there exists A connected such that Xi,x € A. Since 
all points of A are equivalent to Xi, this implies that 

Ci= U A 

A connected 3 xi 

and Lemma 10.2.26 provides connectedness for Ci. Moreover if C is connected and 
contains Ci = p(xi), all elements of C are equivalent to Xi, so that C = C). 

Theorem 10.2.29. Let X, Y be topological spaces, let f : X — »• Y be a continuous 
mapping and let A be a connected subset of X. Then f(A) is connected. 

Proof. Let us assume that V\ , V 2 are open subsets of Y such that 

f(A)cv \uv 2 , f(A) n Vi n V2 = 0. 

By continuity of /, the sets / -1 (V)) are open in X and we have 

Ac/- 1 (/(A))c/- 1 (F 1 )ur 1 (fo 2 ), 

as well as / _1 (Vi)n/ _1 (V 2 )n/ _1 (/(r4)) = 0. The connectedness of A implies A C 
/ _1 (^j) say for j = 1 and thus f(A) C V\, proving connectedness for f(A). □ 

Proposition 10.2.30. Let X be a topological space and let A be a connected subset 
of X. Then the closure of A is also connected. 

Proof. We may assume that A is non-empty. Let us assume that 

A C fii U Cl 2 , A n fii (~l = 0, % open. 

From the connectedness of A, we infer that A must be included in one Q, , say O-i . 
We have 

AcfliflA f Icll2=tfond = 0 Acfli, 

from Oj closed IcniUf! 2 

Q 1 nAnQ 2 ^ 


proving connectedness for A as well. 

Proposition 10.2.31. The connected subsets o/K are the intervals. 


□ 
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Proof. Let C be a connected subset of the real line containing at least two distinct 
points a < b. If there exists x £ (a, b ) such that x £ C, then 

C C (—00, x ) U (x, +oo), a disjoint union of open sets, 

violating connectedness. As a result C is an interval, i.e. , a subset of K. such that 

a,b £ C,a < b => (a, b) C C. 

Conversely, let / be an interval of R. such that 

I C U\ U C/2, U\ PI U2 (T I = 0, Uj open. 

Let us assume that I (~l Ui yC 0 and let a\ £ I D U\. If / IT U2 yC 0, we may find 
02 £ I (~l C/2. Since the sets / D C/y , j = 1,2 are disjoint we have a\ 7C a2 and we 
may assume ai < 02- Note that [01,02] C I since I is an interval. We consider the 
set [ai, 02] PI Ui which is non-empty (contains ai) and bounded above. We define 

b = sup([ai, 02] (~l Ui) (note that a\ <b < a 2, implying b £ I). 

The point b belongs to / C U\ UC/2. If b G C/ 1 , then there exists e > 0 such that 

(tt) [b — e,b + e\ C U\. 

Moreover we have b < a 2 (otherwise b = a 2 and b £ U\ fl C/2 (T / = 0). Thus for 
some e' > 0, we have b + e' < a 2 and b + e’ £ U\, violating the supremum property 
defining b. As a result we have b £ C/2 (thus b > a\) and there exists e" > 0 such 
that 

(b) [b — e", b + e"] C C/ 2 D (01, +00). 

Since b — e" is not an upper bound for [01, a 2 ] (~l C/ 1 , we may find 

c £ [ai, a 2 ] D U\ such that ai < b — e" < c < b => c £ Ui (T I fl C/ 2 = 0, 

which is impossible. This proves that / C U\ and the result. □ 

Definition 10.2.32. A topological space X is said to be path-connected if for all 
xq,X\ £ X there exists a continuous mapping 7 : [0, 1] — > X such that 7(0) = 
*0,7(1) = *i- 

Proposition 10.2.33. A path-connected topological space is connected. 

Proof. Let A be a path-connected topological space. If X is non-empty, we may 
find a £ X such that for all a; £ A, there exists a continuous mapping 7 x : [0, 1] — >- 
A with 7 X (0) = a, 7 X (1) = x. We have thus 

X = Ua; e x7a;([0, 1]), 

and we note that each 7 X ([0, 1]) is connected (Theorem 10.2.29) and for x\, X2 £ X 

a £ 7x 1 ([0, 1]) ri7 X2 ([0, 1]), 

fulfilling the assumptions of Lemma 10.2.26, entailing the result. □ 
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Remark 10.2.34. The set 



is connected, not path-connected. In fact, the function 

(0, 2/7 t] 9 x i-A (x, sin(l/a;)) 

is continuous so that Go = {(a;, sin j)}o<a<2/7r is connected (and path-connected) 
as the continuous image of the interval (0, 2/7 t]. The set G is the closure of Go and 
thus is connected (from Proposition 10.2.30). However, G is not path-connected: 
for a continuous mapping 7 : [0, 1] — > G such that 7 (t) = (x(t),y(t)), 

7(0) = (0,0), 7(1) = (2 /tt, 1), 

we may define T = sup{f G [0, 1] , cc(t) = 0}: then 0 < T < 1 and x{t) > 0 for 
t G (T, 1], so that we may assume that 

7 : [0, 1] G, *(0) = 0, y(0) G [-1, 1], x(t) > 0 for t G (0, 1], 7 (1) = (2/tt, 1). 
By continuity of x we have 

®((0, 1)) D (0, 2/tt) => Ve G (0, 2/n),3t e G (0, 1), e = x(t e ). 

As a consequence, we have y(t e ) = sin(l/e). Since lim e i e = 0 (otherwise there is a 
sequence (e*,) of positive numbers with limit 0, such that, by compactness of [0, 1], 
linifc t eic = 9 > 0 and this would imply lim*, x(t tk ) = x(9) > 0), we must have 

2/(0) = lim y(t e ) = lim sin(l/e) 

e->0 + e->0+ 

but the latter limit does not exist. So there is no such 7 and G is not path- 
connected. 

Partitions of unity in a topological space 

A topological space (X, O ) is said to be locally compact if every point has a compact 
neighborhood. 

Definition 10.2.35. A topological space is said to be locally compact if it is a 
Hausdorff space such that each point has a compact neighborhood. 

Proposition 10.2.36. In a locally compact topological space X, every point has a 
basis of compact neighborhoods, i.e., Vx G X, VC/ G BLcompact , L G %, L C U. 
More generally, let K be a compact subset of a locally compact topological space 
and U an open set such that K C U . Then there exists an open set V with compact 
closure such that 
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Proof. Since every point has a compact neighborhood, we can cover K with 
finitely many (Wj)i<j<N such that Wj is open with compact closure; the set 
W = Ui<j< J vl / i / j is also open with compact closure, since a finite union of open 
sets is open and the closure of a finite union is the union of the closures. If U = X, 
we can take V = W. Otherwise, for each x £ U c , Proposition 10.2.18 shows 
that there exists V x , V' x open disjoint such that K C V x , {a:} C V x , as a result, 
(i U c fl W n V x ) X £i/ c is a family of compact sets with empty intersection: we have 
V x (~l V' x = 0 and thus x £ V x , so that 

U G n l£ [jc ( U c nwn V x ) => y £ U c , y £W and for all x £ U c , y £ V x 

==> y £V y => V y fl Vy ^ 0, which is not true. 

From Proposition 10.2.19, we can find xi , . . . , Xn £ U c such that 


0 = ^i<o<n{u c n irn v Xj ) => ni<j< N (w n TQ c u. (10.2.8) 

We consider now the open set V = W fl C\i<j<NV Xj ■ We have by construction 
K C V Xj fl U and thus K C V C V C W fl Ph <j<NV Xj , which is compact and 
included in U from (10.2.8). □ 

Exercise 2.8.2 contains a proof of Urysohn’s Lemma, a basic element for 
constructing partitions of unity. For that purpose, see also Remark 2.1.4 after 
Theorem 2.1.3. 


Halm Banach Theorem 

We recall here the statement of the Hahn-Banach Theorem. 

Definition 10.2.37. Let E be a vector space (on R or C) and let p : E — > R + . We 
shall say that p is a semi-norm on E if for x , y £ E, a scalar, 

(1) p(a x) = |a| p{x), (homogeneity), 

(2) p{x + y) < p(x) +p(y), (triangle inequality) 9 . 

Let us consider a countable family (pk)k> l of semi-norms on E. We shall say that 
the family (pk)k > l is separating whenever pk(x) = 0 for all k > 1 implies x = 0. 

Theorem 10.2.38 (Hahn- Banach theorem). Let E be a vector space ( on R or C), 
let M be a subspace of E, let p be a semi-norm on E, and let f be a linear form 
on M such that 

\/x £ M, |£ • x\ < p{x). (10.2.9) 

Then there exists a linear form f on E, such that 

£|m = £, and Vx £ E,\f ■ x\ < p(x). 

®We note that (1) implies p(0) = 0 but that the separation property (first in (1.2.12)) is not 
satisfied in general. 
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Baire category theorem and its consequences 

Rene Baire (1874-1932) was a French mathematician who made a lasting landmark 
contribution to Functional Analysis, known today as the Baire Category Theorem. 

Theorem 10.2.39 (Baire theorem). Let (X,d) be a complete metric space and 
(F n ) n >i be a sequence of closed sets with empty interiors. Then the interior of 
U„>i F n is also empty. 

N.B. The statement of that theorem is equivalent to saying that, in a complete 
metric space, given a sequence (U n ) n >i of open dense sets the intersection fl n >i U n 
is also dense. In fact, if (U n ) is a sequence of open dense sets, the sets F n = U% 
are closed and intF„ = 0 4=4> 0 = int(U^) = (U n ) c 4=4> U n = X, so that 

int(U„>iF n ) = 0 4=> 0 = int(U n >iI7°) = int((n„>i/7„) c ) = ((n n >ii7 n )) 

which is equivalent to (lT n >it/ n ) = X. 

Proof of the theorem. Let (U n ) n > \ be a sequence of dense open sets. Let Xq £ 
X,ro > 0 (we may assume that X is not empty, otherwise the theorem is trivial). 
Using the density of U\, we obtain B{xo,ro) IT U\ ^ 0 so that 

3n e]0,r 0 /2[, B(x 0 ,r 0 )r\U 1 D B(x 1 ,2r 1 ) D B(xi,ri) = {y £ X,d(y,xi) < n}. 

Let us assume that we have constructed Xo , X\ , . . . , x n with n > 1 such that 

B(x k ,r k ) IT U k +i D B(xk+i,r k +i), 0 < r k+1 < r k /2, 0<k<n-l. 

Using the density of U n+ 1 , we obtain B(x n ,r n ) IT U n+ \ ^ 0 and 

3r n + i e]0, r n / 2 [, B(x n , r n ) IT U n +\ Z) B(x n + 1 , 2 r n+i ) Z) B(x n + 1 , r n+i ) * 

Since 0 < r n < 2~ n ro (induction), we have lim n r n = 0 and (x n ) n >o is a Cauchy 
sequence since for k,l > n, 

B(x k ,r k ) U B(xi,ri) C B(x n ,r n ) => d{x k ,xi) < 2 r n . 

Since the metric space X is assumed to be complete, the sequence (x n ) n >o con- 
verges; let x = lim n a’ n . We have for all n > 0, B{x n +i,r n +i) C B(x n ,r n ) so that, 
for all k > 1, B(x n+k ,r n+k ) C B(x n ,r n ) and thus 

sup d(x n + k ,x n ) < r n => d(x,x n ) < r n =4- x £ C\ n >\B{x n ,r n ) C C\ n >iU n 

k> o 

and d(x,xo) < ?’o- As a result, for all xo € X, all r 0 > 0, the set 

B(x 0 , tq) n r n >iU n 0. 

This implies that U = D n >i U n is dense since, for xo £ X, for any neighborhood 
V of xo, there exists r 0 > 0 such that V D B(xo,2ro) D B{xo,ro), and thus 
Unt/D S(x 0 ,r 0 )n[/^ 0 => Xo £ u. □ 
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Theorem 10.2.40. Let X be a locally compact topological space ( Hausdorff topo- 
logical space such that each point has a compact neighborhood) and {F n ) n > \ be a 
sequence of closed sets with empty interiors. Then the interior o/U n >iF„ is also 
empty. 

Proof. The proof is essentially the same as for the previous theorem. Let (U n ) n > i 
be a sequence of dense open sets. Let Bg a non-empty open subset of X. Since U\ 
is dense, the open set Bq (~l U\ is non-empty and thus is a neighborhood of a point. 
Since each point in X has a basis of compact neighborhoods, Bq fl U\ contains a 
compact set with non-empty interior and thus 

B 0 IT U\ D Bi, B i compact, Bi open ^ 0. 

We get that B\ D U 2 is a non-empty open set which contains a compact B 2 , B 2 
open 0. Following the same procedure as in the previous proof, we may consider 
the compact set K defined by K = fl„>i B n . The set K is non-empty, otherwise 
we would have 0 = r\i< n <NB n = B m for some N, which is not possible since at 
each step, the set Bn is compact with non-empty interior. As a result, we have 

0 ^ A' c n n >i/7„ = U, K c B 0 , 

and thus, for any open subset B a of X, the set U fl B 0 0, which means that 
U = X. □ 

Definition 10.2.41. Let A be a topological space and A c X. 

• The subset A is said to be rare or nowhere dense when A = 0. 

• The subset A is of first category when it is a countable union of rare subsets. 
Such a subset is also said to be meager. 

• The subset A of A is of second category when it is not of first category. 

A topological space A is a Baire space if for any sequence ( F n ) n of closed sets 
with empty interiors, the union is also with empty interior. As shown 

above, A is a Baire space if and only if, for any sequence (f7 n ) raS N of dense open 
sets, the intersection fl n ^U n is also dense. 

The following results are classical consequences of Baire’s Theorem. 

B anach S t einhaus 

Theorem 10.2.42 (Banach-Steinhaus). Let E be a Banach space, F be a normed 
vector space and (Lj)j & j be a family of C(E, F) ( continuous linear mappings from 
E to F ) which is “weakly bounded ”, i.e., satisfies 

\/uGE, sup ||Ajit||_F < + 00 . (10.2.10) 

jeJ 

Then the family (Lj)j & j is “strongly bounded”, i.e., satisfies 

SUp||Aj||£( E ,F) < +OO. 
j&J 


( 10 . 2 . 11 ) 
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Open mapping Theorem 

Theorem 10.2.43 (Open mapping Theorem). Let E,F be Banach spaces and let 
A be a bijective mapping belonging to C(E,F). Then A is an isomorphism, i.e., 

3/3, 7 >0, VuGE, /3 \\u\\ e <\\Au\\ f <^\\u\\e- (10.2.12) 

10.3 Duality in Banach spaces 

Definitions 

All the vector spaces considered here are on the field R. or C, denoted by k. We 
recall that a Banach space is a complete nonned vector space and for E, F Banach 
spaces, C(E, F) stands for the vector space of continuous linear mappings from E 
into F. The space C(E, F) is a Banach space for the norm 

\\L\\c(e,f) = sup ||Lx||f- (10.3.1) 

IMIe=i 

The topological dual of E is the Banach space E* = C(E, k) of continuous linear 
forms. When £ £ E* , x £ E, we shall write £ • x instead of £(x). 

Theorem 10.3.1. Let E be a Banach space and E* its topological dual. Then 

\/xGE, ||x||f = sup |£-x|. 

ll«ll E *=i 

Proof. We have \\£\\ E * = sup a , £Si || x || E=1 |£ • x\. Let 0 / i 0 6 E. Applying the 
Hahn-Banach Theorem 10.2.38 with M = kxo, p(x) = ||x||f, defining on M the 
linear form 77 by ?/ • Ax’o = A||x’o||_e, we have I77 • Axo| < ||Axo|| = p( X xq) and we 
find a linear form £0 defined on E such that 

|£o • x 0 \ = ||x 0 |U, Vx G E, |£ 0 • x| < ||x||f- 

As a consequence, £0 € E* with ||£ 0 || = 1- Finally we have proven 

\\xq\\e = |£o • ®o| < sup l^-xol < ||x 0 ||b. □ 

IICIIe* =1 


Weak convergence 

Definition 10.3.2. Let E be a Banach space. The weak topology <j(E,E*) on E is 
the weakest topology such that for all £ G E* the mappings E 9 x >->• (£, x)e*,e G k 
are continuous. 

Remark 10.3.3. Let E be a Banach space. For each £ G E* , we define the semi- 
norm p^ on E by p$(x) — |(£, x)e*,e\\ the properties of Definition 10.2.37 are ob- 
viously satisfied. Moreover the family (p^)^e* is separating from Theorem 10.3.1. 
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The neighborhoods of 0 for the weak topology on E, say 'Yq, have the following 
basis: taking S a hnite subset of E* and r > 0, we define 

W s , r = {xeE,V£e S,p ( (x) < rj. (10.3.2) 

Note that the Ws, r are convex and symmetric. Every neighborhood of 0 for the 
weak topology contains a We, t which is also a neighborhood of 0 for that topol- 
ogy. The neighborhoods ^ of a point x are defined as Y x = {x + V}ve-r 0 ', E 
equipped with that topology is a Topological Vector Space. Note that the separat- 
ing property of the family e * is implying that the weak topology is separated 

(i.e., Hausdorff, see (10.2.5)): in fact {0} is closed for the weak topology, since for 
Xq 7^ 0, from Theorem 10.3.1, there exists £o G E* such that (£o,£o) = 1, so that 

0 0 x 0 + {x G E,p£ 0 (x) < 1}. 

=o 

Otherwise, 1 = (£0,2:0} = (Co)^+^) — (€o,x) < 1. Moreover, to check that the 
addition is continuous, we take Xi,X 2 G E, W-= 0 , ro as above a neighborhood of 
zero (S 0 finite and r 0 >0), and we try to find Ws jtrj ,j = 1,2 such that 

X\ + Ws 1? n 4” X 2 4“ lVH2,r2 V X\ 4~ X2 4“ 

It is enough to take WW ,r 3 = W'E 0 ,r 0 /2- Checking the continuity of the multiplica- 
tion by a scalar is similar: given Ao G k,x 0 G E, W= 0i r 0 as above, we want to find 
Ws^r-i and t\ > 0 such that 

Vt G K, |t| < ti, (Ao + 9t)(x o 4- Wsi.r-i) C Ao^o + We 0jT - 0 . 

It is enough to require 

ilWki.n UAoWHi.ri C Ws 0 ,r 0 /3, ^l x 0 € Ws 0 ,r 0 /3. 

This is satisfied for Si = So, |Ao|?’i < ?’o/3, tiri < ?’o/3. 

Remark 10.3.4. Let E be a Banach space; the weak topology <r(E,E*) on E is 
weaker than the norm-topology on E (also called the strong topology): this is 
obvious from the very definition of the weak topology since all the mappings x K > 
(£,x) are continuous for the norm-topology since p$(x) = |(£,a;}| < ||^||b* ||x||.e. 

Let £ be a Banach space and x G E; a sequence (cc„) rae N ' n E is weakly 
converging to x means that 

V£ G E*, lim(£, x n ) E *,E = {£,x) e *,e- We write x n x, (10.3.3) 

n 

or to avoid confusion between the arrows — 1 and — >, we may write 

x n > x. 

a (£,£*) 
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Proposition 10.3.5. Let E be a Banach space and (x n ) n& ^ be a weakly converging 
sequence with limit x in E. Then ||x n ||s is bounded and ||x||b < liminf„ ||x„||_e- 
If (£n)neN o, strongly converging sequence in E* with limit £, then 

lim {t; n ,x n )E*,E = {£,x)e*,e- 

n 

Proof. We consider the sequence of linear forms on E* given by E* 9 £ i-p (£, x n ). 
Since for all £ G E*, the numerical sequence (£, x n ) is converging, we may apply the 
Banach-Steinhaus Theorem to get that E* 9 £ i-P (£,x) is continuous on E* , i.e., 

3C>0,V£gE*, I <^, or> I < CIICIIb*. 

Using Theorem 10.3.1, this implies ||x||_e < C. The Banach-Steinhaus theorem 
10.2.42 implies also that the norms of the linear forms E* 9 £ i-p (£,x n ) make a 
bounded sequence, and since that norm is ||2 n ||-E> we get that sequence (ll^nlls) 
is bounded. We have for £ £ E* with ||^||b* = 1, using again Theorem 10.3.1, 

|(£,a:)| = lim |(£, x n )\ < lim inf \\x n \\ E => |M|e < lim inf ||a;„|| E . 

n n n 

Moreover, we have for a strongly converging sequence (£ n ) n eN with limit £ in E * , 

I {fm X n ) (£, x) | < | (f n £, X n ) | + | (£, X n x) | 

< IlCn - ^IU* sup ||x„|| g + ](g,a; n - x)\ , 

->0 -vO 

which implies lim n (£„, x n ) = (£,x). □ 

Remark 10.3.6. When the Banach space E is infinite dimensional, the weak topol- 
ogy a(E, E*) is strictly weaker than the strong topology given by the norm of E. 
Let us prove that the unit sphere oi E, S = {x G E , ||x||e = 1} is not closed in 
the weak topology a(E, E*) if E is not finite dimensional. Let us consider xo G E 
with UxoIIb < 1; let Ws 0 , ro be a neighborhood of zero for the weak topology as in 
(10.3.2). We claim that 

(io + % ro )ns/i. (10.3.4) 

This will imply that Xg belongs to the closure of S for the a(E,E*) topology. To 
prove (10.3.4), we consider the finite subset So = {€j}i<j<N of E*; each kerm- 
is a closed hyperplane, and since E is infinite dimensional, rii<,<v ker£ 7 is not 
reduced to {0} (otherwise the mapping E B x i-P L(x) = ({fj,x))i<j<N G 
would be injective and L would be an isomorphism from E onto L(E), implying 
that E is finite dimensional). Taking now a non-zero x\ G f~li<j<jv ker^-, we see 
that the continuous function / on R. given by f(0) = ||xo + Ox i|| is such that 

/(R+) D [||cco||, +oo[ => 30 G K, xg + 0x\ G S. 

This proves (10.3.4) since Xq + 0x\ G xq + W'=„, ro because (£j,x i) = 0 for all 

j e N}. 
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Weak-* convergence on E* 

Definition 10.3.7. Let E be a Banach space and E* its topological dual. The 
weak-* topology on E*, denoted by cr(E*,E), is the weakest topology such that 
the mappings E* 5 f • a: G k are continuous for all x € E. A sequence 
(£fc)fce N of E* is weakly-* converging means that Vx € E, the sequence (£*, • 
converges. 

Proposition 10.3.8. Let E be a Banach space and (£n)ne n be a weakly-* converging 
sequence with limit £ in E* . Then ||£ n ||_E* is bounded and ||(;II-E* < liminf n ||£ n ||.E*. 
Let (a; ra ) rae N he a strongly converging sequence in E with limit x. Then we have 


Ihn {t; n ,x n )E*,E = (£,x)e»,e- 

n 

Proof. We have for x € E with ||x||_e = 1, 

|(£i x)\ = lim |(£ n , a;) | < liminf ||£ n || B . => ||£||b* < liminf ||^„|| B . 

n n n 

From the Banach-Steinhaus Theorem 10.2.42 the sequence (£ n )neN is bounded in 
the normed space E* and we define sup„ HCn llfi* = M < oo. We have then 

I (£n,Zn) - (£,z)| < I {fn,X n - x)\ + |(£ n - £,x)\ < M\\x n - x\\ E + |(£„ - £,z}|, 

and since lim„ \\x n — x\\e = 0 = lim„(£„ — £, x), we obtain the result. □ 

Lemma 10.3.9 (Diagonal Process). Let (aij)ij^* be an infinite matrix of elements 
of a metric space A. We assume that each line is relatively compact, i.e., for 
all i € N*, the set {a,i,j}j> l is relatively compact. Then, there exists a strictly 
increasing mapping v from N* into itself such that, for all i £ N*, the sequence 
(a,>(fc)) feeN . converges. 

Proof of the lemma. We can extract a converging subsequence 
( a i,m(k))k>i f rom the first line (ai,j)j>i- 
We can extract a converging subsequence 

( a 2 ,m(n 2 (fc)))fc>i from a subsequence of the second line {a- 2 ,m(k))j>i- 
We can extract a converging subsequence 

(a 3 ,n 1 (n 2 (n 3 (fc))))fc>i from a subsequence of the third line (a 3 , ni (n 2 (k)))j> i- 


For all i > 1, we can extract a converging subsequence 
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Note that the mappings ni are strictly increasing from N* into itself and thus 
satisfy Vfc > l,m(k) > k (true for k = 1 and ni(k + 1) > n/(fc) > k gives 
ni(k + 1) > k + 1). We define 

Kk = a*,i/(fc), with u(k) = (m o ■ ■ ■ o n k )(k). 

The mapping v sends N* into itself and is strictly increasing: 


since rik+i(k + 1) > A; + 1 

v(k + 1) = (ni o • • • o rik+i )(k + 1) > (ni o ■ ■ ■ o n k )(k + 1) 

[m o • • • o n k ){k) = v(k). 

m o- • -orifc /^strict 

Moreover, the sequence ( bi t k)k,k>i is a subsequence of the converging sequence 

( a ?:,(nio...ora i )(fe)) fc > 1 

since for k > i > 1, v{k) = (ni o • • • o m)((rii + 1 o • • • o n k )(k )) and 

p i(k + 1) = (rij+i o • • • o n k +i)(k + 1) > (n i+ 1 o • • • o n k )(k + 1) 

> (n i+ 1 o • • • o n k )(k) = m{k). 


As a result, the sequence (di tV i k )) k > l is converging, which proves the lemma. □ 

Theorem 10.3.10. Let E be a separable Banach space. The closed unit ball of E* 
equipped with the weak-* topology is ( compact and) sequentially compact. 

Proof. Let (£j)je N be a sequence of E* with sup JgN ||^j||_E* < 1. Let {a:j}ieN be a 
countable dense part of E. For each i £ N, we define y,; : E* — > k by yi(f) = £•£». 
Let us now consider the matrix with entries (fj ■ Xi)ij For all i £ N, we have 

sup | ■ Xi\ < \\Xi\\ E 
je n 

so that we can apply the diagonal process given by Lemma 10.3.9 and find v 
strictly increasing from N to N such that Mi £ N, the sequence (£ v (k) ' x i)ke N is 
converging. As a consequence, for x £ E, 


— * X ^is(k) x i\ T * x i x i I T * Xi * x \ 

— ^\\ x T * Xi fiy(i) * Xi \. 

Let e > 0 be given and x £ E. Let i £ N such that \\x — Xi\\ E < e/4; since the 
sequence • Xi ) ke N is converging, for k, l > N e , |&,( fc ) • x % - ■ xf\ < e/2 and 

thus for k, l > N e , |£„(fc) • x — • x\ < e, proving the weak convergence of the 

sequence (^(k))ke N- □ 
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Remark 10.3.11. Let E be a Banach space and E* its topological dual. For x € 
E,£ £ E* , we define p x {Q = |£ ■ x\. For each x € E, p x is (trivially) a semi-norm 
on E* . The family (p x ) x eE is a separating 10 (uncountable) family of semi-norms 
on E* . We shall say that U is a neighborhood of 0 in the weak-* topology if it 
contains a finite intersection of sets 

V Px ,r = {£ e E*,p x (£) < r}, x € E,r > 0. 

The family of semi-norms ( p x ) x eE describes the weak-* topology on E* , also 
denoted by cr(E*,E). 

Remark 10.3.12. Given a Banach space E and its topological dual E* , we can 
define on E* several weak topologies: the weak-* topology cr(E*,E) described 
above, but also the weak topology on E *, a(E * , E**), where E** is the bidual of 
E, i.e., the topological dual of the Banach space E*. Note that the weak topology 
on E* is stronger than the weak-* topology, since E C E** as shown below. 


Reflexivity 

Proposition 10.3.13. Let E be a Banach space. The bidual of E is defined as the 
( topological ) dual of E* . The mapping E B x H > j (x) € E** defined by 

(j( x )>0 E ”,E* = {^,x) E \E 

is linear isometric and is an isomorphism on its image j(E) which is a closed 
subspace of E** . A Banach space is said to be reflexive when j is bijective ( this 
implies in pariicular that E** and E are isometrically isomorphic) . 


Proof. For x £ E, we have 


lli(*)IU» 


SUP 


sup \{£,x)e*,e\ 

ii«ii e .=i 



thm 10.3.1 


Me, 


(10.3.5) 


and thus j is isometric and obviously linear. The image j(E) is closed: whenever 
a sequence (j(xk))k>i converges, it is also a Cauchy sequence as well as [xk)k> i 
since \\xk - Xi\\ E < || j{x k - Xi)\\ E ** = \\j(xk) - j{xi)\\ E *» ■ As a result, the sequence 
(xk)k > l converges to some limit x € E, and the continuity of j (consequence of 
the isometry property) ensures lim*, j(x k ) = j(x), proving that j(E) is closed, and 
thus a Banach space for the norm of E** . The mapping j : E — > j{E) is an 
isometric isomorphism of Banach spaces. □ 


10 If for some £ £ E* , we have Vx £ E,p x (£) = 0 , it means Va: £ E, £ • x = 0 , i.e., £ = 0 _b*. 
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Remark 10.3.14. Let E be a Banach space; then the bidual of E* is equal to the 
dual of E** , so that (if*)** = ((if**))*, that we shall denote simply as if***: we 
have by definition 

(£•)•• = ((£•)')". 

as well as 

((£**))*=((£*)*)*. 

Theorem 10.3.15 (Banach Alaoglu). Let E be a Banach space. The closed unit 
ball B of E* is compact for the weak-* topology. 

Proof. For each a; £ if, the mapping if* >-£-a:£Cis continuous in the 

weak-* topology; since |£ • x\ < ||C||b* IM|e we see that 

B c HiWxWeD,), d 1 = {z e c, \z\ < l}, 

x£E 

and the product topology on Tla e^(ll a 'H induces the weak-* topology on B. 
Using Tychonoff’s Theorem 10.2.23, we see that the set B is a closed subset of a 
compact set and is thus compact. □ 

Proposition 10.3.16. Let E be a Banach space and B its closed unit ball. The 
following properties are equivalent. 

(i) E is reflexive, 

(ii) if* is reflexive, 

(iii) B is weakly compact, i.e., compact for the <j(E,E*) topology. 

Proof. Let us assume that (i) is satisfied. Then the mapping j defined by Proposi- 
tion 10.3.13 is an isometric isomorphism from E to if** and the weak-* topology 
on E is well defined as the topology a(E = if**, if*), which is simply the weak 
topology on E. The Banach Alaoglu theorem implies that the closed unit ball of 
if** = E, which is thus B , is weak-* compact, i.e., is weakly compact, proving 
(iii). Before going on with the proof of the proposition, we need a lemma. 

Lemma 10.3.17. Let E be a Banach space, B its closed unit ball and j be de- 
fined by Proposition 10.3.13. Then j is a homeomorphism of the topological space 
(if, <r(if, if*)) onto a dense subspace of the topological space (if**, a(E** , if*)) . 
The set j(B) is dense for the a(E** , if*) topology in the closed unit ball of if** . 

Proof of the lemma. The mapping j : E —> j(E) C if** is bijective and continuous 
whenever E is equipped with the weak topology er(if, if*) and if** with the weak-* 
topology a(E** , E*): we consider a semi-norm qc on if**, £ £ if*, defined by 
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We evaluate for x £ B, q^{j{x)) = \{j(x),£) E *\E- 1 = |(£, £) e *,. e | = P${x), where 
is a semi- norm on B (for the weak topology). The previous equality proves that 
j is an homeomorphism from E to j(B). A consequence of the isometry property 
of j given in Proposition 10.3.13 is that j(B) is included in the closed unit ball B** 
of E**. Let B be the closure for er(B**, B*) of j(B). First of all, B** is er(B**, B*) 
compact from the Banach- Alaoglu theorem and thus is a{E ** , E*) closed, so that 
B C B**. If there is some Xq £ B**\B, the Hahn-Banach theorem implies that 
there exists £o € E* , a £ R, e > 0 with 

Mx£B 1 Re(£ 0 , x) < a < a + e < Re(X 0 , £o). 

Since 0 £ B, this implies a > 0. We may thus multiply the previous inequality by 
1/a and find £ E* , ei > 0 such that 

Vs e B, Re(£i,a;) < 1 < 1 + ei < Re(X 0 ,£i). 

Using that B is stable by multiplication by z £ C with \z\ = 1, we get ||£i||e* < 1, 
implying that 1 + ei < Re(AT 0 ,5i) < ||Xo||e** < 1 which is impossible. The proof 
of the lemma is complete. □ 

Going back to the proof of the proposition, we assume that (iii) holds. Then, 
using the previous lemma, we see that j is continuous from 

(. B,cr(B,B *)) in ( E**,a(E**,E *)) 

and since B is compact for the (E,cr(E,E*)) topology, we infer that j(B) is 
compact. But the same lemma gives that j(B) is dense for the a(E**,E*) topology 
in the closed unit ball of B**, so j(B) is closed and equal to the closed unit ball 
of B**, implying that j is onto and (i). 

We know now that (i) is equivalent to (iii), so that (ii) is equivalent to the 
compactness of the closed unit ball B* of B* in the topology ct(B*,B**). The 
Banach Alaoglu theorem shows that B* is compact for a(E*,E) and if (i) holds, 
that topology is a(E * , E**), so that (i) implies (ii). 

Finally we assume that (ii) holds, i.e. , B* is reflexive. Let us first consider 
the norm-closed subspace j(E) of B**. The space E** is reflexive since B* = B*** 
by (ii) and thus B** = £?****. As a consequence, the unit ball of B** is compact 
for the topology cr(B**,B***) = er(B**,B*) and thus the unit ball of the norm- 
closed subspace j(E) is compact for the a(j(E),E*) = a(j(E), ( j(E ))*) topology, 
which proves that j(E) and thus B is reflexive. The proof of the proposition is 
complete. □ 
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10.4 Calculating antiderivatives 


Table of classical antiderivatives 

Let / be a continuous function on an open subset / of R. We shall denote by 
j f(x)dx any antiderivative of / on I. The 33 most classical formulas are the 
following ones. 


/ r «+i 
*“ dx = — — , 

a + 1 

(2) J a: -1 dx =ln|x|, 


for a ^ —1, I = (0, +oo). 


(3) / e zx dx 


= arV* 


(4) J tan a; dx = — In | cosa:| 


cot a; dx =ln|sina;| 


for z ^ 0, I = M. 


I = M\(f + 7rZ). 


I = M\7tZ. 


, I X 7T 

= ln tan ( 2 + 4 


= In tan — 

V 2 


I = R\(f + 7rZ). 


I = M\7tZ. 


arcsin x dx = x arcsin x + v 1 — x 2 , 


I = (-!,!)• 


J arccos x dx = x arccos x — y 1 — x 2 , 

J arctana; dx = a:arctana: — - ln(l + x 2 ), 


I =(-1,1). 


I = R. 


sin^ x dx = — — 


cos x dx = — + 


2 4 ’ 

x sin(2a;) 


2 4 ’ 


I = R. 


I = R. 


dx =tana:, 


I = R\(f + 7rZ). 


dx = — cot x, 


I = M\7rZ. 


(15) / sinha: dx 


= cosh a;, 
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( 16 ) y cosh x dx = sinh2, 

( 17 ) J tanhx dx = ln(cosli2), 

( 18 ) J coth 2 dx = In | sinhx|, 
/' 1 . . ... 


— dx 

cosh# 

= arctan(sinh 

— dx 

2 

= In tanh — , 

smhx 

2 ’ 

2 — dx 

cosli" 2 

= tanh 2, 

— — 5 — dx 

sinh 2 

= — coth 2, 

tanli2 dx 

= ln(cosh2), 

coth 2 d2 

= In I sinh.2|, 


1 

lx 1 + 1 

1 


x 2 + 1 


= dx = ln(x + v x 2 + 1) = arcsinh2, 
dx = arctanx, 


I = M. 

I = M. 

I = M*. 

J = M. 

/ = M*. 

/ = M. 

/ = M*. 

J = M. 

/ = M*. 

I = M. 

/ = M. 


1 1 1 H - x 

— 7- dx = - In — (= arctanli x for I2I < 1), I = R\{— 1, 1}. 

- x 2 2 1 — 2 


1 - 2 2 2 1 1 - a 

C 

In 2 dx = x In 2 — 2, 

r 1 


/l — 2 2 

1 

/ 2 2 — 1 


= 2 In 2 — 2, / = (0,+oo). 

d2 = arcsin2, / = (—1,1). 

dx = In |2 + Vx 2 — 1|(= arccosh2 for 2 > 1), I = M\(— 1, 1). 


J \A + 2 2 dx = ^ \/l + 2 2 + ^ 111 (2 + \/ X 2 + 1 ), 
j \/l — 2 2 dx = — \/l — 2 2 + — arcsin2, 

[ \f x 2 — 1 dx = — \J x 2 — 1 — - I11I2 + \/ 2 2 — 1 1 , 


J = M. 

/ = (-l,l). 

J = K\(-1,1). 
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We have 


for teC, cost = 


- , sin t = 


2 i 


n sin t cos t 

for t € C\(— + 7rZ), tan t = . For t £ CWZ, cotf = — — , 

v 2 ' cos t sin t 


as well as 


2 > 2 J 


[-1,1] 


7T 771 • f X d S 

2,2] , arcsma; = / 

io vl-S 


[0,7r]-^U[-l,l] 

(— f ’ f ) ® J 

(0 , tt) -^l^R — 
We have used 

_ a -t 

for t £ C, sinht = 


[0, 7r] , arccosa: = / 

J X 


ds 


f x ds 

(— f,f), arctana; = / — 

Jo 1 


+ s^ 


, n , /■ +0 ° ds 

(0, 7r) , arccota: = / 

J x 1 “r 5 


— , cosh t = - — — 

2 2 


for t £ C\ ( — + i7rZ) , tanh t = 
so that 


For t £ C\i7rZ, cotht = 


R Mllll > R , ‘ 1 ^ 11 > 1 R , arcsinh x = ln(x + \/ x 2 + l) , 

[0, + 00 ) cosh > [1, + 00 ) — "> h [0, + 00 ) , arccoshx = ln(x + \/ x 2 — l), 
R (-1, 1) R , arctanh x = 1 ln(i±|) , 

R* _coth^ r\[_ 1j X ] R* , arccothx = l|n( ^— 

We have also 

(34) J arcsinh * dx = x arcsinh x - Vl + x 2 , 

(35) J arccosh x dx = x arccoshx - \J x 2 - 1, on x > 1, 

(36) J arctanhx dx = x arctanhx + - ln(l — a; 2 ), on \x\ < 1, 

(37) / arccothx dx = x arccoth x + — ln(x 2 — 1), on |x| > 1. 
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Remark 10.4.1. With Definition (10.5.1) of the Logarithm on C\K_, and since for 
teC, cost = cosh(it), sint = — isinh(it), 


for x G [—1, 1], 


arcsine = —iLog(ix + \J 1 — x 2 ) , 
arccosa: = — * Log(s + i\J\ — x 2 ) . 


For z G C\ ± i\ 1, +oo), arctanz = — tLog(l + * 2 ) + - Log(l + 2 2 ), 


1 


so that arctan is holomorphic on C\ ± i[l, +oo) with 

. . 1 i 2 2 1 — iz + iz 

arctan (z) = : — b -- ^ = — ^ — = ,, 

1 + iz 2 1 + z 2 1 + z 2 1 + z 2 

a meromorphic function on C, with poles at ±i and residues =|=*/2. 


(10.4.1) 

(10.4.2) 


Integrating rational fractions 

Lemma 10.4.2. Let P(X), Q(X) be polynomials with complex coefficients such that 
Q is a normalized polynomial with degree d > 1 and P is a polynomial with degree 
< d. Let Zi, ... ,z r be the distinct roots of Q with respective multiplicity p\, . . . , p r . 
Then 

q(x)= n {x- Zj r*, d= vp 

l<j<r 1 <j<r 

and the rational fraction R = P/Q is 

P(X) a j,mj , Rj 3 3 \ z j) 

_ , = > T~Zr \ , With CC ,' = —7 T 7 — 

Q ( x ) 1 ^j< r (■ X- aj ) m o ’ {p. j -m j )\ 

l<mj 

where the rational fraction Rj without a pole at Zj is given by 

R j (X) = {X-z j y>R(X). 


Proof. We perform an induction on r, the number of distinct roots: when r = 1 
we have a single root z\ with multiplicity = d , so that 


(X - *i) 




0<k<fii 


k\ 


and thus 
P(X) 


PW(z l) 


= E — t '^(x-w k -^= E E. 


p( M i-m)( 2l ) 


Q(X) ^ k\ 




(tn - 
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proving the result in that case with an explicit expression. Let us assume that the 
formula is true for some r > 1 and let us prove it when we have r + 1 distinct 
poles Z\, ... , z r , z r + 1 with respective positive multiplicity fii,..., fj, r , / x r +i for the 
rational fraction P/Q. The rational fraction 

= E R ^ r+1 \ x z r+1 ) k + S(X)(X - z r+1 )^ 

0<k<Hr+l 


where the rational fraction R r + \ (and thus S have poles zi , . . . , z r with respective 
multiplicity . . . , fi r . This yields 


nx) 

Q(x) 


E 


(Hi - m)! 


(X - z r+1 )~ m 


+ S(X), 


and we may apply the induction hypothesis to S: note that S has no polyno- 
mial part since a linear combination of rational fractions Aj/Bj with degree Bj > 
degree Aj is a rational fraction A/B with degree B > degree A. In fact we have 


E 

1 <j<N 


A?. 

Bj 


H2<j<N Bj + ■ ■ ■ + An rii<j<jv-i Bj 

TL<j<n Bj 


and the numerator has obviously a degree strictly smaller than the denominator 
since for instance 

degree I A± P B j ) < degree A\ + ^ degree Bj 

' 2 <j<N ’ Z<j<N 

< ^ degree Bj = degree n b > 

1 <j<N '1 <j<N 

We see also that for 1 < j < r, R = P/Q , 

-‘V+i (z r + 1) 

(/ii - m)\ 


(X z r - |_i) 


S j = (X-z j r*S = (X-z j ) 




E 

1 <m<fi r + 


so that, with Rj = ( X — Zj)^ j R, we have 

Bj\zj) = Rj\zj) for l <Hj. 

The induction is thus provides the sought formula. □ 

Although the above lemma is sufficient to calculate antiderivatives of any 
rational fraction, the next lemma may be also useful. 
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Lemma 10.4.3. Let P(X),Q(X) be polynomials with real coefficients such that Q 
is a normalized polynomial with degree d > 1 and P is a polynomial with de- 
gree < d. Let ai, ... ,a r be the distinct real roots of Q with respective multiplicity 
Hi, ..., p, r . Let zi,z\,...,z s ,z s be the distinct non-real roots with respective mul- 
tiplicity v\,...,v s . Then 

Q{X)= n n ((X-Rez k ) 2 + (lmz k ) 2 y k , 

l<j<r l<k<s 

d = <j< r Tj + 2 and the rational fraction P/Q is such that 

P{X) _ y- a j,m y^ fik.nX + 7 k,n 

Q(x) ih<r ( X ~ a ^ m ((X — Re^) 2 + (lmzk) 2 ') n 

Proof. This follows immediately from Lemma 10.4.2 which implies 

/in P{X) _ \ ' aj,m \ ' f 7k, n 7k, n ) 

1 Q(X) ^ (X — aj) m {X-z k Y (X — Zk) n J 

l<m</Xj 1 <.n<.Vk 

We have only to deal with 

7 k,n Tkfn _ 7 fc,n(X - Zf) n + 7^(X - Z k ) n 

(X - z k )n + (X-2it)» “ ((X-Re^) 2 + (Im^) 2 )" 

= T(X — Re 27) 

((X - Re2 fc ) 2 + (Imzfc) 2 )"’ 

where T is a real polynomial with degree less than n. We note that for 2 p even 
integer 

(X - R ez k ) 2p = ((X - R ez k ) 2 + (Im z k ) 2 - (Imz fe ) 2 ) p , 

(X - R ez k ) 2p+1 = (X - Ret;fc)((X - Re^) 2 + (Imt^) 2 - (Imt*,) 2 )*’, 

so that T(X — Rezfc) is a polynomial in the variable ((X — Rez*,) 2 + (Imz^) 2 ) 
with coefficients polynomial of degree < 1, yielding the result. □ 

Lemma 10.4.2 implies that to find an antiderivative of a rational fraction, 
we use the decomposition into partial fraction and we are left with finding an 
antiderivative of (x — C) -m with £ £ C. If m > 2, Formula (1) on page 448 gives 
the result. If m = 1 and f € R, this is In \x — £| on R\{£}. If to = 1 and Im £ 0, 

this is Log(cc — f) where the logarithm is defined by (10.5.1). 

Lemma 10.4.4. Let f be a complex number and let m > 1 be an integer. 

(1) If to > 2, the meromorphic function z i-> (z — C)~ m has the antiderivative 

(*-C) 1 - m (l-m)- 1 . 

(2) With the complex logarithm defined by (10.5.1), the holomorphic function 
defined on C\{£ + R_}, z K > (z — C) 1 has the antiderivative Log(z — Q. 
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Remark 10.4.5. If our rational fraction is real, we may want to avoid altogether 
complex numbers and use only Lemma 10.4.3. By rescaling and translation we 
have only to deal with antiderivatives of x~ m or ( x 2 + l)~ n x, (x 2 + l)~ n . The first 
case is already treated, the answer to the second case is \ f which is reduced 
to the first case. To calculate, 

pX 7 />arctanX /»arctanX 

I n (X) = n \, n = / (1 + tan 2 6) 1 ~ n d6 = / (cos 9) 2n ~ 2 d9 . 

J 0 l 1 + x ) J 0 Jo 

We have h(X) = arctanX and for n > 1, 


/>arctan X 

I n+ i(X)= (cos0) 2n_2 (l — sin 2 9)dd 

Jo 

i /»arctanX j 

= + l Sm0—((cos8) 2n ~ 1 )d8 


= In(X) + 


sin(arctan X) (cos(arctan X))' 


1 


/»arctan X 


2n — 1 

so that the following induction relation holds: 


2 n- 1 


(cos 9) 2n dd, 


2 n sin(arctan AT)(cos(arctanX)) 

J-n+l = In T 


2n—l 


2n- 1 


2n — 1 


We note also that for |0| < 7r/2, sin0 = tan 9 cos 9 = tan 9(1 + tan 2 9) 1//2 so that 


and 


sin(arctana:) = 


yr 


2 5 


cos(arctana:) = 


vr 


2 ’ 


2?i — 1 1 x 

2 n " 2n (1 + x 2 ) n 


Antiderivatives of rational fractions of cos x, sin x 

We want to calculate antiderivatives of F(cosx, sin x) where F is a rational frac- 
tion. The following changes of variables will work depending on some invariance 
properties of the one-form F(cosx,sinx)dx. 

1. u = sin a:, if the mapping x <— > t: — x leaves invariant the form F( cosx, sin x)dx. 
It is the case for instance of / sin 4 cccos 5 a;(ia: since 

sin 4 (7r — x) cos 5 (7t — x)d(n — x) = sin 4 a:cos 5 a:(ia:. 

This can be applied to the integrals / sin fe a;cos 2i+1 a’<ia’ with k, l integers. The 
assumption means in fact that the function F is odd with respect to its first 
variable: F(-X,Y) = -F(X,Y). 
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Lemma 10.4.6. Let R be a rational fraction in C (X,Y), odd with respect to the 
first variable: then, there exists Mi, M 2 , polynomials of two variables such that 


R{X,Y ) 


IMi(I 2 ,F) 

M 2 {X\Y) 


XS{X 2 ,Y), S rational fraction. 


Proof. We have 


2 R(X,Y) 


P{X,Y) P(-X,Y) 

Q(X, Y) Q(—X, Y) 

P{X , Y)Q(-X, Y) - P(-X, Y)Q(X , Y) 
Q(X,Y)Q(-X,Y) 


XNi{X, Y) 
N 2 (X,Y) ’ 


where Nj are polynomials in C[X, Y], even w.r.t. X. Thus 


2 Nj(X, Y) = Nj(X, Y) + Nj(-X, Y) = Mj(X 2 , Y), 


where Mj is a polynomial. 

We have thus 

F( cos a;, sinx)dx = cos a; G(cos 2 x, sin x)dx = G(1 — u 2 , u)du. 


□ 


2. u = cos a;, if the mapping x —x leaves invariant the form F(cosx,s\\\x)dx. 
It is the case of f sin 5 a; cos 7 xdx since 

sin 5 (— x) cos 7 (— x)d{— x) = sin 5 a; cos 7 xdx. 

It can be applied to f sin 2fc+1 a;cos l xdx with k,l integers. The assumption means 
in fact that the function F is odd with respect to its second variable: F(X, — Y) = 
—F(X, Y). We have thus 

F( cos a:, sin x)dx = sin a; G(cosa:, sin 2 x)dx = —G(u, 1 — u 2 )du. 


3. u = tana:, if the mapping x i — > n + x leaves invariant the form F{ cos a:, sin a:) 
dx. It is the case of / sin 4 a; cos 6 xdx since 

sin 4 (7r + x) cos 6 (7r + x)d(ir + x) = sin 4 a;cos 6 a;<ia:. 

It can be applied to f sin 2k xcos 2l xdx with k, l integers. The assumption means in 
fact that the function F is even: F(—X, —Y) = F{X, Y). 

Lemma 10.4.7. Let R be an even rational fraction in C (X,Y): then, there exist 
(Mj)i<j <4 polynomials of two variables such that 


R{X,Y) 


Mi{X 2 , Y 2 ) + XYM 2 {X 2 , Y 2 ) 

m 3 (x 2 , r 2 ) + xym 4 (x 2 , y 2 ) ' 


In particular, R is a rational fraction of X 2 ,Y 2 ,XY . 
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Proof. We have 


2 R(X, Y ) 


P(X,Y) P(—X, —Y) 

Q(X, Y) Q(—X, —Y) 

P(X, Y)Q(—X, -Y) + P(-X, —Y)Q(X, Y) 
Q(X,Y)Q(-X,-Y) 


(10.4.3) 

N(X,Y) 

D(X,Y)' 


where N, D are even polynomials. Since the polynomial D in (10.4.3) is even we 
have 

2 D(X,Y) = J2 KkX j Y k (l + (-iy +k ), 

j-\-k even 


and thus, 


D(X,Y)= Kii-jX J Y 2l ~ j 

0<j<2l 

= b 2 y, 2 i- 2 yX^Y 21 -^' + ^ b 2 y + i, 2 i- 2 y'-iX 2j " +1 Y 2l - 2 i" 

0 <j'<l o <j"<l-l 

= Nyx 2 , Y 2 ) + XYN 2 (X 2 , Y 2 ), Nj polynomials. 


We found eventually some polynomials (Nj) i<j <4 such that 


2 R(X,Y) 


N 3 (X 2 , Y 2 ) + XYN 4 (X 2 , Y 2 ) 
Nyx 2 , Y 2 ) + XYN 2 (X 2 , y 2 ) ' 


□ 


We have thus 


F(cosx,smx)dx = G(cos 2 x, sin 2 x, since cos a;) da; 

= G(cos 2 x, sin 2 x, sin x cos x)dx 


= G 


1 


1 + u 2 ’ 1 + u 2 ’ 1 + u 2 ) 1 + u 2 


du 


4 . As a last remedy, we can use the change u = tan ^ which will provide a rational 
fraction in u. 

This method extends ne varietur to rational fractions of sinh x, cosh x. 


Abelian integrals 

Let us give a couple of examples of the so-called Abelian integrals , 



(10.4.4) 


where R is a rational fraction. 
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The function p in 10.4.4 is the square-root of a second-degree polynomial 


For instance, we want to calculate J R(x,y/x 2 + 1 )dx. We set x = sinht and we 
get f ,R(sinhf, cosh t) cosh tdt, which is a rational function of sinh,cosh, tackled 
above. To deal with f R(x, \/x 2 — l)dx, we set x = cosht to obtain 

[ R ( cosh t, sinh t) sinh tdt , 


also a rational function of sinh, cosh. For f R(x, \/l — x 2 )dx, we set x = sint to get 
J i?(sini, cos t) cos tdt, a rational function of sin, cos. The discussion above allows 
us to determine 

J R(x, sjax 2 + b + c)dx , for R a rational fraction. 

The function ip in 10.4.4 is ( “^4 m £ N* 

We set u = (ax + b/cx + d)™ so that x = p(u m ) where p is a rational fraction and 

J R( X , „(*))«* = / 

also the antiderivative of a rational fraction. 

The function tp in 10.4.4 enjoys a parametric unicursal representation 

The assumption means that we can find rational fractions p, q of one variable such 
that t i t (p(t), q(t )) is onto on the graph of ip. We set then x = p(t) and we are 
reduced to the computation of 

[ R(p(t), q(t))p' (t)dt, again the antiderivative of a rational fraction. 


Let us give a specific example. We want to compute for X > 0 

[X 

F(X) = / RfajX 1 / 2 + x 1 ^ 3 )dx, where R is a rational fraction. 

Jo 

We note that the mapping t i-t (t 6 , t 3 + 1 2 ) provides a unicursal representation of 
p. We set x = t 6 to obtain 

,W / 6 


F(X)= [ R(t 6 ,t 3 + t 2 )6t 5 dt, 

Jo 


which is the antiderivative of a rational fraction. 
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Some Fourier integrals 


We have seen a couple of explicit computations of Fourier transforms in (8.1.18), 
in Chapter 8, Section Some standard examples of Fourier transform on page 352 
as well as in Proposition 8.1.19 and Theorem 8.2.3. 

The computation of the antiderivative 




where z £ C and P is a polynomial (of one variable) is also a computation of a 
Fourier (-Laplace) transform. If Re z < 0, we have fY e zt dt = z 1 e zx and for 
kN, 


e zt t k dt = 


e zt dt ) = 


(e^z- 1 ) = e 


(z~ 1 e zx ) 

k 


ZX I r ~ZX zx 

dz 


(z- 1 ) = 


dz 


+ CT (Z- 1 ) 


= e zx Y C l k x l z- 1 -( k - l) {-l) k - l {k-l)\ = z~ 1 e zx Y jk\z~ k+l (- l) k ~\ 

0 <l<k 0 <l<k L * 

so that for P(t) = Eo <k<m a ^ k < 

f P(t)e zt dt = z~ 1 e zx Qp(x, z^ 1 ), 

J — OO 

Qp(x,z~ 1 )= Y yr E a k k\(-l) k ~ l z- h+l . 

0 <Z<m Z</c<m 

We have thus for Re 2 : > 0, 

f P(t)e zt dt = z~ 1 e zx Qp(x, 2 _1 ) — 2 _1 <3p(0, 2 _1 ), 

Jo 

and by analytic continuation, this formula holds as well for 2^0. Note that the 
limit of the rlis when 2 goes to 0 is indeed fg P(t)dt: by linearity it suffices to 
verify this for the monomial P(t) = t k . We need to check for 2 ^ 0, 

N(x, 2 ) = e zx z~ 1 Y ^k\(-l) k ~ l z- k+l -z- 1 k\(-l) k z~ k . 


0 <l<k 


We have 


N(x,z) = fc!(-l) fc 2 - fc -V*( Y 4^ 


x 0 <l<k 
r* 1 


= -k\(-\yz 


k ^—k—l^zx 


k\ 


K d6{—zx) k 
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so that N(x,z) = e zx x k+1 /*( 1 — 9) k e 9zx dd 1 which has the expected limit 
when z — > 0. 

Lemma 10.4.8. Let n € N* and u(x) = exp— 2tt\x\, where jar| stands 

for the Euclidean norm of x. The function u belongs to L 1 (K") and its Fourier 
transform is 

u(0 = tf-Wr (1 + |£lT m (10.4.5) 

Proof. We note first that in one dimension 

[ e~ 2iirx ^e~ 2ir \ x \dx = 2 Re [ + e~ 2irx{ - 1+i ® dx = . 1 ^ , 

Jr Jo 7r(l+r) 


corroborating the above formula in ID. We want to take advantage of this to write 
e - 2 n\x\ ag a SU perposition of Gaussian functions; doing this will be very helpful 
since it is easy to calculate the Fourier transform of Gaussian functions (this quite 
natural idea seems to be used only in the wonderful textbook by Robert Strichartz 
[62] and we follow his method). For t € R+, we have 


dr 


7r(l + T 2 ) 


^liTTtT ^ — S7r(l + T 2 


R 2 


'H{s)dsdT 


f e ns s 1,/2 e ds, 

Jr. 


so that for x € M", e 2w W = f R+ e 7rs s 1 ! 2 e » ds and thus 

u(0 = f f e- 2inx ^e- ns s~ 1/2 e-^ M2 dxds = [ e^ 8 s^^e^ 8 ^ 2 s n/2 ds, 
J J l n xR+ J R + 


so that 

«(£) = f + °° e- 8 s^- 1 ^ 2 (7r( 1 + |e| 2 ))“ (n+1)/2 ds, 

Jo 

which is the sought result. □ 


Gaussian integrals 

In Proposition 8.1.19, we have computed the Fourier transform of Gaussian func- 
tions, a typical case when the calculation of an integral does not follow from the 
knowledge of an antiderivative. However our definition of the Fourier transform of 
e lx relied on a duality argument, and we want to connect this result with a more 
elementary approach. According to Formula (8.1.31), for w a (x) = e lnax we have 
for ael*, 

w~ a (0 = |ar 1/2 e^ signa e- i ™" 1 « 2 . 
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Let <j> e we have / w a (x)(j>(x)dx = f |a| 1 / 2 e *4 sl s na e ,7ro and 

in particular for e > 0, 

J w a (x)e~ nex2 dx = \a\- 1/2 e^ sisna e~ 1/2 J 


= |a| _1 / 2 e i T signa ff -l/2^-l 4-in- 1 !- 1 / 2 


I _1 / 2 <=*f si g no 


e ~'-(e~ L +ia~ L )~'^ — > |a| "'"e** 1 
£->0+ 


proving that, for a € R*, 


lim J e^ ax2 e-^ x2 dx = \a\~ 1/2 e^ sisna . 


(10.4.6) 


For A > 0, a £ R * , we have 


a (a, A) = / e inax dx = - 

./n ^ . 


e ™ax 2 dx= I lim [ e i7v(a+it)x2 dx. 
-a 2 £^o + ,/_ A 


We have also 


r+oo 


r+oo 


2 / giw(a+ie)x dx= gi^a+ie)^- 1/2^ 

A A 2 


D i7r(a+2€)t 


-t 


- 1/2 


t=+oo 


^ /»+oo gi7r(a+ie)t 


+ - 


L*7r(a + ie) J t=A2 2 J X 2 iir(a + ie) 


t~ 3 / 2 dt , 


so that for A > 1, e > 0, 
r+oo 


e «r ( a+i£)z dx 


1 . 2A” 1 


< -A 1 7r 1 |a 
2 1 


47r|a| 7r|a|A 


We have thus 

/: 


and 


e in{a+it)x2 dx - |a|- 1/2 e^ signc 


= / eWo+i£)rr 2 da ._ | a |- 1/2 e if signa _ / giTrfa+ie)* 2 ^ 

il 4 | ar | > A 


/-A 


< 


s i 1 r(a+«)* 2 da ._ | a |-l/2 e i} S ign C 


(a+ie)x 2 dx _ | a |~ 1 /2 e *i «gna 


7r|a|A 


so that taking the limit when e — >■ 0+ gives from (10.4.6), 


e ivax2 dx- |a|- 1/2 e i + signc 


< 


i|A’ 
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entailing 


lim 

A — ^ -|-oo 


e i/Kax dx = -| a |“ 1/2 e^ signa . 


This gives in particular the classical Fresnel integrals 11 

/ cos(x 2 )dx = 1 1^- = / sin(cr 2 )d 2 ;. 

: V - Jr 


(10.4.7) 


(10.4.8) 


Another classical calculation (introduced in Exercise 2.8.20) yields 

/■+0O 


>0 


sin x 7 r 

dx = — . 

x 2 


(10.4.9) 


We integrate the holomorphic function (on C*) e lz / z on the path 

[e, R] U upper half-circle(0, R) (counterclockwise) 

U [— R, — e ] U upper half-circle(0, e) (clockwise), 


we get 


0 = 2 i 


since 


dx + / 

x J o 


7T giRe 


Re 


i6 


-iRe ie d9- 


piee 

-iee l9 dd. 


ee 


id 


The third integral has limit in when e goes to 0. The absolute value of the second 
integral is bounded above by e~ Rsin6 dd which goes to 0 when R goes to +oo 
(thanks to the Lebesgue dominated convergence Theorem, but a simpler argument 
is also available here). 


10.5 Some special functions 


The complex logarithm 

Logarithm on C\R_ 


The set C\R_ is star-shaped with respect to 1, so that we can define the principal 
determination of the logarithm for z G C\R_ by the formula 


Log 2 



f 1 (z — 1 )dt 

Jo (1 -t)+tz' 


(10.5.1) 


Thanks to Theorem 3.3.7, the function Log is holomorphic on C\R_ and we have 
Log z = lnz for z £ R(j_ and by analytic continuation 


gLog 2 _ _ gReLogigilmLogz 



p Re Log 2 


= Im Log z, 


11 Of course in the sense e %x dx. 
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for z € C\R_. For z = re t9 , |0| < tt, we have for r > 0, 
f dC f S ire u 

Log(re* e ) = ® — = lnr + / — --dt = In r + id, IrnLogz = 9. 

J[ l,re*°] C Jo re* 

We get also by analytic continuation, that Loge 2 = z for |Imz| < tt. Note also 
that for \z\ < 1, we have from Theorem 3.3.7, 

Logfi + -) = -/' rip = E 4-D‘r^f = B-h +1 T I 10 ' 5 - 2 ) 

Jo L+tz k> 0 A ' + i l> 1 1 

Note that we have also for \z\ = 1, z ^ — 1, 


Log<1+2) = 2 f Trs = 2 iV( s 


0 <k<N 


Since with z = e , \ 0\ < tt, t G [0, 1], 


53 (-1 )H k z k = - +{ ~ 1)N{ ' tz)1+N 


0<k<N 


1+tz 


< 


1 + M %/l + 2tcos9 + i 2 


< 21{C0S|) a 01 + 21 i~ 1 < cos ^ — 0) e i. ((0 , !],), 


yj 1 + f 2 \/l — COS 2 8 

so that Lebesgue’s dominated convergence implies 


Log(l + z) = zlim ^ ( - l) fc T-j-j-> 

0<k<N ' 

implying that (10.5.2) holds as well for |z| = 1 , 2 ^ — 1. We consider the following 
open subset of C: 

{z € C,exp z K* } = {z € C,Imz ^ 7 t(27t)} 

= Ufegz {z £ C, (2k — l)7r < Im z < (2k + l)7r} . 

^ v ' 

Uk 

Let k G Z. On the open set LOk, the function z <— > Log(expz) — 2 is holomorphic 
with a null derivative. As a result for z € u>k, 

Log(exp z) — z = Log( exp(2i/c7r)) — 2ikir = ln(l) — 2ikn = — 2ikir, 


i.e. , Log(exp z) = z — 2ikn. 

We sum-up these results as follows. 
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Theorem 10.5.1. For z G C\K_, we deftneLogz by (10.5.1). This is a holomorphic 
function on C\R_, with derivative 1 / z, and Log coincides with In on Rt. 

For z G C\M_, e Logz =z = re w , 

r = \z\ = e ReLog2 , 9 = Arg z = ImLogz G (— tt, tt). (10.5.3) 
For k G Z, z G C, (2k — \)ir < Imz < (2k + l)7r, Log(e z ) = z — 2ikir. (10.5.4) 

z i 

For z G C\{— 1}, \z\ < 1, Log(l + 2 ) = ^(-l) i+1 y. (10.5.5) 

i> l 

Logarithm of a nonsingular symmetric matrix 

Let T + be the set of symmetric nonsingular n x n matrices with complex entries 
and non-negative real part. The set T + is star-shaped with respect to the Id: 
for A G T + , the segment [1, A] = ((1 — f) Id +tA) te j Q ^ is obviously made with 
symmetric matrices with non-negative real part which are invertible, since for 
0 < t < 1, Re ((1 — t) Id +tA) > (1 — t) Id > 0 and for t = 1, A is assumed to be 
invertible 12 . We can now define for A G Y + , 

Log A = / (A — /)(/ + t(A — I))~ l dt. (10.5.6) 

Jo 

We note that A commutes with (I + s A) (and thus with Log A), so that, for 9 > 0, 
4 Log (A + 01) 

1 

(A + 61 - I)t(l + t(A + 01- I))~ 2 dt, 

and since 

j f {(l + t(A + 0I - I))" 1 } = -( I + t(A + 9I-I))~ 2 (A + 9I-I ), 

we obtain by integration by parts jg Log(A + 91) = (A + 9I)~ l . As a result, we 
find that for 9 > 0, A G T+, since all the matrices involved are commuting, 

4 ((A + 0/)- 1 e Log(A+9J) ) = 0, 

12 If A is a n x n symmetric matrix with complex entries such that Re A is positive definite, then 
A is invertible: if AX = 0, then, 

=0 since A symmetric 

0 = (AX,X) = (A Re X, Re X) + (AImX,ImX) + (AReX,-iImX) + (AzImX,ReX) 

and taking the real part give (Re A Re X , Re X) + (Re A Im X , Im X) = 0, implying X = 0 from 
the positive-definiteness of Re A. 


[ (l + t(A + 9I -/)) \lt- f 
Jo Jo 
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so that, using the limit 9 —1 +oo, we get 13 that 

VA G T+, V0 > 0, e Los(A+ei) = (A + 91), 

and by continuity 

VAgT+, e LoeA = A, which implies det A = e traceLogA . (10.5.7) 
Using (10.5.7), we can define for A G T + , 

(det A) _1,/2 = e _ 5 trace Log A = | det A|- 1/2 e"5 Im(traceLogA) . (10.5.8) 

• When A is a positive definite matrix, Log A is real valued and (det A) -1 / 2 = 
| det A| -1 / 2 . 

• When A = —iB where B is a real nonsingular symmetric matrix, we note 
that B = PD f P with P G 0(n) and D diagonal. We see directly on the 
formulas (10.5.6), (10.5.1) that 

Log A = Log {—iB) = P(Log(—iD)YP, trace Log A = trace Log(-iH), 

and thus, with the (real) eigenvalues of B, we have Irn (trace Log A) = 
Im^) 1< - <n Log(— ifij), where the last Log is given by (10.5.1). Finally we 
get, 

Im (trace Log A) = — — ^ sign /j, = ——signB, 

l<j<n 

where sign B is the signature of B. As a result, we have when A = — iB , B 
real symmetric nonsingular matrix 

(det A)~ 1 / 2 = | det B|-VVf (10.5.9) 


13 We have e Loe ( A+e ) = (A + 9)B A and with r = 9 — 1, 

e Log(A+0) e — in 9 = e C e , Cq — a f\l + tA + tT)~ 1 (l + tT)~ 1 dt. 

Jo 

For t, t G R+, the matrix 1 + tA + tr is invertible (see the footnote on page 463) and we have 
Re((l + tA + tr)X, X) > (1 + tr)||X|| 2 , so that this implies || (1 + tA + tr)X|| > (1 + tr)||X|| 
and thus || (1 + tA + tr)~ 1 \\ < (1 + tr) -1 . We get 

IlCflll < || A|| f\l + tT)- 2 dt = =► lim Co = 0 

Jo i + r S->+oo 

=>B a = lim (A + 9)B A e~ lne = lim e L °g(A+9) e - ln0 = Um e C B = j 
9 — ^+oo 9 — ^+oo 9 — ^+oo 
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The T function 

For z G C with a positive real part, we define 

r + oo 

T(z)= / t^e-Ut. 
Jo 


(10.5.10) 


Theorem 3.3.7 implies that T is a holomorphic function on the half-plane {Rez > 
0}, and for z there, an integration by parts yields 

r+oo r+oo 

T(z + 1) = / t z e~ t dt = [t z e _t ]° ^ + / zt z ~ 1 e~ t dt = zT{z). 

Jo Jo 


We get immediately that 

for n € N, r(n+ 1) = n! and T(l/2) = y/w. 
The latter equality follows from (8.1.31) since 


(10.5.11) 


r+oo 

T(l/2) = / . 

JO 


s e s 2 sds = 


e s ds = y/Jr. 


For Rez > — 1 ,z ^ 0, we define T(z) = : it coincides with the previous 

definition if Re z > 0 from the previous identity. Let k > 1 be an integer: we may 
define for Re z > —k, z £ {— k + 1, . . . , 0}, 


I» = 


r(^ + k) 


z(z + 1) . . . (z + k - 1) ' 


(10.5.12) 


The r function appears as a meromorphic function on C with simple poles at — N 
such that 

(-l) fe 

Res (T, —k) = — , 


and the following functional equation holds: 

Vz$(-N), r(* + l) = j?r(*). 

Theorem 3.3.7 implies for Rex > 0, 


(10.5.13) 

(10.5.14) 


r + OO r- 1-00 

T / (z) = / t z_1 e _t hitdt, T"(z) = / t z ~ 1 e~ t (lnt) 2 dt. 
Jo Jo 

Lemma 10.5.2 (Gauss’ formula). For z € C\(— N), we have: 

r(z) = lim n! nZ 


(10.5.15) 


IIo <j<n( Z + j) 


(10.5.16) 
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Proof. We assume first that Re z > 0. Lebesgue’s dominated convergence theorem 
induces for Re z > 0 that 


ni-iV " 


n ) t n— >•+ oo 

we have indeed point wise convergence of 

t 




l[0,n] (0^ 


z—1 


1 - 


towards 1 R + (t)t z 1 e 1 and domination 

|1[0 (l - I < l R+ (t)t Ra *- 1 e- t G ^(R), 

since for a; G [0,1), ln(l — x) < —x implies l[ 0 ,„](t)(l — ^)" < e - "" = e _t . We 
check now 


0 ) 




s z_1 n z (l 


s)”ds 


n z B(z, n + 1), 


where the so-called Beta-functionis defined for a, b complex numbers with Rea > 
0, Re 6 > 0 by 

B(a, b) = [ (10.5.17) 

Jo 

The holomorphy of the Beta function on this domain of C 2 (Re a > 0, Re b > 0) 
follows from Theorem 3.3.7. Moreover, we have with x+ = xH(x),H = 1r + , 


x+ 1 * x b + 1 = f H{t)t a 1 H(x — t)(x — t) b 1 dt 

J R 

= H(x)x a+b ~ 1 f 1 s a ~\ 1 - sf-'ds = x a + b ~ l B{a , b), 

Jo 


so that multiplying both sides by e *, we find 

for Re a > 0, Re 6 > 0, T{a)T(b) = T(a + b)B(a,b). (10.5.18) 

On the other hand, we prove directly by induction on n that for Rez > 0,n G N, 
B(z,n+l) = n\ ( z + j ) _1 . 

0<j<n 
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It is true for n = 0 since B{z, 1) = t z l dt = l/z and we have 

B(z, n + 2) = f f z_1 (l — t) n+1 dt 
Jo 

= [z-H z {l-t) n+1 ] 1 - [ Z -H z {n + l)(l~t) n dt(-l) 

Jo 

= (n+ l)z~ 1 B(z + l,n+ 1) (n+l)3 _1 ?i! JJ (z + 1 + j)~ 

induction 0 < C'j < Z.Tl 

hypothesis 


=(„+!)' n (z + k)~ 


Applying this to (b), we get 

n z B(z, n + 1) = n\n z TT ( z + j )~ l , 

.... . . 0 <?<n 

with limit r(,z) 

proving the result of the lemma for Re 3 > 0. The result for z £ (— N) c follows 
from (10.5.12): if Re 3 > —k, we have 

T( n _ r(3 + fc) _ n\n z+k 

rio<;<fe (^ + o n rio<i<fc + o rio<y<n + j + *o 


rio<q<n (z + q) 


n ( z+j+k ) \ 


n—k<j<.n 


and since n k Y\ n _ k<j < n (z + j + k) 1 = rii< r < fc y+y+y, we have 
limn fc TT (3 + j + fc)^ 1 = 1, 

n AX 

n—k<.j<.n 

entailing the result. The proof of the lemma is complete. □ 

Lemma 10.5.3 (Weierstrass Formula). The function 1/T is entire with simple zeroes 
located at (— N) and we have the strictly convergent infinite product 


r(z) -1 = ze lz [] (1 


1< j< +oo 


(10.5.19) 


Proof. Starting from Lemma 10.5.2, we find for 3 £ C\(— N), 

r(3) = 3" 1 lime z(lnn_El <^<'* 7 } TT j (z + j)~ 1 e z ^ . 

77. AX 
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From Exercise 2.8.20, we know that lini n (^ K ^ <n i — Inn) = 7, the Euler- 
Mascheroni constant, so that 

T(z) = z~ 1 e-^ Z H (l + -] e z 'T 
l<j<+oo ' 3 J 


The convergence of the infinite product follows from the previous formula, but we 
can also see directly that, with the complex logarithm and j > \z\, 

As a result, the T function vanishes nowhere and 1/T is an entire function whose 
zeroes are simple and located at (— N): 

T^)” 1 = ze lz (l + - J e~ z / j . □ 

l<j<+oo ' 3 ' 


Lemma 10.5.4 (Log-convexity of the T function). The T function is positive on 
and is also log-convex. 

Proof. The T function never vanishes and is also non-negative on (0,+oo), thus 
is positive there. Moreover, Cauchy-Schwarz inequality and (10.5.15) imply for 

x > 0 


r , (a ; ) 2 — {t x ^ 2 ,t x ^ 2 hit)! 2 ( R+je -t dt / t ) 

< P a ^ 2 ||l 2 (R + ,e- t <rt/t)ll^ 2 lnt||^ 2 ( R+je -t dt / t ) = T(a:)r"(a:), 


so that 


dx 2 




d /r 
r 


p//p 

f2 


> 0. 


□ 


Note that the minimum of the Gamma function on the positive half-line is 


0.8856031944108886 • • • = T(1.461632144845406 . . . ). 

Lemma 10.5.5. Let G be a positive function defined on (0, +00) such that G(l) = 1, 
G is log-convex and satisfies G{x + 1) = xG{ x) for all x > 0. Then G = T. 

Proof. For x > 0, n € N*, we have with g = lnG, g(n) = (n — 1)! and 

g(x + n)-g{ x) = (g(x + j + 1) - g(x + j)) = ^ ln(a:+j), 

0<j<n 0<j<n 
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Figure 10.1: Gamma function on the real line 


so that g{x + n) - g{x) - g{n) = In a: + Ei<j <„-1 and 

g{x) + In a; — xlnn + ^ In ( X + ^ j = g (x + n) — g(ri) — x In n. (10.5.20) 

l<j<n-l \ 3 / 

Let k € N* with k > x: we have n— 1 <n<x + n<k + n and from the convexity 
of g , for n > 2 , 

g{n) - g(n - 1 ) < g(x + n) - g(n) < g(n + k) - g(n) _ So < r <k ln ( n + r ) 


so that 


1 


i 1 n ^ d( x + n ) ~ g( n ) ~ xlnn ^ So<r<fe ln ( 1 + f) 

ln(l - -) < < = 7 , 

n x k 


and thus lim n (g(x + n) — g(n) — x Inn ) /x = 0, which implies, thanks to (10.5.20), 

j 


g(x) = — \nx + limf a; In n + ^ In ( — ^ — 7 ) ) = lnT(a;), 




x+j 


l<j<n-l 

where the last equality follows from Gauss’ formula (10.5.16). 


□ 
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Figure 10.2: Logarithm of the Gamma function on (0, +oo). 


Wallis integrals 

Lemma 10.5.6. Let q € N. We have 

• < 7+1 


W g = 


/ 2 FkT(- — 1 

(sin 0) q d0 = ) 2 , i.e., for p e N, 

9 r (§) 


_ 7T(2p)! 

P (p!)2 2 2lH- 1 ’ 

T jr (p!) 2 2 2p 

^Vtl - (2p+l)| ■ 

(10.5.21) 


This lemma follows from the next one. 

Lemma 10.5.7. Let zgC such that Rez > —1. Then 

W 2 v^r(^±±) 


(sin0) z d0 = 


2r(2P) 


Proof. We have, with t = sin 2 9, 
2 


<.7r/2 /.l 

! / (sin0) z d0 = 2 / < Z//2 (2 sin 0 cos 

Jo Jo 

= £ (1 - t)" 1 / 2 ^ = 1/2) = 


r(4i)r(i/2) 

r(^) ’ 


where the last equality follows from (10.5.18). 


□ 
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Laplace equation in spherical coordinates 

Lemma 10.5.8. We have 

|:r| 2 A R d = ( rd r ) 2 + (d - 2 )rd r + Agd-i, 
where A§d-i is the Laplace- Beltrami operator on the sphere S d_1 . 


(10.5.22) 


Proof. In two dimensions, using the complex logarithm defined for z (j by 
(10.5.1) and polar coordinates 


f x\ = r cos 9 
I X 2 = r sin 9 ’ 

we get 


r > 0, \0\ < 7 r, 


r = [x\ + xl) 1/2 
9 = ImLog(a;i + ix 2 ) 


xi + ix 2 


d 

dx\ 

d 


dr d 89 d d sin 9 d 

dx 1 dr dx\ 89 C ° S dr r 89 ! 


dr d 89 d <9 

dx 2 dx 2 dr ^ dx 2 89 dr 


cos 9 d 


r 89 

and a simple direct computation yields the two-dimensional result 

r" Ar2 = ( rd r ) 2 + dg. 

More generally, we get 

9 a = wsin^ ® edCOS</>, ui £ S d ~ 2 


(10.5.23) 


e d = ( 0 , . . . , 0 , 1 ), 0 < (j> < 7 T. 


We consider the half-plane x d = r cos</>, p = rsmcj), 0 < </> < 7 r, and the two- 
dimensional (already proven) formula 

r 2 (d 2 Xd +d 2 p ) = (rd r ) 2 +d 2 . 

We have inductively for d > 3, p 2 A R d-i = ( pd p ) 2 + (d — 3 )pd p + Agd -2 and thus 
r 2 dl +r 2 a 2 +r 2 A Rd -i = (rd r ) 2 +dl+r 2 p~ 2 (pd p ) 2 + (d-3)r 2 p~ 2 pd p +r 2 p~ 2 A S d- 2 , 


'Xd 1 

J2 


A, 


that is r 2 A R d = ( rd r ) + + (d - 2 )r 2 p 1 d p + Since 


d _ dr d d(j> d _ _i _ 2 

r. — r. “ho i pr dr 4“ x d r d ^ , 
dp dp dr dp dq> 


we get indeed 


r“A R d — (rd r ) 2 P (d — 2)rd r P d^ + — r^-d^ 


tan (j> 


Asd-2 


sin 


Agd-i — dg, P 


2 (d — 2) „ Agd-2 


tan0 


■dd, + 


sm 


(10.5.24) 

(10.5.25) 

□ 
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More calculations on the Laplace operator 

In three dimensions, using the spherical coordinates 

{ X\ = r cos 9 sin 0 

X2 — v sin 6 sin 0 r > 0 , 0 < 0 < n is the colatitude, | 0 | < 7r is the longitude, 
X3 = r cos 0 

we have 

r 2 A R3 = (rd r ) 2 + rd r + dl + . \ d 2 s + — d$, ( 10 . 5 . 26 ) 

v sin 0 tan 0 

which is also 

r 2 A r3 = (rd r ) 2 + rd r + . \ ( (sin fid#) 2 + dg) . 

sin (j>\ / 

In four dimensions, the spherical coordinates are 


X\ = r cos 9 sin 0i sin 02 
X2 = r sin 9 sin 0 i sin (f> 2 
X3 = r cos 0 1 sin 0 2 
X4 = r cos (f> 2 


0 < <j>i, (j) 2 < 7 r, \ 9 \ < 7 r 


and 


r 2 A R 4 = (rd r ) 2 + 2 rd r + d\ + 


1 -* . 1 


sin 2 02 V ^ sin 2 0i 0 tan0i ^ J tan 02 


-d ( p 1 + 


' 4>2 ’ 


i.e., 


d± 


r A ^4 — {rd r ) + 2 r< 9 r H-cL H . o 1 . I" 




25 , 


02 


sin 2 02 sin 2 02 sin 2 sin 2 02tan0i tan 02 


( 10 . 5 . 27 ) 


In d dimensions, the spherical coordinates are 


X\ = r cos 9 sin 0 1 sin 02 . . . sin 0d_3 sin 0^-2 
X2 = r sin 9 sin 0 i sin 02 . . . sin (f>d-3 sin <f>d-2 
X3 = r cos 0i sin 02 . . . sin 0d_3 sin 4>d-2 

x d -i = r cos (j > d - 3 sin 0 d _ 2 
„ x d = rcos0 d _ 2 


< 


0 < 0 j < 7 T, | 0 | < 7 T. 
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We have 

r 2 A R d = ( rd r ) 2 + (d — 2 )rd r 


dl 


d 2 

u <f , d _ 3 

! " 2 sin 2 fa - 2 


+ ••• + 


9L 


sin 2 (f)d - 2 ■ ■ ■ sin 2 fa-j+i 


d 2 e | (d- 2) 

sin 2 (j)d—2 ■ • ■ sin 2 fa tan fa - 2 


0<i- 


(d- 3 ) 


{d - 


sin 2 cj) d —2 ■ ■ ■ sin 2 fa-j+i tan fa- j 
In other words, we have 


+ ••• + 


sin fa- 2 tanfa - 3 

dd>. 


3<i>d - 3 


sin^ (j)d-2 • • • sin </>2 tan </>i 


= X! „;„l 

2<i<rf-i 


(0 2 

Wm- 


+ 




_ t sin 0 d _ 2 ... sin fa-j+i sin 0 d _ 2 ... sin fa-j+i tan fa- j 

+ 


dt 


sin^ (j)d~ 2 • • • sin </> i 


so that, inductively, we verify 

As d = X] 


02 

^d+1— j 


2 <j<d 


+ 


sin 2 . . . sin 2 fa-j+2 

(d + 1 - 3 ) 9 ^-, 


d 2 e 


and indeed 


sin . . .sin fa- j+ 2 tanfa +1 -j sin fa-i . . . sin fa 


_ q 2 i d 1 „ 1 

— (W , + ; + 


tan0 d _i 


sin- fa- 1 


Laplace Beltrami operator 

Let (A i,g) be a Riemannian manifold of dimension n. We use the usual notation 
in a coordinate chart: 

9 = ( 9jk)l<j,k<m 

is a symmetric positive definite matrix, with inverse matrix g = (<7 J ' fc )i<j,fc<n> 
ds 2 = X 9jk(x)\dx J \\dx k \, \g\ = det 3. 

l<j,fe<n 


The Laplace-Beltrami operator is dehned in a coordinate chart as 


A g = \g\- 1/2 d J \g\ 1/2 9 Jk d k . 
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Note that for u,v £ C 2 (At ), we have the selfadjointness property 

(A g u,v) = (u,A g v). 

In fact, in a coordinate chart, we have 

(A g u,v)= J (\g\- 1 / 2 d j \g\ 1 / 2 gi k d k u)v\g\ 1 / 2 dx = - J \g\ l / 2 g> k d k ud 3 vdx 

= j u\g\~ 1 / 2 d k (\g \ 1 / 2 g^djv)\g\ 1/2 dx = {u,A g v). (10.5.28) 

=g kj 

The Laplace-Beltrami operator on S 2 , with parameters 9, </>, |(9| < 7r,0 < < 7r, 

is defined with 

( sin 2 </> 0\ 

o y 

and we recover the formula 

A §2 = (sin ^3^(sin (j)) 1 ^ 2 dg + ^(sincjf))^^ = (sin 0) + ^—<9^ . 


Looking at the Laplace-Beltrami operator on S d+1 , we look at 
S d x (0, 7r) 9 (w, </>) i-p- uj sin (j> ® ed + i cos </> £ S d+1 
and we note that 

_ ( sin 2 (j) g S d - 1 0\ 

gsd ~ V 0 l) 


so that 


A S d = (sin^) d+1 ^(sin <p) d 1 2 A S d-i + ^(sin <j>) d 1 d^j 
= <9 2 + {d- l)(sin (j)^- d + l + d - 2 cos ipd^ + (sin </>) _2 A§d-i 
= dl + + (sin (/>)^ 2 A§d-i . 


10.6 Classical volumes and areas 

We have calculated in (4.5.4) the volume of the unit ball B” of 1" as well as the 
n — 1-dinrensional “area” of the unit sphere S ra_1 with Formula (5.4.8). 


Cones in 

We consider a measurable set B C R m_1 and a point V = (0, h) £ l™^ 1 x R, 
h > 0. The cone of R m with base B and vertex V is defined as 

T(V, B) = {X= (x, Xm) £ R m_1 x R, 3A > 1, V + X(X - V) £ B x {0}}. 
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This gives Ax € B, h + A(x m — h) = 0, i.e. , A = h ^ x . The volume of T(V, B) is 

|T(V, B)\ m = ff dxdx m = [ ( — dx m 

J J h _ h Xm x£B,0<x m <h Jo \ / 

= \B\ m _ 1 h- m+ \m)~ 1 h m , 

that is 

m B)U = 13^ = baSeXheight . (10.6.1) 

TO TO 

For a triangle in M 2 (to = 2) or a cone in R 3 (to = 3), we recover the classical 
formulas. Note that the cone T(F, B) is the union of segments with endpoints V, 
M G B: 

X = (l -9)V + 9M, MgBx{ 0}, 6 £ [0,1], 

means that with A = 4, 

V + A(X -V) = V + 0 _1 ((1 - 6)V + 9M -V)= M. 

The converse follows from the fact that B B M = V + A(X — V) for some A > 1 
implies X = A ~ 1 M + (1 — A” 1 )!^. 


Platonic polyhedra 

Two-dimensional polygons 


Before investigating the five 3-dimensional Platonic polyhedra, let us take a look 
at the simple two-dimensional situation. A regular polygon with k sides ( k > 3) 
and circumscribed radius R has the area 

1 27T 

A k = . 

{J sides base v ' v 
height 


Note that this quantity goes to irR 2 when k —> +oo. The length s of the side is 
s = i?|e 2l7r / fe — 1| = 2Rsin(n/k), so that we may define A k (s), the area of a regular- 
polygon with k sides of length s as 


A k (s) 


ks 2 

4tan(7r/fc) ’ 


( 10 . 6 . 2 ) 


Also the perimeter p k = 2kRsm(ir/k) (a quantity going to 27 tR when k goes to 
+oo) and the apothem (distance from the center to a side) is 


We note that 


Afc(s) = 


a k = R\l + e 2l7r / fe |i = Rcos(n/k). 


Pkdk 2kRsin(n/k)Rcos(Tr/k) kR 2 sin(2n/k) 


(10.6.3) 
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Three-dimensional regular polyhedrons 


• There are only five of them: 

Tetrahedron: 4 faces (equilateral triangles), 6 edges, 4 vertices. 

Cube: 6 faces (squares), 12 edges, 8 vertices. 

Octahedron: 8 faces (equilateral triangles), 12 edges, 6 vertices. 
Dodecahedron: 12 faces (regular pentagons), 30 edges, 20 vertices. 
Isosahedron: 20 faces (equilateral triangles), 30 edges, 12 vertices. 

We want to compute their areas and their volumes, choosing as a parameter the 
length s of the edges. Denoting by <Sjv,fc(s) the area of the regular polyhedron with 
N faces, whose faces are regular 2 D polygons with k sides of length s, we have 


SN,k(s) = NA k (s). 


(10.6.4) 


The apotlrem a,N,k(s) is defined as the distance from the center to a face: we have, 
with V/v ,fc(s) the volume of the regular polyhedron with N faces whose faces are 
regular 2D polygons with k sides of length s, 


Vjv,k(s) = N 


Ak(s)a,N,k{s) _ ClN,k{s)SN,k{s) 


(10.6.5) 


3 3 

Since <Sjv,fc(s) is easy to determine with (10.6.4), the heart of the matter to find the 
volume is to determine the apothem. Note that the apothem is the radius of the 
inscribed sphere (i?jv,fc(s) will stand for the radius of the circumscribed sphere). 

• Cube, Octahedron, Tetrahedron with edge s. 

Area of the cube: Se, 4 (s) = 6s 2 , Volume of the cube: Vq^s) = s 3 . 

3s 2 

Area of the octahedron: Sg 3 (s) = 8 A 3 (s) = 8 — 7 = = 2y/3 s 2 , 

4V3 

apothem of the octahedron (computed below), as , 3 (s) = s/y/ 6, 


Volume of the octahedron: Vs, 3 (s) = 


«8, 3 (s)2v / 3s 2 


= s 


; 2 3 V2 

'7w^~ s 


We have indeed, calculating the center of a face, 

08.3(a) = f 11(0,0, 1) + (1,0,0) + (0, 1,0)|| = R/V 3, 2 R 2 = s 2 

where the last equality follows from the Pythagorean Theorem. 

4 x 3s 2 


Area of the tetrahedron: <S 4 j3 (s) = 4A 3 (s) = 
Volume of the tetrahedron: V 4 j3 (s) = 


= s 2 V 3, 


4-\/3 

A 3 (s)h 3 s 3 y/2 


3 4^x34 6-\/2 ’ 

with h. 2 + r 2 = s 2 where r = s/y / 3 is the radius of the circumscribed cycle of the 
equilateral triangle with side s. 
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• Icosahedron, Dodecahedron. We start with the icosahedron. With coordinates in 
CxR, the North pole is Vo = (0, R). Five vertices are issued from Vo with endpoints 
Wj = (re 2 * 7rj / 5 , R — h), j = 0, . . . , 4, where r is the radius of the circumscribed 
circle to the regular pentagon with sides s. We have 


2 2 , I 2 

s = r + h , r = 


2 sin 7 t/5 

The center of the face Vo Wo 1V_ i is 

1 


, h 2 = s 2 1- 


1 


4siir (7r/5) 


(2r cos(7r/5), R + 2 (R — h)) => a 2 = -(4r 2 cos 2 (7r/5) + (3 R — 2 /i) 2 ), 
3 9 v 


so that the apothem a of the icosahedron satisfies 

c 1 / , o cos 2 (7t/5) „ , 9 / 1 

a 2 = - I 4s 2 , . +9i? 2 +4s 2 ( 1- 


4sin“(7r/5) 


4sin 2 (7r/5) 


— 12I?s ( 1- 


1 


V 4sin 2 (7r/5) 


We have also R 2 = ||Wj-|| 2 = r 2 + (R — h) 2 , so that s 2 = r 2 + h 2 = 2 Rh and 


R = s 


sin(7r/5) 


We obtain 


2 2 
a = s 


1 f cos 2 (7t/5) 


/4sin 2 (7r/5) — 1 
sin 2 (7r/5) 


2 1 
= s - 


9 \sin(7r/5) 4sin“(7r/5) — 1 

sin 2 (7r/5) 


+ 4 1- 


9 


9 \tan 2 (7r/5) 4sin 2 (7r/5) — 1 sin 2 (7r/5) 


4 sin (7 t/5) 


- 2 


- 6 


2 4 

= S - 


,1 / sin 2 (7r/5) 

9 \ 4sin 2 (7r/5) — 1 
cos 2 (7t/5) 

3 V4sin 2 (7r/5) — 1 


- 3 = s 2 


1/3 — 3sin 2 (7r/5) 


9 \4sin 2 (7r/5) — 1 


20 x 3s 2 15s 2 

Area of the icosahedron: S 2 o, 3 (s) = 20+3(s) = — — = — — = s 2 5\/3, 


Volume of the icosahedron: 1 / 20,3 (s) = 
so that 14 

^ 20,3 (s) = s 3 - 


4-\/3 

020,3 (s)S 2 o, 3 (s) _ 15s 3 cos(7r/5) 


4sin 2 (7r/5) — 1 


1 


3 i/3tan 2 (7r/5) — 1 


= s 


, 5(3 + a/5) 


12 


14 We shall use that 


tanir/5 = \J ^ — 2\/5, sin7r/5 = , cos7r/5 = — — — , 3tan 2 (7r/5) — 1 = (3 — V5) 2 . 


4 


4 
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Let us tackle finally the dodecahedron. This polyhedron is dual to the icosahedron: 
taking the five centers of the faces VoWjWj + \, 0 < j < 4, we get the top horizontal 
face of the dodecahedron so that the apotlrenr of that dodecahedron is 


\(R + 2(R-k))^R-^=, SinW5) 

y 4sin 2 (7r/5) — 1 

s sin(7r/5) 


2s 

y 


i - 


i 


1/2 


, ■ 2 / /r\ i 3sin7r/5 
4sm (7T/5) — 1 ' 


4sin 2 (7r/5), 
^/4sin 2 (7r/5) — 1. 


However the length of the side of this dodecahedron is not s but 
i(2rcos7r/5, 3i?— 2h) - \{e 2 " /b 2r costt/5, 3i? - 2h) 

o o 


2 r cos 7 t/ 5 x 2 sin 7r/5 


s 2 cos7r/5 x 2 sin7r/5 2 cos7t/5 

^ = s . 


2 sin7r/5 


As a result, we have 


-1 ( \ 2 costt/5 SI 11 ! 71 "/ 0 ) 2cos7t/5 " ~ 2 ( 7r\ ~ 

S 012,5 S = 7 - TT~- y V 4sm W 5 ) “ 1 

, ■ 2 , /r\ i 3sm7r/5 v 
y 4sm (7r/5) — 1 ' 


| tan(7r/5) 


4tan 2 (7r/5) — cos _2 (7r/5) 


^4sin 2 (V5)-l 3sin?r/5 
3 tan(7r/5) i/3tan 2 (7r/5) — 1 


2 cos 7r/5i/3tan 2 (7r/5) — 1 


2 sin 7r/5 


| tan(7r/5)2sin7r/5 — (3tan 2 (7r/5) — 1) cos7r/5 
2 sin7r/5 cos7r/5\/3 tan 2 (tt/5) - 1 
1 


2 sin7r/5\/3tan 2 (7r/5) — 1 

Area of the dodecahedron: £ 12 , 5 ( 5 ) = 12A.5(s) = 
Volume of the dodecahedron: Vi 2 , 5 (s) = 


15fi2 = s 2 3\J 5(5 + 2-\/5), 

Oj2,5 (^)£l2,5 (^) 


tan7r/5 


Vl 2,5 (s) = s 2 


15cos7r/5 


so that 

,15 + 7^ 


6 sin 2 7r/5y / 3tan 2 (7r/5) — 1 


4 
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Dodecahedron 
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S m_1 , unit Euclidean sphere of R m , 
237 

y(R n ), 343 

supp /, support of /, 67 
T+: the n x n complex nonsingular 
symmetric matrices with 
non-negative real part, 463 
T+: the n x n complex symmetric 
matrices with a positive definite 
real part, 354 
u(x) = u(—x), 345 
u, Fourier transform, 344 

the neighborhoods of x, 4 
X+, X € C, 369 

Xk t x: linn, Xk = x, increasing 
sequence, 21 
Y' x A {/ : A' •-> Y }, 42 

Abelian integral, 456 
absolute continuity, 321 
absolutely continuous part, 340 
algebra 
cr-~, 1 

Banach ~ L 1 (R n ), 283, 286 


N. Lemer, A Course on Integration Theory: including more than 150 exercises with detailed answers, 
DOI 10.1007/978-3-0348-0694-7, © Springer Basel 2014 


487 



488 


Index 


Borel <j-~, 7 
complete <r-~, 71 
product cr-~, 189 
almost everywhere, a.e., 34 
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